
A.1.1  Hkwfedk (Introduction)
tSlk fd vuqØe vkSj Js.kh osQ vè;k; 9 esa ppkZ gks pqdh gS] ,d vuar inksa okys vuqØe
a1, a2, ..., an, ... dks vuar vuqØe dgk tkrk gS vkSj bldk fufnZ"V fd;k x;k ;ksx vFkkZr~~
a1 + a2 + a3 + ... + an + ... ] tks vuar vuqØe osQ lgpkjh gks] ,d vuar Js.kh dgykrk gSA flxek
laosQru i¼fr dk iz;ksx djrs gq,] bl Js.kh dks NksVs :i esa] Hkh n'kkZ;k tk ldrk gS] vFkkZr~~

a1 + a2 + a3 + .  . .  + an + . . . = 
1

k
k

a
∞

=
∑

bl vè;k; esa] ge dqN fo'ks"k izdkj dh Js.kh dk vè;;u djsaxs ftudh fofHkUu dfBu iz'u
dh fLFkfr;ksa esa vko';drk gks ldrh gSA

A.1.2  fdlh ?kkrkad osQ fy, f}in izes; (Binomial Theorem for any Index)
vè;k; 8 esa] geus f}in izes; dk v/;;u fd;k ftlesa ?kkrkad ,d /u iw.kk±d FkkA bl

vuqHkkx esa ge ,d vis{kko`Qr lkekU; :i dh izes; crk,¡xs] ftlesa ?kkrkad vko';d :i ls ,d
laiw.kZ la[;k ugha gSA ;g gesa ,d fo'ks"k izdkj dh vuar Js.kh nsrk gS] ftls f}in Js.kh dgrs gSaA
ge dqN vuqiz;ksx] mnkgj.kksa osQ }kjk n'kkZrs gSaA

ge ;g lw=k tkurs gSa%
(1 + x)n = 

n
C0 + 

n
C1 x + . . .  + 

n
Cn x

n

;gk¡ n ½.ksrj iw.kk±d gSA izsf{kr djsa] fd ;fn] ge ½.kkRed iw.kk±d vFkok ,d fHkUu dks
?kkrkad n osQ cnys esa j[krs gSa] rc la;kstuksa 

n
Cr dk dksbZ vFkZ ugha jg tkrkA

vc ge] f}in izes; miifÙk lfgr dks ,d vuar Js.kh }kjk crkrs gSa] ftlesa ?kkrkad] ,d
iw.kZ la[;k u gksdj] ,d ½.k vFkok ,d fHkUu gSA

izes;

( ) ( ) ( )( )2 31 1 2
1 1 ...

1.2 1.2.3
m m m m m m

x mx x x
− − −

+ = + + + +

oS/ gSa tc Hkh  1x < .

1

vuar Js.kh (Infinite Series)

ifjf'k"V
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fVIi.kh  lko/kuhiwoZd è;ku nhft, fd  | x | < 1 vFkkZr~~ – 1< x <A dk izfrca/ vko';d gS ;fn
m ,d ½.k iw.kk±d vFkkZr~ fHkUu gSA

( ) ( )( ) ( )( ) ( )2 22 3
1 2 1 2 2 2 ...

1.2
− − −

− = + − − + − +

vFkkZr~~ 1= 1 + 4 + 12 + . . .
;g laHko ugha gSA

2. è;ku nhft, fd] (1+ x)m, tgk¡ m ,d ½.kkRed iw.kk±d vFkok ,d fHkUu gS] osQ foLrkj esa

inksa dh vuar la[;k gksrh gSA

fopkj djsa (a + b)m
  = 1 1

m m
mb ba a

a a
⎡ ⎤⎛ ⎞ ⎛ ⎞+ = +⎜ ⎟ ⎜ ⎟⎢ ⎥
⎝ ⎠ ⎝ ⎠⎣ ⎦

  =
( ) 21

1 ...
1.2

m m mb ba m
a a

⎡ ⎤− ⎛ ⎞+ + +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

 =
( )1 2 21

...
1.2

m m mm m
a ma b a b− −−

+ + +

;g foLrkj oS/ gS tc 1<b
a  vFkok blosQ rqY;kad tc | b | < | a |

( )( ) ( )1 2 ... 1
1.2.3...

m r rm m m m r a b
r

−− − − +
, (a + b)m osQ foLrkj esa O;kid in gSA

f}in izes; osQ dqN fo'ks"k izdj.k fuEufyf[kr gSa] tgk¡ ge dYiuk djrs gSa fd  1x < ,

bUgsa fo|kfFkZ;ksa osQ vH;kl osQ fy, NksM+ fn;k x;k gS%

1. (1 + x) – 1 = 1 – x + x2 – x3 + . . .
2. (1 – x) – 1 = 1 + x + x2 + x3 + . . .
3. (1 + x) – 2 = 1 –2 x + 3x2  –  4x3 + . . .
4. (1  –  x) – 2 = 1 +2x + 3x2 + 4x3 + . . .

mnkgj.k 1 
1
2

1
2
x −

⎛ ⎞−⎜ ⎟
⎝ ⎠

, dk foLrkj dhft,] tc | x | < 2
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gy  ge izkIr djrs gSa

1
2

1
2
x −

⎛ ⎞−⎜ ⎟
⎝ ⎠

 =
2

1 1 3
2 2 21

1 2 1 2 2
x x ...

.

⎛ ⎞ ⎛ ⎞⎛ ⎞− − −⎜ ⎟ ⎜ ⎟⎜ ⎟−⎛ ⎞ ⎛ ⎞⎝ ⎠ ⎝ ⎠⎝ ⎠+ + − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=
231 ...

4 32
+ + +

x x

A.1.3 vuar xq.kksÙkj Js.kh (Infinite Geometric Series)
vè;k; 9 osQ] Hkkx 9-3 ls] ,d vuqØe a1, a2, a3, ...  an xq.kksÙkj dgykrk gS]

;fn 
1+k

k

a
a  = r (fLFkj) tc k = 1, 2, 3, . . ., n–1. fo'ks"kdj] ;fn ge a1 = a, ekusa] rc

ifj.kker% vuqØe a, ar, ar2, . . ., arn–1
  dks xq.kksÙkj Js<+h dk ekud :i dgk tkrk gSA igys] geus

ifjfer Js.kh a + ar + ar2 +  . . . +, arn – 1 dk ;ksx izkIr djus osQ lw=k dh ppkZ dh Fkh] tks fd

fuEufyf[kr lw=k }kjk fn;k tkrk gS

( )1
S

1

n

n

a r

r

−
=

−
.

bl Hkkx esa] ge vuar xq.kksÙkj Js.kh a + ar + ar2 + . . . + arn – 1 +. . . dks ;ksx izkIr djus
dk lw=k crk,¡xs vkSj blh dks mnkgj.kksa osQ lkFk le>saxsA

eku yhft, fd 
2 41, , ,...
3 9

 nh gqbZ xq.kksÙkj Js<+h gSA

;gk¡ a = 1, r = 
2
3

, gesa izkIr gS

21
23S 3 12 31

3

n

n

n

⎛ ⎞− ⎜ ⎟ ⎡ ⎤⎛ ⎞⎝ ⎠= = −⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦−

... (1)© N
CERT

no
t to

 be
 re

pu
bli

sh
ed



438        xf.kr

vkb,] tSls & tSls n dk eku c<+rk tkrk gS] 
2
3

n
⎛ ⎞
⎜ ⎟
⎝ ⎠

osQ O;ogkj dk vè;;u djsaA

n 1 5 10 20

2
3

n
⎛ ⎞
⎜ ⎟
⎝ ⎠

0.6667 0.1316872428 0.01734152992 0.00030072866

ge è;ku nsrs gSa fd tSls&tSls n dk eku c<+rk tkrk gS oSls&oSls 
2
3

n
⎛ ⎞
⎜ ⎟
⎝ ⎠

 'kwU; osQ  fudV

gksrk tkrk gSA xf.krh; Hkk"kk esa] ge dgrs gSa fd tSls n dk eku vR;ar cM+k gksrk tkrk gS] 
2
3

n
⎛ ⎞
⎜ ⎟
⎝ ⎠

dk

eku vR;ar NksVk gksrk tkrk gSA nwljs 'kCnksa esa tSls 
2, 0
3

n

n ⎛ ⎞→∞ →⎜ ⎟
⎝ ⎠

 ifj.kkeLo:i ge ns[krs

gSa fd vlhe inksa dk ;ksx S = 3 izkIr gksrk gS vFkkZr~~ vuar xq.kksÙkj Js<+h  a, ar, ar2, ..., osQ fy,]
;fn lkoZ vuqikr r dk la[;kRed eku 1 ls de gS] rc

( )1

1

−
=

−

n

n

a r
S

r 1 1

na ar
r r

= −
− −

bl fLFkfr esa] 0nr →  tSls →∞n  D;ksafd | | 1<r  vkSj rc 0
1

nar
r
→

−

blfy,
1n

aS
r

→
−

 as n→∞ .

izrhdkRed rkSj ij] vuar xq.kksÙkj Js.kh esa vuar rd ;ksx] S }kjk fufnZ"V fd;k tkrk gSA bl

izdkj] gesa izkIr gksrk gS  S 1
a

r
=

−

mnkgj.k osQ fy,

(i) 2 3
1 1 1 11 ... 212 2 2 1

2

+ + + + = =
−
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(ii) 2 3
1 1 1 1 1 21 ... 112 32 2 11

22

− + − + = = =
⎛ ⎞ +− −⎜ ⎟
⎝ ⎠

mnkgj.k 2 fuEufyf[kr xq.kksÙkj Js<+h osQ vuar inksa rd ;ksx] Kkr dhft,%

5 5 5, , ,....
4 16 64
− −

gy  ;gk¡
5

4
a −
=  vkSj 

1
4

r = −  blosQ lkFk | | 1r < .

blfy,] vuar rd ;ksx = 

5 5
4 4 11 51

4 4

− −

= = −
+

A.1.4  pj?kkrkadh Js.kh (Exponential Series)
egku fLol xf.krK] Leonhard Euler 1707 – 1783 us] 1748 esa viuh dyu ikB~; iqLrd esa
la[;k e dks izLrkfor fd;kA ftl izdkj π o`Ùk osQ vè;;u esa mi;ksxh gS mlh izdkj e dyu osQ
vè;;u esa mi;ksxh gSA
la[;kvksa dh fuEufyf[kr vuar Js<+h dks yhft,%

1 1 1 11 ...
1! 2! 3! 4!

+ + + + + ... (1)

(1) esa nh xbZ Js.kh dk ;ksx] la[;k e }kjk fufnZ"V fd;k tkrk gSA
vkb, ge la[;k e osQ eku dk vkdyu djsaA

D;ksafd Js.kh (1) dk izR;sd in /ukRed gSaA blfy, bldk ;ksx Hkh /ukRed gSA fuEufyf[kr
nks ;ksxksa dks yhft, %

1 1 1 1... ...
3! 4! 5! !n
+ + + + + ... (2)

vkSj 2 3 4 1
1 1 1 1.... ...
2 2 2 2n−+ + + + + ... (3)

è;ku nhft,] fd
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1 1
3! 6
=  vkSj 2

1 1
42

= , blls gesa izkIr gksrk gS] 2
1 1
3! 2
<

1 1
4! 24
=  vkSj 3

1 1
82

= , blls gesa izkIr gksrk gS] 3
1 1
4! 2
<

1 1
5! 120
=  vkSj 4

1 1
162

= , blls gesa izkIr gksrk gS 4
1 1
5! 2
< .

blfy,] leo`fÙkrk }kjk] ge dg ldrs gSa fd

1
1 1
! 2nn −< , tc n > 2

ge izsf{kr djrs gSa fd (2) dk izR;sd in] (3) dk izR;sd laxr in ls de gS

blfy,] 2 3 4 1
1 1 1 1 1 1 1 1... ... ...
3! 4! 5! ! 2 2 2 2nn −

⎛ ⎞ ⎛ ⎞+ + + + < + + + + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

... (4)

(4) osQ nksuksa i{kksa esa
1 11
1! 2!

⎛ ⎞+ +⎜ ⎟
⎝ ⎠

 tksM+us ij] gesa izkIr gksrk gS

1 1 1 1 1 11 ... ...
1! 2! 3! 4! 5! !n

⎛ ⎞ ⎛ ⎞+ + + + + + + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

2 3 4 1
1 1 1 1 1 11 ... ...
1! 2! 2 2 2 2n−

⎧ ⎫⎛ ⎞ ⎛ ⎞< + + + + + + + +⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎩ ⎭

... (5)

= 2 3 4 1
1 1 1 1 11 1 ... ...
2 2 2 2 2n−

⎧ ⎫⎛ ⎞+ + + + + + + +⎨ ⎬⎜ ⎟
⎝ ⎠⎩ ⎭

= 
11 1 211

2

+ = +
−

 = 3

(5) dk oke i{k] Js.kh (1) dks n'kkZrk gS] blfy, e < 3 vkSj lkFk gh e > 2 vr% 2 < e < 3

fVIi.kh  x pj osQ inksa esa pj?kkrkadh Js.kh dks fuEufyf[kr :i esa izfnZ'kr fd;k tk ldrk gS%
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2 3
1 ... ...

1! 2! 3! !

n
x x x x xe

n
= + + + + + +

mnkgj.k 3 x dh ?kkr okyh Js.kh osQ :i esa] e2x+3 dk foLrkj djus ij x2 dk xq.kkad Kkr dhft,A

gy pj?kkrkadh Js.kh esa

2 3

1 ...
1! 2! 3!

x x x xe = + + + +

x osQ LFkku ij 2x + 3 j[krs gq,] gesa izkIr gksrk gS

( ) ( )2
2 3 2 3 2 3

1 ...
1! 2!

x x x
e + + +

= + + +

;gk¡
( )2 3

!

nx
n
+

 = 
(3+2 )

!

nx
n

 O;kid in gSA

f}in izes; }kjk bldk foLrkj bl izdkj fd;k tk ldrk gS

( ) ( ) ( )21 2
1 2

1 3 C 3 2 C 3 2 2 nn n n n nx x ... x .
n!

− −⎡ ⎤+ + + +⎣ ⎦

;gk¡ x2 dh ?kkr 
2 2

2C 3 2
!

−n n

n
 gSA

blfy, laiw.kZ Js.kh esa x2 dh ?kkr gS % is

2 2
2

2

C 3 2n n

n n!

−∞

=
∑  =

( ) 2

2

1 3
2

!

n

n

n n
n

−∞

=

−
∑

= ( )
–2

2

32
2 !

n

n n

∞

= −∑   [n! = n (n – 1) (n  –  2)!dk iz;ksx djrs gq,]

=
2 33 3 32 1 ...

1! 2! 3!
⎡ ⎤
+ + + +⎢ ⎥

⎣ ⎦
 = 2e3 .

blfy,     e2x+3 osQ foLrkj esa] x2 dh ?kkr 2e3 gS

fodYir  e2x+3 = e3 . e2x
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=

2 3
3 2 (2 ) (2 )1 ...

1! 2! 3!
x x xe

⎡ ⎤
+ + + +⎢ ⎥

⎣ ⎦

bl izdkj e2x+3 osQ foLrkj esa  x2 dh ?kkr   
2

3 32. 2
2!

e e=  gS

mnkgj.k 4 e2 dk eku] ,d n'keyo LFkku rd iw.kk±fdr djosQ Kkr dhft,A

gy x osQ inksa esa] pj?kkrkadh Js.kh dk lw=k iz;ksx djus ij] gesa izkIr gksrk gS %

ex =
2 3

1
1! 2! 3! !

nx x x x... ...
n

+ + + + + +

x = 2, j[kus ij] gesa izkIr gksrk gS]

e2 =
2 3 4 5 62 2 2 2 2 21 ...

1! 2! 3! 4! 5! 6!
+ + + + + + +

=
4 4 41 2 2 ...
3 3 15 45

2
+ + + + + + +

≥ igys lkr inksa dk ;ksx ≥  7.355

vU;Fkk] ge izkIr djrs gSa]

e2 <
2 3 4 5 2 3

2 3
2 2 2 2 2 2 2 21 1 ...
1! 2! 3! 4! 5! 6 6 6

⎛ ⎞ ⎛ ⎞
+ + + + + + + + +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

=
24 1 17 1 ...

15 3 3

⎛ ⎞⎛ ⎞+ + + +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
 = 

4 17 115 1
3

⎛ ⎞
⎜ ⎟

+ ⎜ ⎟
⎜ ⎟−⎜ ⎟
⎝ ⎠

 = 
27 7.4
5

+ = .

bl izdkj e2 dk eku 7.355 vkSj 7.4 osQ chp gksrk gSA blfy,] e2 dk eku] ,d n'keyo
LFkku rd iw.kk±fdr djosQ 7.4 izkIr gksrk gSA

A.1.5  y?kqx.kdh; Js.kh (Logarithmic Series)
,d vU; egÙoiw.kZ Js.kh y?kqx.kdh; Js.kh gS tksfd vuar Js.kh osQ :i esa gSA ge fuEufyf[kr
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ifj.kke fcuk miifÙk osQ nsrs gSa vkSj bldk vuqiz;ksx ,d mnkgj.k }kjk le>k,¡xs%

izes; ;fn | x | < 1, rc

( )
2 3

log 1 ...
2 3e
x xx x+ = − + −

bl izes; dh nkb± i{k dh Js.kh] y?kqx.kdh; Js.kh dgykrh gSA
fVIi.kh    loge (1 + x) dk foLrkj] x = 1 osQ fy, cS/ gSA

loge (1 + x) osQ foLrkj esa x = 1 j[kus ij] gesa izkIr gksrk gS]

1 1 1log 2 1– – ...
2 3 4e = + +

mnkgj.k 5 ;fn ,α β  lehdj.k 2 0x px q− + =  osQ ewy gSa] rks fl¼ dhft, fd%

( ) ( )
2 2 3 3

2 2 3log 1
2 3e px qx x x xα +β α +β

+ + = α −β − + – ...

gy nk;k¡ i{k = 
2 2 3 3 2 2 3 3

... ...
2 3 2 3
x x x xx x

⎡ ⎤ ⎡ ⎤α α β β
α − + − + β − + −⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

= ( ) ( )log 1 log 1e x x+ α + +β

= ( )( )2log 1e x x+ α+β + αβ

= ( )2log 1e px qx+ +   = ck;k¡ i{k

;gk¡] geus α+β = p vkSj qαβ =  dk iz;ksx fd;k gS tks] ge f}?kkrh; lehdj.k osQ fn,

ewyksa }kjk tkurs gSaA geus ;g eku fy;k gS fd | |xα < 1 vkSj | |xβ < 1gSA

— —
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