
Analysis and natural philosopy owe their most important discoveries to
this fruitful means, which is called induction. Newton was indebted

to it for his theorem of the binomial and the principle of
universal gravity. – LAPLACE 

4.1  Hkwfedk (Introduction)
xf.krh; fparu dk ,d vk/kjHkwr fl¼kar fuxefud roZQ gSA
roZQ'kkL=k osQ vè;;u ls m¼̀r ,d vukSipkfjd vkSj fuxefud roZQ
dk mnkgj.k rhu dFkuksa esa O;Dr roZQ gS%&

(a) lqdjkr ,d euq"; gSA
(b) lHkh euq"; ej.k'khy gSa] blfy,]
(c) lqdjkr ej.k'khy gSA
;fn dFku (a) vkSj (b) lR; gSa] rks (c) dh lR;rk LFkkfir gSA

bl ljy mnkgj.k dks xf.krh; cukus osQ fy, ge fy[k ldrs gSaA
(i) vkB nks ls HkkT; gSA
(ii) nks ls HkkT; dksbZ la[;k le la[;k gS] blfy,]
(iii) vkB ,d le la[;k gSA
bl izdkj la{ksi esa fuxeu ,d izfØ;k gS ftlesa ,d dFku

fl¼ djus dks fn;k tkrk gS] ftls xf.kr esa izk;% ,d vuqekfur dFku (conjecture) vFkok
izes; dgrs gSa] roZQ laxr fuxeu osQ pj.k izkIr fd, tkrs gSa vkSj ,d miifÙk LFkkfir dh tk ldrh
gS] vFkok ugha dh tk ldrh gS] vFkkZr~ fuxeu O;kid fLFkfr ls fo'ks"k fLFkfr izkIr djus dk
vuqiz;ksx gSA

fuxeu osQ foijhr] vkxeu roZQ izR;sd fLFkfr osQ vè;;u ij vk/kfjr gksrk gS rFkk blesa
izR;sd ,oa gj laHko fLFkfr dks è;ku esa j[krs gq, ?kVukvksa osQ fujh{k.k }kjk ,d vuqekfur dFku
fodflr fd;k tkrk gSA bldks xf.kr esa izk;% iz;ksx fd;k tkrk gS rFkk oSKkfud fparu] tgk¡ vk¡dM+ksa
dk laxzg rFkk fo'kys"k.k ekud gksrk gS] dk ;g eq[; vk/kj gSA bl izdkj] ljy Hkk"kk esa ge dg
ldrs gSa fd vkxeu 'kCn  dk vFkZ fof'k"V fLFkfr;ksa ;k rF;ksa ls O;kidhdj.k djus ls gSA

G. Peano
(1858-1932 A.D.)

4vè;k;

xf.krh; vkxeu dk fl¼kar
(Principle of Mathematical Induction)
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xf.krh; vkxeu dk fl¼kar       95

chtxf.kr esa ;k xf.kr dh vU; 'kk[kkvksa esa] oqQN ,sls ifj.kke ;k dFku gksrs gSa ftUgsa ,d
/u iw.kk±d n osQ inksa esa O;Dr fd;k tkrk gSA ,sls dFkuksa dks fl¼ djus osQ fy, fof'k"V rduhd
ij vk/kfjr leqfpr fl¼kar gS tks xf.krh; vkxeu dk fl¼kar (Principle of Mathematical
Induction) dgykrk gSA

4.2  izsj.kk (Motivation)
xf.kr esa] ge lEiw.kZ vkxeu dk ,d :i ftls xf.krh; vkxeu dgrs gSa] iz;qDr djrs gSaA xf.krh;
vkxeu fl¼kar osQ ewy dks le>us osQ fy,] dYiuk dhft, fd ,d iryh vk;rkdkj Vkbyksa dk
lewg ,d fljs ij j[kk gS] tSls vko`Qfr 4-1 esa iznf'kZr gSA

vko`Qfr 4-1

tc izFke Vkby dks fufnZ"V fn'kk esa /Ddk fn;k tkrk gS rks lHkh Vkbysa fxj tk,¡xhA iw.kZr%
lqfuf'pr gksus osQ fy, fd lHkh Vkbysa fxj tk,¡xh] bruk tkuuk i;kZIr gS fd

(a) izFke Vkby fxjrh gS] vkSj
(b) ml ?kVuk esa tc dksbZ Vkby fxjrh gS] mldh mÙkjoÙkhZ vfuok;Zr% fxjrh gSA
;gh xf.krh; vkxeu fl¼kar dk vk/kj gSA
ge tkurs gSa fd izko`Qr la[;kvksa dk leqPp; N okLrfod la[;kvksa dk fo'ks"k Øfer

mileqPp; gSA okLro esa] R dk lcls NksVk mileqPp; N gS] ftlesa fuEufyf[kr xq.k gSa%
,d leqPp; S vkxefud leqPp; (Inductive set) dgykrk gS ;fn 1∈ S vkSj

x + 1 ∈ S tc dHkh x ∈ S. D;ksafd N, tks fd ,d vkxefud leqPp; gS] R dk lcls NksVk
mileqPp; gS] ifj.kker% R osQ fdlh Hkh ,sls mileqPp; esa tks vkxefud gS] N vfuok;Z :i
ls lekfgr gksrk gSA
n`"Vkar
eku yhft, fd ge izko`Qr la[;kvksa 1, 2, 3,...,n, osQ ;ksx osQ fy, lw=k izkIr djuk pkgrs gSa vFkkZr~
,d lw=k tks fd n = 3  osQ fy, 1 + 2 + 3 dk eku nsrk gS] n = 4 osQ fy, 1 + 2 + 3 + 4 dk
eku nsrk gS bR;kfnA vkSj eku yhft, fd ge fdlh izdkj ls ;g fo'okl djus osQ fy, izsfjr gksrs

gSa fd lw=k 1 + 2 + 3+...+ n = 
( 1)

2
n n +

lgh gSA
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96       xf.kr

;g lw=k okLro esa oSQls fl¼ fd;k tk ldrk gS\ ge] fuf'pr gh n osQ bPNkuqlkj pkgs x,]
/u iw.kk±d ekuksa osQ fy, dFku dks lR;kfir dj ldrs gSa] fdarq bl izfØ;k dk eku n osQ lHkh
ekuksa osQ fy, lw=k dks fl¼ ugha dj ldrh gSA blosQ fy, ,d ,slh fØ;k  Ükà[kyk dh vko';drk
gS] ftldk izHkko bl izdkj dk gks fd ,d ckj fdlh /u iw.kk±d osQ fy, lw=k osQ fl¼ gks tkus
osQ ckn vkxkeh /u iw.kk±dksa osQ fy, lw=k fujarj vius vki fl¼ gks tkrk gSA bl izdkj dh
fØ;k Ük`a[kyk dks xf.krh; vkxeu fof/ }kjk mRiUu le>k tk ldrk gSA

4.3  xf.krh; vkxeu dk fl¼kar (The Principle of Mathematical Induction)
dYiuk dhft, /u iw.kk ±d P(n)  ls lac¼ ,d fn;k dFku bl izdkj gS fd

(i) n = 1, osQ fy, dFku lR; gS vFkkZr~ P(1) lR; gS vkSj
(ii) ;fn  n = k, ,d izko`Qr la[;k] osQ fy, dFku lR; gS rks n = k + 1, osQ fy, Hkh

dFku lR; gS vFkkZr~ P(k) dh lR;rk dk rkRi;Z gS P (k + 1) dh lR;rkA
vr% lHkh izko`Qr la[;k n osQ fy, P(n) lR; gSA

xq.k  (i) ek=k rF; dk dFku gSA ,slh ifjfLFkfr;k¡ Hkh gks ldrh gSa tc n ≥ 4 osQ lHkh ekuksa
osQ fy, dFku lR; gksA bl fLFkfr esa] izFke pj.k n = 4 ls izkjaHk gksxk vkSj ge ifj.kke dks
n = 4  osQ fy, vFkkZr~ P(4) lR;kfir djsaxsA
xq.k (ii) izfrcaf/r xq.k/eZ gSA ;g fu'p;iwoZd ugha dgrk fd fn;k dFku n = k osQ fy, lR; gS]
ijarq osQoy bruk dgrk gS fd ;fn ;g n = k osQ fy, dFku lR; gS] rks n =  k + 1 osQ fy, Hkh
lR; gSA bl izdkj xq.k/eZ dh lR;rk fl¼ djus osQ fy, osQoy izfrcaf/r lkè; (conditional
proposition) dks fl¼ djrs gSa% ¶;fn n = k osQ fy, dFku lR; gS rks ;g n = k + 1 osQ fy,
Hkh lR; gŞ A bls dHkh&dHkh vkxeu dk pj.k (Induction step) dgk tkrk gSA bl vkxeu
pj.k esa ^n = k osQ fy, dFku lR; gS* dh vfHk/kj.kk (assumption) vkxeu ifjdYiuk
(Induction hypothesis) dgykrh gSA

mnkgj.kkFkZ% xf.kr esa cgq/k ,d lw=k [kkstk tk ldrk gS tks fdlh iSVuZ osQ vuq:i gksrk gS]
tSls

1 = 12   =1
4 = 22 = 1 + 3
9 = 32 = 1 + 3 + 5
16 = 42 = 1 + 3 + 5 + 7, bR;kfnA

è;ku nhft, fd izFke nks fo"ke izko`Qr la[;kvksa dk ;ksx f}rh; izko`Qr la[;k dk oxZ gS] izFke rhu
fo"ke izko`Qr la[;kvksa dk ;ksx r`rh; izko`Qr la[;k dk oxZ gS] bR;kfnA vr% bl iSVuZ ls izrhr gksrk
gS fd

1 + 3 + 5 + 7 + ... + (2n – 1) = n2 , vFkkZr~
izFke n fo"ke izko`Qr la[;kvksa dk ;ksx n  dk oxZ gSA
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xf.krh; vkxeu dk fl¼kar       97

eku yhft, fd
P(n): 1 + 3 + 5 + 7 + ... + (2n – 1) = n2

ge fl¼ djuk pkgrs gSa fd P(n)] n osQ lHkh ekuksa osQ fy, lR; gSA xf.krh; vkxeu osQ
iz;ksx okyh miifÙk osQ izFke pj.k esa P(1) dks lR; fl¼ djrs gSaA bl pj.k dks ewy pj.k dgrs
gSaA izR;{kr%

1 = 12 vFkkZr~ P(1) lR; gSA
vxyk pj.k vkxeu pj.k (Induction step) dgykrk gSA ;gk¡ ge dYiuk djrs gSa fd P (k)
lR; gS tgk¡ k ,,d izko`Qr la[;k gS vkSj gesa  P (k + 1) dh lR;rk fl¼ djus dh vko';drk
gS D;ksafd P (k) lR; gS] vr%

P (k) : 1 + 3 + 5 + 7 + ... + (2k – 1) = k2 ... (1)
P (k+1) ij fopkj dhft,

P (k + 1) : 1 + 3 + 5 + 7 + ... + (2k – 1) + {2(k +1) – 1} ... (2)
= k2 + (2k + 1) [(1) osQ iz;ksx ls]
= (k + 1)2

blfy,, P (k + 1) lR; gS vkSj vc vkxefud miifÙk iw.kZ gqbZA
vr% lHkh izko`Qr la[;kvksa n  osQ fy, P(n) lR; gSA

mnkgj.k 1 lHkh n ≥ 1 osQ fy,] fl¼ dhft,

12 + 22 + 32 + 42 +…+ n2     = 
( 1)(2 1)

6
n n n+ +

.

gy  eku yhft, fd fn;k dFku P(n) gS] vFkkZr~

P(n) :  12 + 22 + 32 + 42 +…+ n2     = 
( 1)(2 1)

6
n n n+ +

n = 1 osQ fy,] P(1): 1 = 
1(1 1)(2 1 1)

6
+ × +

=  
1 2 3 1

6
× ×

=  tksfd lR; gSA

fdlh /u iww.kk±d k osQ fy, dYiuk dhft, fd P(k) lR; gS] vFkkZr~

12 + 22 + 32 + 42 +…+ k2     = 
( 1)(2 1)

6
k k k+ +

...(1)

vc ge fl¼ djsaxs fd  P(k + 1) Hkh lR; gS]
(12  +22  +32  +42  +…+k2  ) + (k + 1) 2

= 2( 1)(2 1) ( 1)
6

k k k k+ +
+ + [(1) osQ iz;ksx ls]
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98       xf.kr

=
2( 1)(2 1) 6( 1)

6
k k k k+ + + +

= 
2( 1)(2 7 6)

6
k k k+ + +

= 
( 1)( 1 1){2( 1) 1}

6
k k k+ + + + +

bl izdkj, P(k + 1) lR; gS tc dHkh P (k) lR; gSA
vr% xf.krh; vkxeu fl¼kar ls lHkh izko`Qr la[;kvksa N osQ fy, dFku  P(n) lR; gSA

mngkj.k 2 lHkh /u iw.kk±d n osQ fy, fl¼ dhft, fd 2n > n.

gy eku yhft, fd P(n):  2n > n
tc n=1, 21>1. vr% P(1) lR; gSA
dYiuk dhft, fd fdlh /u iw.kk±d k osQ fy, P(k) lR; gS vFkkZr~

P(k) : 2k  > k ... (1)
vc ge fl¼ djsaxs fd P(k +1) lR; gS tc dHkh P(k) lR; gSA
(1) osQ nksuksa i{kksa esa 2 dk xq.kk djus ij ge

2. 2k

 
> 2k  izkIr djrs gSaA

vFkkZr~ 2 k + 1 > 2k = k + k > k + 1
blfy,, P(k + 1) lR; gS tc dHkh P(k) lR; gSA vr% xf.krh; vkxeu }kjk] izR;sd /u iw.kkZd
n osQ fy, P(n) lR; gSA

mnkgj.k 3 lHkh iw.kk±d n ≥ 1 osQ fy,] fl¼ dhft,%

1 1 1 1...
1.2 2.3 3.4 ( 1) 1

n
n n n

+ + + + =
+ + .

gy eku yhft, fd fn;k dFku P(n) gS rFkk ge

P(n):  
1 1 1 1...

1.2 2.3 3.4 ( 1) 1
n

n n n
+ + + + =

+ + fy[krs gSa

bl izdkj  P(1):
1 1 1

1.2 2 1 1
= =

+
, tksfd lR; gSA vr% P(n), n = 1 osQ fy, lR; gSA

dYiuk dhft, fd iw.kk±d k osQ fy, P(k) lR; gS
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vFkkZr~
1 1 1 1...

1.2 2.3 3.4 ( 1) 1
k

k k k
+ + + + =

+ + ... (1)

gesa P(k + 1) dks lR; fl¼ djuk gS tc P(k) lR; gSA bl gsrq fuEufyf[kr ij fopkj dhft,A

1 1 1 1 1...
1.2 2.3 3.4 ( 1) ( 1) ( 2)k k k k

+ + + + +
+ + +

=  
1 1 1 1 1...

1.2 2.3 3.4 ( 1) ( 1)( 2)k k k k
⎡ ⎤

+ + + + +⎢ ⎥+ + +⎣ ⎦

= 
1

1 ( 1)( 2)
k

k k k
+

+ + + [(1) osQ iz;ksx ls]

= 
( 2) 1

( 1)( 2)
k k
k k

+ +
+ +

 = 
2( 2 1)

( 1)( 2)
k k
k k

+ +
+ +  = 

( )
( ) ( )

21
1 2
k

k k
+

+ +
 = 

( )
( )

( )
( )

1 1
2 1 1

k k
k k
+ +

=
+ + +

bl izdkj dFku P(k + 1) lR; gS tc dHkh P(k) lR; gSA vr% xf.krh; vkxeu fl¼kar }kjk lHkh
iw.kk±dksaa n ≥ 1 osQ fy, P(n) lR; gSA

mnkgj.k 4  izR;sd /u iw.kk±d n osQ fy,] fl¼ dhft, fd 7n – 3n] 4 ls foHkkftr gksrk gSA

gy  eku yhft, fn;k dFku P(n) gS vFkkZr~

P(n) :  7n – 3n] 4 ls foHkkftr gSA

ge ikrs gSa

P(1):  71 – 31 = 4 tks fd 4 ls foHkkftr gksrk gSA bl izdkj P(n), n = 1 osQ fy, lR; gSA

dYiuk dhft, fd ,d /u iw.kk±d k osQ fy, P(k) lR; gS]

vFkkZr, P(k) : 7k – 3k, 4 ls foHkkftr gksrk gSA

vr% ge fy[k ldrs gSa  7k – 3k = 4d, tgk¡  d ∈ N.

vc] ge fl¼ djuk pkgrs gSa fd P(k + 1) lR; gS] tc dHkh P(k ) lR; gSA

vc 7(k+1)– 3(k + 1) = 7(k + 1) – 7.3k + 7.3k – 3(k  + 1)

= 7(7k – 3k) + (7 – 3)3k

= 7(4d) + (7 – 3)3k

= 7(4d) + 4.3k  = 4(7d + 3k)
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100       xf.kr

vafre iafDr ls ge ns[krs gSa fd 7(k  + 1)  – 3(k + 1), 4 ls foHkkftr gksrk gSA bl izdkj, P(k + 1) lR;
gS tc dHkh  P(k) lR; gSA  blfy,] xf.krh; vkxeu fl¼kar ls izR;sd /u iw.kk±d n osQ fy, dFku
P(n) lR; gSA

mnkgj.k 5 lHkh izko`Qr la[;kvksa n osQ fy, fl¼ dhft, fd (1 + x)n ≥ (1 + nx), tgk¡
x > – 1.

gy eku yhft, fd fn;k dFku P(n) gS
vFkkZr~ P(n): (1 + x)n ≥ (1 + nx),  x > – 1 osQ fy,
tc n = 1, P(n) lR; gS D;ksafd ( 1+x) ≥  (1 + x) tks x > –1 osQ fy, lR; gS
dYiuk dhft, fd

P(k): (1 + x)k   ≥ (1 + kx), x > – 1 lR; gSA ... (1)
vc ge fl¼ djuk pkgrs gSa fd P(k + 1) lR; gSa] x > –1 osQ fy,] tc dHkh P(k) lR; gSA

... (2)
loZlfedk (1 + x)k + 1 = (1 + x)k (1 + x) ij fopkj dhft,A
fn;k gS fd x > –1, bl izdkj (1+x) > 0.
blfy, (1 + x)k ≥ (1 + kx), dk iz;ksx dj ge ikrs gSa]

(1 + x) k + 1 ≥ (1 + kx)(1 + x)
vFkkZr~ (1 + x)k + 1 ≥  (1 + x + kx + kx2). ... (3)
;gk¡ k ,d izko`Qr la[;k gS vkSj x2  ≥ 0 bl izdkj kx2  ≥ 0. blfy,]

(1 + x + kx + kx2) ≥ (1 + x + kx),
vkSj bl izdkj] ge izkIr djrs gSa

(1 + x)k + 1   ≥ (1 + x + kx)
vFkkZr~ (1 + x)k + 1   ≥  [1 + (1 + k)x]
bl izdkj] dFku (2) fl¼ gksrk gSA vr% xf.krh; vkxeu fl¼kar ls lHkh izko`Qr la[;kvksa n osQ
fy, P(n) lR; gSA

mnkgj.k 6 fl¼ dhft, fd lHkh n ∈ N osQ fy, 2.7n + 3.5n – 5, 24 ls HkkT; gSA

gy eku yhft, fd dFku P(n) bl izdkj ifjHkf"kr gS fd
P(n) : 2.7n + 3.5n – 5, 24 ls HkkT; gS

tc n = 1 osQ fy, P(n) lR; gSA ge ikrs gSa

2.7 + 3.5 – 5 = 24 tks fd 24 ls HkkT; gSA

dYiuk dhft, fd P(k) lR; gSA
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xf.krh; vkxeu dk fl¼kar       101

vFkkZr~ 2.7k + 3.5k – 5 = 24q, tcfd q ∈ N ... (1)
vc ge fl¼ djuk pkgrs gSa fd P(k + 1) lR; gSA tc dHkh P(k) lR; gSA
ge ikrs gSa]

2.7k+1 + 3.5k+1 – 5 = 2.7k . 71 + 3.5k . 51 – 5
= 7 [2.7k + 3.5k – 5 – 3.5k + 5] + 3.5k . 5 – 5
= 7 [24q – 3.5k + 5] + 15.5k –5
= 7 × 24q – 21.5k + 35 + 15.5k – 5
= 7 × 24q – 6.5k + 30
= 7 × 24q – 6 (5k – 5)
= 7 × 24q – 6 (4p) [(5k – 5), 4 dk xq.kt gS (D;ksa\)] p ∈ N
= 7 × 24q – 24p
= 24 (7q – p)
= 24 × r, r = 7q – p, dksbZ izko`Qr la[;k gSA ... (2)

O;atd (1) dk nk;k¡ i{k 24 ls HkkT; gSA
bl izdkj] P(k + 1) lR; gS] tc dHkh P(k) lR; gSA vr% xf.krh; vkxeu fl¼kar ls] lHkh
n ∈ N osQ fy, P(n) lR; gSA

mnkgj.k 7 fl¼ dhft, fd%

12 + 22 + ... + n2  > 
3

3
n

, n ∈ N

gy eku yhft, fd fn;k dFku P(n) gS]

vFkkZr~ , P(n) : 12 + 22 + ... + n2  > 
3

3
n

,  n ∈ N

ge è;ku nsrs gSa fd n = 1 osQ fy,]  P(n) lR; gS D;ksafd P(1) : 
3

2 11
3

>

dYiuk dhft, fd  P(k) lR; gS]

vFkkZr~ , P(k) : 12 + 22 + ... + k2  > 
3

3
k

... (1)

vc ge fl¼ djsaxs fd P(k + 1) lR; gS tc dHkh P(k) lR; gSA
ge ikrs gSa] 12 + 22 + 32 + ... + k2 + (k + 1)2

= ( ) ( ) ( )
3

2 22 2 21 2 ... 1 1
3
kk k k+ + + + + > + + [(1)osQ iz;ksx ls]
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102       xf.kr

=
1
3

 [k3 + 3k2 + 6k + 3]

=
1
3

 [(k + 1)3 + 3k + 2] > 
1
3  (k + 1)3

bl izdkj] P(k + 1) lR; gqvk tc dHkh P(k) lR; gSA vr% xf.krh; vkxeu }kjk n ∈ N osQ fy,
P(n) lR; gSA

mnkgj.k 8 izR;sd izko`Qr la[;k n osQ fy, xf.krh; vkxeu fl¼kar }kjk ?kkrkadksa dk fu;e
(ab)n = anbn fl¼ dhft,A

gy  eku yhft, fn;k dFku P(n) gSA
vFkkZr~ P(n) : (ab)n = anbn.

ge è;ku nsrs gSa fd n = 1 osQ fy, P(n) lR; gS] pw¡fd (ab)1 = a1b1.
dYiuk dhft, P(k) lR; gS
vFkkZr~   (ab)k = akbk ... (1)
ge fl¼ djsaxs fd P(k + 1) lR; gS tc fd P(k) lR; gSA
vc] ge ikrs gSa]

(ab)k + 1 = (ab)k (ab)
= (ak bk) (ab) [(1) ls]
= (ak . a1) (bk . b1)
= ak+1 . bk+1

blfy,] P(k + 1) lR; gS tc dHkh P(k) lR; gSA vr% xf.krh; vkxeu fl¼kar }kjk izR;sd izko`Qr
la[;k n osQ fy, P(n) lR; gSA

iz'ukoyh 4.1

lHkh n ∈ N osQ fy, xf.krh; vkxeu fl¼kar osQ iz;ksx }kjk fl¼ dhft, fd%

1. 1 + 3 + 32 + ... + 3n – 1 = 
(3 1)

2

n −
.

2. 13 + 23 + 33 + … +n3 = 
2( 1)

2
n n +⎛ ⎞

⎜ ⎟
⎝ ⎠

.

3.
1 1 1 21

(1 2) (1 2 3) (1 2 3 ) ( 1)
n...

...n n
+ + + + =

+ + + + + + + .
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4. 1.2.3 + 2.3.4 +…+ n(n+1) (n+2) = 
( 1)( 2)( 3)

4
n n n n+ + +

5. 1.3 + 2.32 + 3.33 +…+ n.3n = 
1(2 1)3 3

4

nn +− +

6. 1.2 + 2.3 + 3.4 +…+ n (n+1) = 
( 1)( 2)

3
n n n+ +⎡ ⎤
⎢ ⎥⎣ ⎦

7. 1.3 + 3.5 + 5.7 +…+ (2n–1) (2n+1) = 
2(4 6 1)

3
n n n+ −

8. 1.2 + 2.22 + 3.22 + ...+n.2n = (n–1) 2n + 1 + 2

9.
1 1 1 1 1... 1
2 4 8 2 2n n+ + + + = −

10.
1 1 1 1...

2.5 5.8 8.11 (3 1)(3 2) (6 4)
n

n n n
+ + + + =

− + +

11.
1 1 1 1 ( 3)...

1.2.3 2.3.4 3.4.5 ( 1)( 2) 4( 1)( 2)
n n

n n n n n
+

+ + + + =
+ + + +

12. a + ar + ar2 +…+ arn-1 = 
( 1)

1

na r
r

−
−

13. 2
2

3 5 7 (2 1)1 1 1 ... 1 ( 1)
1 4 9

n n
n
+⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + + + = +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

14.
1 1 1 11 1 1 ... 1 ( 1)
1 2 3

n
n

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + + + = +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

15. 12 + 32  + 52  + …+ (2n–1)2  = 
(2 1)(2 1)

3
n n n− +

16.
1 1 1 1...

1.4 4.7 7.10 (3 2)(3 1) (3 1)
n

n n n
+ + + + =

− + +

17.
1 1 1 1...

3.5 5.7 7.9 (2 1)(2 3) 3(2 3)
n

n n n
+ + + + =

+ + +
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18. 1 + 2 + 3 +…+ n < 
1
8

(2n + 1)2

19. n (n + 1) (n + 5)] la[;k 3 dk ,d xq.kt gSA
20. 102n – 1 + 1 la[;k 11 ls HkkT; gSA
21. x2n – y2n, ( x + y ) ls HkkT; gSA
22. 32n+2 – 8n – 9, la[;k 8 ls HkkT; gSA
23. 41n – 14n] la[;k 27 dk ,d xq.kt gSA
24. (2n + 7) < (n + 3)2

lkjka'k

xf.krh; fparu dk ,d ewy vk/kj fuxeukRed foospu gSA fuxeu osQ foijhr]
vkxefud foospu] fHkUu n'kkvksa osQ vè;;u }kjk ,d vuqekfur dFku fodflr djus
ij fuHkZj djrk gS] tcrd fd gj ,d n'kk dk izs{k.k u dj fy;k x;k gksA
xf.krh; vkxeu fl¼kar ,d ,slk lk/u gS ftldk iz;ksx fofo/ izdkj osQ xf.krh;
dFkuksa dks fl¼ djus osQ fy, fd;k tk ldrk gSA /u iw.kk±dksa ls lacaf/r bl izdkj
osQ izR;sd dFku dks P(n) eku ysrs gSa] ftldh lR;rk n = 1 osQ fy, tk¡ph tkrh gSA
blosQ ckn fdlh /u iw.kk±d k, osQ fy, P(k) dh lR;rk dks eku dj P (k+1) dh
lR;rk fl¼ djrs gSaA

,sfrgkfld i`"BHkwfe

vU; ladYiukvksa vkSj fof/;ksa osQ foijhr xf.krh; vkxeu }kjk miifÙk fdlh O;fDr fo'ks"k
}kjk fdlh fuf'pr dky esa fd;k x;k vkfo"dkj ugha gSA ;g dgk tkrk gS fd xf.krh;
vkxeu fl¼kar Phythagoreans dks Kkr FkkA xf.krh; vkxeu fl¼kar osQ izkjaHk djus dk
Js; izQkalhlh xf.krK Blaise Pascal dks fn;k tkrk gSA vkxeu 'kCn  dk iz;ksx vaxzs”k
xf.krK John Wallis us fd;k FkkA ckn esa bl fl¼kar dk iz;ksx f}in izes; dh miifÙk
izkIr djus esa fd;k x;kA De Morgan us xf.kr osQ {ks=k esa fofHkUu fo"k;ksa ij cgqr ;ksxnku
fd;k gSA og igys O;fDr Fks] ftUgksaus bls ifjHkkf"kr fd;k gS vkSj xf.krh; vkxeu uke fn;k
gS rFkk xf.krh; Jsf.k;ksa osQ vfHklj.k Kkr djus osQ fy, De Morgan dk fu;e
fodflr fd;kA

G. Peano us Li"Vr;k O;Dr vfHk/kj.kkvksa osQ iz;ksx }kjk izko`Qr la[;kvksa osQ xq.kksa dh
O;qRifÙk djus dk mÙkjnkf;Ro fy;k] ftUgsa vc fi;kuksa osQ vfHkx`ghr dgrs gSaA fi;kuksa osQ
vfHkx`ghr esa ls ,d dk iquoZQFku xf.krh; vkxeu dk fl¼kar gSA
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