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vè;k; 3

3.6. lkbu (sine) vkSj dkslkbu (cosine) lw=kksa dh miifÙk;k¡ rFkk muosQ oqQN ljy
vuqiz;ksx

eku yhft, fd ABC ,d f=kHkqt gSA dks.k A ls gekjk
rkRi;Z gS fd Hkqtkvksa AB vkSj AC ls cuk dks.k] tks 0°
vkSj 180° osQ chp esa fLFkr gSA dks.kksa B vkSj C dks Hkh
bl izdkj ifjHkkf"kr fd;k tkrk gSA 'kh"kks± C, A vkSj B
dh lEeq[k Hkqtkvksa dks ozQe'k% c, a vkSj b ls O;Dr
fd;k tk,xk (nsf[k, vko`Qfr 3.15)A

izes;  1 (lkbu lw=k) fdlh Hkh f=kHkqt esa] Hkqtk,¡ lEeq[k

dks.kksa osQ lkbuksa (sines) osQ lekuqikrh gksrh gSaA

vFkkZr~ ,d f=kHkqt ABC esa]

sin A sin B sin C
a b c

  

miifÙk eku yhft, fd vko`Qfr  3.16 (i) vkSj (ii) esa n'kkZ, nksuksa f=kHkqtksa esa ls izR;sd ΔABC gSA
B

C DA b

c

a h

B

CA

c
a

D

h

b

(i) (ii)

vko`Qfr 3.16

'kh"kZ B ls 'kh"kZyac h [khapk x;k gS] tks Hkqtk AC osQ fcanq D ij feyrk gS [(i) esa AC dks 'kh"kZyac
ls feyus osQ fy, c<+k;k x;k gS]A vko`Qfr 3.16(i) esa ledks.k f=kHkqt ABC ls] gesa izkIr gksrk gSμ

A

CB

c b

a
vkòQfr 3.15

iwjd ikB~; lkexzh
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sinA = ,h
c  vFkkZr~ h = c sin A (1)

rFkk sin (180° – C) = sin Ch h a
a

  (2)

(1) vkSj (2) ls, gesa izkIr gksrk gSμ

c sin A = a sin C,  vFkkZr~ 
sin A sin C=

a c (3)

blh izdkj] ge fl¼ dj ldrs gSa fd

sin A
a =

sin B
b (4)

(3) vkSj (4) ls] ge izkIr djrs gSaμ
sin A

a =
sin B sin C

b c
 

vko`Qfr 3.16 (ii) osQ f=kHkqt ABC osQ fy,] lehdj.k (3) vkSj (4) blh izdkj izkIr gksrs gSaA

izes; 2  (dkslkbu lw=k) eku yhft, fd A, B vkSj C fdlh f=kHkqt ABC osQ dks.k gSa rFkk a, b
vkSj c ozQe'k% dks.kksa A, B vkSj C dh lEeq[k Hkqtkvksa dh yackb;k¡ gSaA rc]

2 2 2

2 2 2

2 2 2

2 cos A
2 cos B
2 cosC

a b c bc
b c a ca
c a b ab

   
   
   

miifÙk  eku yhft, fd ABC vko`Qfr 3.17 (i) vkSj (ii) esa fn, vuqlkj ,d f=kHkqt gSA
B

C DA

c

a h

b

B

C
A

c
a

D

h

b

(i) (ii)

vko`Qfr 3.17
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vko`Qfr 3.17 (ii) osQ lanHkZ esa] ge izkIr djrs gSaμ
2 2 2 2 2BC BD DC BD (AC AD)     

2 2 2BD AD AC 2AC.AD    
2 2AB AC 2ACABcosA   

;k a 2 = b2 + c2 – 2bc cosA

blh izdkj] ge izkIr dj ldrs gSa fd

b 2 = 2 2 2 cosBc a ca  
vkSj c2 = 2 2 2 cos Ca b ab  
blh izdkj dh lehdj.k] ge vkòQfr 3.17 (i) osQ fy, Hkh izkIr dj ldrs gS] tgk¡ C ,d vf/d
dks.k gSA tc dks.kksa dks Kkr djuk gks] rks dkslkbu lw=kksa osQ lqfo/ktud lw=k uhps fn, tk jgs gSaμ

cos A =
2 2 2

2
b c a

bc
  

cos B =
2 2 2

2
c a b

ac
  

cos C =
2 2 2

2
a b c

ab
  

mnkgj.k 25  f=kHkqt ABC esa, fl¼ dhft, fd

B C Atan cot
2 2

C A Btan cot
2 2

A B Ctan cot
2 2

b c
b c
c a
c a
a b
a b

   
 

   
 

   
 

gy lkbu lw=k ls] gesa izkIr gksrk gSμ

sin A
a

= sin B sin C
b c k  (eku yhft,)

vr%]
b c
b c

 
 =  

(sin B sin C)
(sin B sin C)

k
k
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=

B C B C2cos sin
2 2

B C B C2sin cos
2 2

  

  

=
(B+C) (B – C)cot tan

2 2

=
A B– Ccot tan

2 2 2
              

=

B– Ctan
2
Acot
2

vr%
B– Ctan

2 =
Acot
2

b c
b c

 
 

blh izdkj] ge vU; ifj.kkeksa dks fl¼ dj ldrs gSaA bu ifj.kkeksa dks usfi;j dh vuqikr  (Napier’s
Analogies) osQ :i esa tkuk tkrk gSA
mnkgj.k 26 fdlh f=kHkqt ABC esa, fl¼ dhft, fd

a sin (B – C) + b sin  (C – A) + C sin (A – B) = 0 gksrk gSA
gy vki tkurs gSa fd

a sin (B – C) = a [sinB cosC – cosB sinC] (1)

vc]
sin A sin B sin C k

a b c
   (eku yhft,)

vr%] sin A = ak, sin B = bk, sin C = ck
(1) esa] sinB vkSj sinC osQ eku j[kdj dkslkbu lw=k osQ iz;ksx }kjk] ge izkIr djrs gSaμ

sin(B C)a  =
2 2 2 2 2 2

2 2
a b c c a ba bk ck

ab ac
⎡ ⎤⎛ ⎞ ⎛ ⎞+ − + −

−⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

=   2 2 2 2 2 2

2
k a b c c a b     

= 2 2( )k b c 
blh izdkj] b sin (C – A) = k (c2 – a2)
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vkSj csin (A – B) = k (a2 – b2)
vr% L.H.S = k (b2 – c2 + c2 – a2 + a2 – b2)

= 0 = R.H.S.
mnkgj.k 27 m¡pkbZ h okyh fdlh mèokZ/j ehukj PQ osQ 'kh"kZ fcanq P dk ,d fcanq A ls mUu;u

dks.k 45° gS rFkk fcanq  B ls mUu;u dks.k 60° gS] tgk¡ B fcanq A ls nwjh d ij fLFkr
gS] ftls js[kk AB osQ vuqfn'k ekik x;k gS] tks AQ osQ lkFk 30° dk dks.k cukrh gSA

fl¼ dhft, fd ( 3 –1)d h=    gSA

gy vko`Qfr 3.18 ls] gesa izkIr gSμ
∠PAQ = 45°, ∠BAQ = 30°, ∠ PBH = 60°

P

QA

H
B

h

45°
30°

60°

15°

d

vko`Qfr  3.18

Li"Vr% APQ 45 , BPH 30 , APB 15         ftll s  izkIr gksrk gSA
iqu%]  PAB 15 ABP 150∠ = ° ⇒ ∠ = °
f=kHkqt APQ ls, gesa izkIr gksrk gSμ

AP2 =h2 + h2 = 2h2 (D;ksa ?)
;k AP = 2h
Δ ABP esa] lkbu lw=k dk iz;ksx djus ij] gesa izkIr gksrk gSμ

AB
sin15 =

AP 2
sin150 sin15 sin150

d h  
   

vFkkZr~] d =
2 sin15
sin 30
h  

 

= ( 3 1)h  (D;ksa ?)
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mnkgj.k 28 ,d ysEi&iksLV fdlh f=kHkqtkdkj Hkw[kaM ABC dh Hkqtk AC osQ eè;&fcanq M
ij fLFkr gS] ftlesa BC = 7m, CA = 8m vkSj AB = 9 m gSA ;g ysEi iksLV fcanq
B ij 15° dk dks.k varfjr djrk gSA ySEi iksLV dh m¡pkbZ fu/kZfjr dhft,A

gy vko`Qfr 3.19 ls, eg izkIr djrs gSaμ
AB = 9 = c, BC = 7 = a vkSj AC = 8 = b.

vko`Qfr 3.19

M Hkqtk AC dk eè;&fcanq gS] ftl ij m¡pkbZ h (eku yhft,) dk ysEi iksLV fLFkr gSA iqu% ;g
Hkh fn;k x;k gS fd ysEi iksLV fcanq B ij dks.k  θ (eku yhft,) varfjr djrk gS] tks 15° osQ cjkcj gSA
ΔABC esa, dkslkbu lw=k dk iz;ksx djus ij] ge izkIr djrs gSa_

cosC =
2 2 2 49 64 81 2

2 2 7 8 7
a b c

ab
      

  
(1)

blh izdkj] ΔBMC eas dkslkbu lw=k dk iz;ksx djus ij] ge izkIr djrs gSaμ
BM2 = BC2 + CM2 – 2 BC × CM cos C.

;gk¡]   
1CM = CA = 4
2 , D;ksafd M Hkqtk AC dk eè;&fcanq gSA

blfy,] (1) dk iz;ksx djus ij] gesa izkIr gksrk gSμ

BM2 = 49 + 16 – 2 × 7 × 4 × 
2
7

= 49
;k BM = 7
vr%] ΔBMP ftldk fcanq M ij dks.k ledks.k gS] ls] gesa izkIr gksrk gSμ

tan  =
PM
BM 7

h 

;k 7
h

= tan(15 ) = 2 3 (D;ksa ?)

;k h = 7(2 3) m .
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iz'ukoyh 3-5

fdlh f=kHkqt ABC esa, ;fn a = 18, b = 24, vkSj c = 30 gSA rks izkIr dhft,μ

1. cosA, cosB, cosC (mÙkj  
4
5 , 

3
5 , 0)

2. sinA, sinB, sinC (mÙkj  
3
5 , 

4
5 , 1)

fdlh f=kHkqt ABC osQ fy,] fl¼ dhft, fdμ

3.

A Bcos
2
Csin
2

a b
c

   
      4.

A Bsin
2
Ccos
2

a b
c

   
      

5.
B C Asin cos

2 2
b c

a
− −

= 6.  a (b cos C – c cos B) = b2 – c2

7. a (cos C – cos B) = 2 (b – c) cos2 
A
2 8.  

2 2

2

sin(B – C)
sin(B+C)

b c
a
  

9.
B C B C( )cos cos

2 2
b c a    

10. cos A cos B cosC 2 sin Bsin Ca b c a   

11.
2 2 2cos A cos B cosC

2
a b c

a b c abc
     

12. (b2 – c2) cotA + (c2 – a2) cotB + (a2 – b2) cotC = 0

13.
2 2 2 2 2 2

2 2 2sin 2A sin 2B sin 2C 0b c c a a b
a b c
      

14. ,d igkM+h {kSfrt ls 15° dks.k cukrh gSA bl igkM+h ij ,d isM+ mèokZ/j [kM+k gqvk gSA
igkM+h dh <ky osQ vuqfn'k 35 m dh nwjh Hkwfe ij fLFkr fdlh fcanq ls] isM+ osQ f'k[kj
dk mUu;u dks.k 60° gSA isM+ dh m¡pkbZ Kkr dhft,A (mÙkj 35 2 m)

15. nks tgkt ,d gh le; ij] fdlh canjxkg ls pyrs gSaA ,d 24 km izfr ?kaVk dh pky ls
N45°E fn'kk esa pyrk gS rFkk nwljk 32 km izfr ?kaVk dh pky ls S75°E dh fn'kk esa
pyrk gSA 3 ?kaVs osQ i'pkr~ nksuksa tgktksa dh nwjh Kkr dhft,A

(mÙkj 86.4 km (yxHkx))
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16. nks isM+ A vkSj B ,d unh osQ ,d gh vksj [kM+s gSaA unh osQ vanj fdlh fcanq C ls isM+ksa A
vkSj B dh nwfj;k¡ ozQe'k% 250 m vkSj 300 m gSaA ;fn dks.k C, 45° osQ cjkcj gS] rks isM+ks
osQ chp dh nwjh Kkr dhft,A ( 2  = 1.44 dk iz;ksx dhft,) (mÙkj 215.5 m)

vè;k; 5

5.7. ,d lfEeJ la[;k dk oxZewy

ge ikB~;iqLrd osQ i`"Bksa 108&109 ij lfEeJ ewyksa ls lac¼ f}?kkr lehdj.kksa osQ gy djus dh
ppkZ dj pqosQ gSaA ;gk¡ ge ekud :i esa O;Dr fdlh lfEeJ la[;k osQ oxZewy Kkr djus dh
fof'k"V fof/ dks Li"V djsaxsA ge ,d mnkgj.k }kjk bls Li"V djsaxsA

mnkgj.k 12  –7 –24i osQ oxZewy Kkr dhft,A

gy eku yhft, fd    7 24x iy i     gSA

rc] ( ) iiyx 2472 −−=+

;k ixyiyx 247222 −−=+−
okLrfod vkSj dkYifud Hkkxksa dks cjkcj djus ij] gesa izkIr gksrk gSμ

x2 – y2 = –7 (1)
2xy = –24

loZlfedk     2 22 2 2 2 2(2 )x y x y xy     ls]

(x2 + y2) = 49 + 576 = 625
vr%] x2 + y2 = 25 (2)

(1) vkSj (2) ls, x2 = 9 vkSj y2 = 16 izkIr gksrk gSA
;k x = ± 3 vkSj y = ±4

D;ksafd xq.kuiQy xy Í.kkRed gS] blfy, gesa izkIr gksrk gSμ
x = 3, y = – 4 or, x = –3, y = 4

vr%] –7 –24i osQ oxZewy 3 –4i vkSj –3 + 4i gSaA

iz'ukoyh 5-4

fuEufyf[kr la[;kvksa dk oxZewy Kkr dhft,μ
1 –15 –8i  (mÙkj  1 –4i, –1 + 4i) 2. –8 –6i  (mÙkj  1 –3i, –1 + 3 i)

3. 1 –i  (mÙkj  ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛ −+
± i

2
12

2
12
m ) 4. –i  (mÙkj  

1 1
2 2

i⎛ ⎞±⎜ ⎟
⎝ ⎠

m )

   ©
 N

CERT

no
t to

 be
 re

pu
bli

sh
ed



iwjd ikB~; lkexzh 499

5. i (mÙkj  
1 1
2 2

i⎛ ⎞± ±⎜ ⎟
⎝ ⎠

) 6. 1 + i   (mÙkj 
2 1 2 1
2 2

i
⎛ ⎞+ −⎜ ⎟± ±
⎜ ⎟
⎝ ⎠

)

vè;k; 9

9.7. vifjfer G.P. vkSj mldk ;ksx

a, ar, ar2, ar3, ... osQ izdkj dh G.P. ,d vifjfer (infinite) G.P. dgykrh gSA vc] ,d
vifjfer G.P. osQ ;ksx dk lw=k Kkr djus osQ fy,] ge ,d mnkgj.k ls izkjaHk djrs gSaA vkb, fuEu
G.P. ij fopkj djsaμ

2 41, , ,...
3 9

;gk¡ a = 1, 
2
3

r   gSA gesa izkIr gksrk gSμ

Sn =

21
23 3 12 31

3

n

n
                        

tSls&tSls n cM+k gksrk tkrk gS] vkb, ns[ksa fd 
2
3

n
  
     dk D;k O;ogkj jgrk gSA

  n 1 5 10 20

2
3

n
  
    0.6667 0.1316872428 0.01734152992 0.00030072866

ge ns[krs gSa fd tSls&tSls n cM+k gksrk tkrk gS] 
2
3

n
  
    'kwU; osQ fudVrj vkSj vf/drj fudVrj

gksrk tkrk gSA xf.krh; :i ls] ge dgrs gSa fd tSls n i;kZIr :i ls cM+k gks tkrk gSA] oSls gh 
2
3

n
  
    

i;kZIr :i ls NksVk gks tkrk gSA nwljs 'kCnksa esa] tc 
2, 0
3

n

n ⎛ ⎞→∞ →⎜ ⎟
⎝ ⎠

 gksrk gSA blosQ ifj.kke Lo:i]

ge Kkr djrs gSa fd vifjfer :i ls vusd inksa dk ;ksx S 3  gSA
vc] ,d xq.kksÙkj Js<+h a, ar, ar2, ..., osQ fy,] ;fn lkoZvuqikr r dk la[;kRed eku 1 ls NksVk
gS] rks
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Sn =
(1 )
(1 ) 1 1

n na r a ar
r r r

   
   

bl fLFkfr esa] tc ,n   rn → 0 gS] D;ksafd |r| < 1 gSA vr%]

1n
aS

r
 

 

lkaosQfrd :i ls] vifjfer inksa osQ ;ksx dks S ;k S ls O;Dr fd;k tkrk gSA

bl izdkj] gesa S
1–

a
r

  izkIr gksrk gSA

mnkgj.kkFkZ] (i) 2 3

1 1 1 11 ... 2.12 2 2 1
2

      
 

(ii)
2 3

1 1 1 1 1 21 ... 112 2 2 311
22

       
         

iz'ukoyh 9-4

fuEu xq.kksÙkj Jsf<+;ksa osQ vifjfer inksa rd ;ksx Kkr dhft,μ

1. 1, 
1
3 , 

1
9 , ... (mÙkj 1.5) 2. 6, 1.2, .24, ... (mÙkj 7.5)

3. 5, 
20 80, ,...
7 49 (mÙkj 

35
3 ) 4.

3 3 3, , ,...
4 16 64
  

(mÙkj 
3

5
 

)

5. fl¼ dhft, fd 
11 1
82 43 3 3 ... 3    gSA

6. eku yhft, fd  x = 1 + a + a2 + ... vkSj y = 1 + b + b2 + ..., tgk¡ |a| < 1 vkSj |b| < 1
gSA fl¼ dhft, fd

   1 + ab + a2b2 + ... = 1
xy

x y  

vè;k; 10

10.6 nks js[kkvksa osQ izfrPNsn fcanq ls gksdj tkus okyh js[kkvksa osQ oqQy (ifjokj) dh lehdj.k

eku yhft, fd nks izfrPNsnh js[kkvksa l1 vkSj l2 dh lehdj.k fuEu gSaμ

1 1 1A B Cx y  = 0 (1)
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vkSj 2 2 2A B Cx y  = 0 (2)

lehdj.kksa (1) vkSj (2) ls, ge fuEu lehdj.k cuk ldrs gSaμ

  1 1 1 2 2 2A B C A B Cx y k x y     = 0 (3)

tgk¡  k ,d LosN vpj gS] ftls izkpy (parameter) dgk tkrk gSaA k osQ fdlh Hkh eku osQ fy,]
lehdj.k (3) pjksa x vkSj y esa izFke ?kkr dh lehdj.k gSA vr%] ;g js[kkvksa osQ ,d oqQy (family)
dks fu:fir djrh gSA k osQ fdlh eku dks ysdj bl oqQy (;k ifjokj) osQ ,d fof'"V lnL;
dks izkIr fd;k tk ldrk gSA k osQ bl eku dks vU; izfrca/ksa }kjk Kkr fd;k tk ldrk gSA

mnkgj.k 20  ml js[kk dh lehdj.k Kkr dhft,] tks y-v{k osQ lekarj gS rFkk x – 7y + 5 = 0
vkSj 3x + y – 7 = 0 osQ izfrPNsn fcanq ls gksdj [khaph xbZ gSA

gy  nh gqbZ js[kkvksa osQ izfrPNsn fcanq ls gksdj tkusokyh js[kk dh lehdj.k fuEu :i dh gksxhμ

7 5 (3 7)x y k x y     = 0

vFkkZr~ (1 3 ) ( 7) 5 7k x k y k     = 0 (1)

;fn ;g js[kk y-v{k osQ lekarj gS] rks y dk xq.kkad 'kwU; gksxkA

vFkkZr~]  k – 7 = 0 gS] ftlls k = 7 izkIr gksrk gSA

 k osQ bl eku dks lehdj.k (1) esa izfrLFkkfir djus ij] gesa izkIr gksrk gSμ

22x – 44 = 0,    vFkkZr~   x –2 = 0, tks ok¡fNr lehdj.k gSA

mnkgj.k 10.4

1. ml js[kk dh lehdj.k Kkr dhft,] tks js[kkvksa 3x + 4y = 7 vkSj x – y + 2 = 0 osQ izfrPNsn
fcanq ls gksdj tkrh gS vkSj mldh izo.krk 5 gSA (mÙkj 35x – 7y + 18 = 0 )

2. js[kkvksa x + 2y – 3 = 0 vkSj 4x – y + 7 =0 osQ izfrPNsn fcanq ls gksdj tkus ml js[kk dh
lehdj.k Kkr dhft, tks js[kk 5x + 4y –20 = 0 osQ lekarj gSA

(mÙkj 15x + 12y – 7 = 0)
3. js[kkvksa 2x + 3y – 4 = 0 vkSj x – 5y = 7 osQ izfrPNksn fcanq ls gksdj tkus okyh ml js[kk

dh lehdj.k Kkr dhft,] ftldk x-var% [kaM – 4 osQ cjkcj gSA
(mÙkj 10x + 93y + 40 = 0 )

4. js[kkvksa 5x –3y = 1 vkSj 2x + 3y – 23 = 0 osQ izfrPNsn fcanq ls gksdj tkus okyh ml js[kk
dh lehdj.k Kkr dhft, tks js[kk 5x – 3y – 1 = 0 ij yac gSA

(mÙkj 63x + 105y – 781 = 0)
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10.7. ewyfcanq dk LFkkukarj.k

funsZ'kkad v{kksa dh ,d fudk; (system) osQ
lanHkZ esa] fcanqvksa osQ ,d leqPp; osQ laxr ,d
lehdj.k dks] fcanqvksa osQ leqPp; dks ,d
mi;qDr funsZ'kkad i¼fr esa bl izdkj ysdj fd
lHkh T;kferh; xq.k vifjorZuh; jgsa] ljyho`Qr
fd;k tk ldrk gSA ,d ,slk :ikarj.k gS ftlesa
ubZ v{kksa dks izkjafHkd v{kksa osQ lekarj cny
fn;k tkrk gS rFkk ewyfcanq dks u, fcanq ij
LFkkukarfjr dj fn;k tkrk gSA bl izdkj osQ
:ikarj.k dks v{kksa dk LFkkukarj.k dgrs gSaA

ry osQ izR;sd fcanq osQ funsZ'kkad v{kksa osQ
bl LFkkukarj.k osQ varxZr cny tkrs gSaA fcanqvksa osQ iqjkus vkSj u, funZs'kkadksa osQ chp laca/ Kkr gksus ij]
ge funsZ'kkad v{kksa dh ubZ i¼fr osQ inksa esa ,d fo'ys"k.kkRed leL;k dk vè;;u dj ldrs gSaA

;g ns[kus osQ fy, fd v{kksa osQ ,d LFkkukarj.k osQ varxZr ry osQ ,d fcanq osQ funsZ'kkad fdl
izdkj cnyrs gSa] vkb, v{kksa  OX vkSj OY osQ lanHkZ esa ,d fcanq P(x, y) ysaA eku yhft, fd O′X′
vkSj  O′Y′ ozQe'k%  OX vkSj OY osQ lekarj ubZ v{k gSa] tgk¡ O′ u;k ewyfcanq gSA eku yhft, fd
iqjkuh v{kksa osQ lanHkZ esa O′ osQ funsZ'kkad (h, k) gSa] vFkkZr~ OL = h vkSj LO′ = k gSA lkFk gh]
OM = x vkSj MP = y gS (nsf[k, vko`Qfr 10.21)A

eku yhft, fd O′M′  = x′ vkSj M′P = y′  ozQe'k%] ubZ v{kksa O′ X′  vkSj O′ Y′ osQ lanHkZ
esa] fcanq P osQ Hkqt vkSj dksfV gSaA vko`Qfr 10.21 ls] ;g ljyrk ls ns[kk tk ldrk gS fd

OM = OL + LM, vFkkZr~ x = h + x′
vkSj MP = MM′  + M′ P,  vFkkZr~ y = k + y′
vr%, x = x′  + h vkSj y = y′  + k

;s gh lw=k iqjkus vkSj u, funsZ'kkadksa esa laca/ n'kkZrs gSaA

mnkgj.k 21  fcanq (3, – 4) osQ u, funsZ'kkad Kkr dhft,] ;fn ewyfcanq dks (1, 2) ij LFkkukarfjr
dj fn;k tkrk gSA

gy  u, ewyfcanq osQ funsZ'kkad h = 1 vkSj k  = 2 gSa rFkk fcanq osQ izkjafHkd funsZ'kkad x = 3 vkSj
y = – 4 gSaA

iqjkus funsZ'kkadks (x,  y) vkSj u, funsZ'kkadksa (x′, y′) osQ chp esa :ikarj.k laca/ fuEu ls fn, tkrs gSaμ
x = x′  + h vFkkZr~ x′  = x – h

Y

Y'

X'

X
LO

h

k

0' M'

M

P{( , ) ( ', ')}x y x y

vko`Qfr  10.21
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vkSj y = y′  + k vFkkZr~ y′  = y – k

ekuksa dks izfrLFkkfir djus ij] ge izkIr djrs gSaμ

x′  = 3 – 1 = 2 vkSj y′  = – 4 – 2 = – 6

vr%] ubZ i¼fr esa fcanq (3, – 4) osQ funsZ'kkad (2, – 6) gSaA

mnkgj.k 22 ljy js[kk 2x – 3y + 5 = 0 dh :ikarfjr lehdj.k Kkr dhft,] ;fn v{kksa osQ
LFkkukarj.k }kjk ewyfcanq dks fcanq (3, –1) ij LFkkukarfjr dj fn;k tkrk gSA

gy eku yhft, fd ,d fcanq  P osQ funsZ'kkad (x, y) ubZ funsZ'kkad v{kksa esa (x′ , y′ ) esa cny tkrs
gSa] tcfd ewyfcanq h = 3, k = –1 gks tkrk gSA vr%] ge :ikarj.k lw=kksa dks x = x′ + 3 vkSj y = y′
–1 osQ :i eas fy[k ldrs gSaA ljy js[kk dh nh gqbZ lehdj.k esa bu ekuksa dks izfrLFkkfir djus ij]
gesa izkIr gksrk gSμ

2(x′  + 3)  –3 (y′  – 1) + 5 = 0

;k 2x′  – 3y′  + 14 = 0

vr%] ubZ i¼fr esa] ljy js[kk dh lehdj.k 2x – 3y + 14 = 0

iz'ukoyh 10-5

1. fuEu esa ls izR;sd fLFkfr esa] fcanqvksa osQ u, funsZ'kkad Kkr dhft,] ;fn v{kksa osQ ,d
LFkkukarj.k }kjk ewyfcanq dks fcanq (–3, –2) ij LFkkukarfjr dj fn;k tkrk gSμ

(i)  (1, 1) (mÙkj (4, 3)) (ii) (0, 1) (mÙkj (3, 3))

(iii) (5, 0) (mÙkj (8, 2) ) (iv) (–1, –2) (mÙkj (2, 0))

(v)  (3, –5)   (mÙkj (6, –3))

2. Kkr dhft, fd ewyfcanq dks fcanq (1, 1) ij LFkkukarfjr djus ij fuEu lehdj.k D;k gks tkrh gS_

(i)  023 22 =+−−+ yyxyx (mÙkj 2 23 3 6 1 0x y xy x y− + + − + = )

(ii) 02 =+−− yxyxy (mÙkj 02 =− yxy )

(iii) 01=+−− yxxy (mÙkj 0=xy )

vè;k; 13

13.5. pj?kkrkadh; vkSj y?kqx.kdh; iQyuksa ls lac¼ lhek,¡

pj?kkrkadh; (exponential) vkSj y?kqx.kdh; (logarithmic) iQyuksa ls laca/ O;atdksa dh lhekvksa
(limits) osQ ekuksa dks fudkyus dh ppkZ djus ls igys] ge bu nksuksa iQyuksa osQ izk¡r vkSj ifjlj crkrs
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vko`Qfr  13.12

Y

X

y = xloge ���������

O

gq,] budk ifjp; djkrs gSa rFkk buosQ j-iQ vkys[k
cukrs gSaA ,d egku fLol xf.krK fy;ksukMZ
vkW;yj (1707– 1783) us la[;k e dk ifjp;
fn;k ftldk eku 2 vkSj 3 osQ chp fLFkr gSA ;g
la[;k pj?kkrkadh; iQyu dks ifjHkkf"kr djus osQ
fy, mi;ksxh gS rFkk bls f (x) = ex, x ∈ R osQ
:i esa ifjHkkf"kr fd;k tkrk gSA bldk izk¡r R gS
vkSj ifjlj ?kukRed okLrfod la[;kvksa dk leqPp;
gSA pj?kkrkadh; iQyu] vFkkZr~ y =  ex dk vkys[k
vko`Qfr 13.11 esa fn, vuqlkj gksrk gSA

blh izdkj] y?kqx.kdh; iQyu] ftls
log :e

  R R  osQ :i esa O;Dr fd;k tkrk
gS] dks loge x y  }kjk iznÙk fd;k tkrk gS]
;fn vkSj osQoy ;fn ey = x gksA bldk izk¡r R+

gS] tks lHkh /ukRed okLrfod la[;kvksa dk
leqPp; gS rFkk bldk ifjlj R gSA Yk?kqx.kdh;
iQyu y = loge x  dk vkys[k vko`Qfr 13.12 esa
n'kkZ;k x;k gSA

ifj.kke 
0

1lim 1
x

x

e
x 

   dks fl¼ djus

osQ fy,] ge O;atd 
1xe

x
 

 ls lac¼ ,d vlfedk

dk mi;ksx djrs gSa] tks bl izdkj gSμ

1
1 x

≤
+  

x
ex 1−

 ≤  1 + (e – 2) |x|, [–1, 1] ~ {0} esa lHkh x osQ fy, lR; gSA

izes; 6  fl¼ dhft, fd 11lim
0

=
−

→ x
ex

x
 gSA

miifÙk  mi;qZDr vlfedk dk mi;ksx djus ij] gesa izkIr gksrk gSμ

1
1 x  x

ex 1−
 ≤ 1 + | x| (e – 2), x ∈ [–1, 1] ~ {0}

vko`Qfr  13.11

Y

X

y e=
x
���������

O
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lkFk gh] 0

1lim
1x x  =  

0

1 1 1
1 lim 1 0

x
x

 

  
  

vkSj
0

lim 1 ( 2)
x

e x
 

      =
0

1 ( 2) lim 1 ( 2)0 1
x

e x e
 

      

vr%] lSaMfop izes; }kjk] gesa izkIr gksrk gSμ

0

1lim
x

x

e
x 

 
= 1

izes; 7 fl¼ dhft, fd 1)1(loglim
0

=
+

→ x
xe

x

miifÙk eku yhft, fd Let y
x

xe =
+ )1(log

 gS rc]

log (1 )e x = xy

 1 xyx e  

 
1 1

xye
x
  

;k •
1xye y

xy
−

= 1

0 0

1lim lim
xy

xy x

e y
xy  

 
= 1 (D;ksafd x → 0 ls xy → 0 izkIr gksrk gS)

 0
lim 1
x

y
 

  ( D;ksafd
0

1lim 1
xy

xy

e
xy 

  )

 
0

log (1 )lim 1e

x

x
x 

 
 

mnkgj.k 5 vfHkdfyr dhft, 
x

e x

x

1lim
3

0

−
→

gy  gesa izkIr gSμ
3

0

1lim
x

x

e
x 

 
=

3

3 0

1lim 3
3

x

x

e
x 
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= 0

13 lim , 3
y

y

e y x
y→

⎛ ⎞−
=⎜ ⎟

⎝ ⎠
tgk¡

= 3.1 3 

mnkgj.k 6 vfHkdfyr dhft, 
0

sin 1lim
x

x

e x
x→

− −

gy gesa izkIr gSμ  0 0

sin 1 1 sinlim lim
x x

x x

e x e x
x x x→ →

⎡ ⎤− − −
= −⎢ ⎥

⎣ ⎦

=
0 0

1 sinlim lim 1 1 0
x

x x

e x
x x  

     

mnkgj.k 7 vfHkdfyr dhft, 1
loglim

1 −→ x
xe

x

gy x = 1 + h jf[k,A rc, 1 0x h→ ⇒ →  gSA vr%]

1 0

log log (1 )
lim lim

1
e e

x h

x h
x h  

 
 

  = 1 ( D;ksafd
0

log (1 )
lim 1e

x

x
x 

 
  gS)

iz'ukoyh 13-2

fuEu lhekvksa osQ eku fudkfy,] ;fn mudk vfLrRo gSμ

1.
4

0

1lim
x

x

e
x→

−
(mÙkj 4) 2.

x
ee x

x

22

0
lim −+

→
(mÙkj e2)

3.
5

5
lim

5

x

x

e e
x→

−
−

(mÙkj e5) 4.
x

e x

x

1lim
sin

0

−
→

(mÙkj 1)

5.
3

lim
3

3 −
−

→ x
eex

x
(mÙkj e3) 6.

x
ex x

x cos1
)1(lim

0 −
−

→
(mÙkj 2)

7. x
xe

x

)21(loglim
0

+
→

(mÙkj 2) 8.
3

30

log (1 )lim
sinx

x
x→

+
(mÙkj 1)   ©
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