(FHTShT Integrals )

el

¢ Just as a mountaineer climbs a mountain — because it is there, so

a good mathematics student studies new material because

it is there. — JAMES B. BRISTOL <%

7.1 9fHerT (Introduction)

RS T TSt 1 Heheudl T hisd &1 Werl oh
arerEl o fore Tt Y@t aftdfia w5 995 v 3w
YR hi @A H1 YU 1 IR HEAT FAhAS oh
feTT &1 SAFTIRTT o1 FHIeher TG, Wel o 3eid 9 fik
& % A% hl URWT HH T TR GAABA hl
qRiehe & 1 T 9§ 9iE 2

IfE T Fer [ R AT H stk € 31efq 1
o Yceh g TR o oh 3Teshors! /7 ol A €, 79 Th
e T 38 € & AR 1%y fag m o famn
T T A F1 W oM [ A FR Hhd 22 F Tff wer
519 B T o Soh STashorst oh ®9 H U g €, 39
Hel & UfasTasherst (JET) HhEdd ¢l ST 98 ¥ e

G .W. Leibnitz
(1646-1716)

3 geft yfqsraesrers! U B €, wor &1 SARE SHTH heddl 8 SR gfastashers
T FE T TS YHH AT FET Fealdl ¢l 39 YFR 1 A 3 eRiEs
uRferfeal o et €) Sewo: A e et aror W Rt agg o arcerfore 9 T €,
At T Y IE 33dl € T Bn e e W 3@ ong 1 feufq w@ W gend
27 T YN 1 S GRS To Hglfae qrieefaal ot &, Sl qoeher 1 "
ffed et 81 oI o o1 T fEfafad YR w1 THensti o g 3 o

YA 1 9w B

(a) I TH He HT AAhcrsl A &, A IH Hed il T H I THA,
(b) Ffe=a gfqast o siaia wed o ofa@ ¥ ¥R &S &1 &5%a A &

HT g
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Ut < TS FHIRH! o ] Tl shi AR URd et €, e qHeher T
Y= THERer| 39 <A1 o1 GiHfd &9 THREH T e Bl

e qamher e e gueher o e U o @ S wer S SRy
YT o &9 | ST Sl 21 ug 9oy fafved gureRer o1 fame ug srfiaitent o e
T AEeIe SR o &9 § 91 w21 srefore, fam ue wiivear Si9 fafa= &
T 3H YR i Tt GEEel &l g i o foau «ft ffved gaereq &1 s
o ST 2

39 1A |, B9 3T9H M9kl A= wd = dHehel 1@ SHehed &l §9
fafue wfed 37er IR ToUIedl o 1o & Hifaa W@l

7.2 WU Rl 3TTheT oh SIhH WehH o ®U U ( Integration as the
Inverse Process of Differentiation )

TR o HhH YehH ! GHhH Fed ¢l [l o &1 sTashe F1d w3 & @M
WY el 1 Tasharl 601 gl € 3R SUeh! T 37efiq ardfesh Wl 1 i o
foTu el T 1 IS UHH G HAYel Yfd-sTadha HEard Bl

afrzn frfafed sl W fa=m &=,
T M4 © TR %(Sin X) = cos x . (D)
d O30 .
B3B8~ . (2)
R %(e’“) =" . (3)

B9 Ufad % & ff St (1) § %ol cos x Be sin x 1 STaFs 21 39 81
39 YR 4t Fed B foF cosx o1 UfdsTasharst (31efe HHIR) sinx 81 36 YR (2)

3
T (3) ¥ 22 3R ¢ o FfaeTaehers (37e@1 GHERCH) HA: %aﬁt ¢ B qA: 7Y

e #w # for fomedt oft arefaes G ¢, S/ 3Ter Wt 91 ST ], <1 3Tashars! I
7, 3l sEfem 79 (1), (2) 3R (3) = Fefofaa &9 o foa wod €

3
%(sinerC):cos X %(%+C)=x23ﬁT%(€x+C)=ex

TH THR BH 2@d B T SUds worl o giderashersl SA¥El FUThe Afgdd
& €| o%qa: 3 el | W ek el o STaRiid Sideteshers €, e g9 arfesh
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TSl o g=d @ es e’ C i hiE A USH Hich W Y Gehd &1 T& HR0l
2 fF C ol YUIER W=5 =R %ed ¢ o gd: C T% W=l 8, f5eh 7 =1 ufafdd
ok B AU g Wer o ol wideteshersii o1 GHiehel i 9Iad hid & e 4g

T %ol Fuwr @ fh %F(x)ﬂ’(ﬂ, v x e | (arfaess denet &1 fae) af Ids

Wes SR C, % fou %[F(X)+C]=f(X),er

3 YHR {F + C, C e R}, f o Wiastaehersii o UReR &l of% &Ll 8, S&l C
TR 1 3T=R el

2ot 9 ST il Wl B Ueh 379 1 3fa¥ Bidl ¢l S9! <9 o faw, 9
AT g &R 4 U@ & For 8 fSh eraehors Sfaiel 18 99H

fx)=g®) —h (x), vx € 1 g0 IR ®ed f =g —h R fo=mr =ifSw

Gl %—f—g’—h’ Y ) =g (x)—H(x) yxelu= 2

AT f(x) = 0, Vx e I (IRepea &)
FUfq I8 x o WUe £ o UREdd &1 YA § IR g £ TH SR

S feoqult & egaR I8 fehd Fenter =g € f 9f@r (F+C, C e R},
£ o |eft yfqeraehersi i 9SSl 2

379 g9 Tk A Felteh o IR 8 © S o wfderasherst o R aReR w1 fefaa wam

T8 Wl [ £ () dx %, T x % W f 1 S wEeR % wY § Tg S
welted: €9 [ f () de =F () + C fored 2

Herew fean gan ® f %=f(x),?ﬁ gny=jf(x)dx1%1@ﬁ%’|

gfawn o fau gn fAfafea adienl/agi/amenen & 3ok 31eff dfed WRof 7.1 H
JeaifEd Fd 8

| 7.1
Yiieh /IS /TSRS aref
[ £ (o) f 1 x o Hel ke

[fead r THHT
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J.f (x)dx ¥ x e W =
AR HTA THTRE A R
£ AR T wed Ffsees fag
F'(x) = f(x)
TR dishar R 1A i 1 YshH
TR Rl TR HE off ardfas 9 59 3R
He Fed ¢l

A Teel 9 € 9gd 9§ Y@ ol o Stdehelsi o g3 WM €1 3 Gl o W gH
THIHSA & IO Gol Sl @7 foam gehd €1 3 qrifores g 1 e fefated €

ST 3TN 9 TR Fel oh ARl i T H H |

3dehetst Derivatives

. i xn+l _xn

@ dc\n+1 B
faftre 9 9 79 @d ©
(x)=1

(ii) i(sin X)=cos x
dx
(iii) %(— cos x) =sin x
(iv) = (tan x) =sec’x
d 2
) —(— cot x) =cosec’x
(vi) i(sec X)=sec x tan x
dx

d
(vi)) — (— cosec x) = cosec x cot x

TR ( UfceTaeherst )
Integrals (Antiderivatives)

n+l1

jx"dxz’;ﬂ +C, nz-1
J.dxzx—i-C

Icos xdx=sinx +C
Isinxdxz—cos x+C
Isecz xdx=tan x+ C
Icoseczxdx=—cotx+C
Isec xtanxdx=secx +C

Icosec xcotx dx =— cosec x+ C
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(vii) %(Sinlx)= 1ix2 | fxz = sin ' x+C

() oo (—cos ! x)= 1;2 J.\/%z—coslx—i-c
(x) %(tanl x)=1+1x2 flf’;z —tan"' x4+ C

(xi) %(—cot]x)= 1+1x2 jlf’;z —_cot x4 C

(xi) %(Seclx)i\/% fx‘/%qeclﬁc
(xiii) %(Coseclx)=x ‘/ﬁ | - ‘/;l:—_l=coseclx+c
(xiv) %(e")w" [etdr=e"+C

(xv) %(log|x|)=% Jédleog|x|+c

YA B B UM 39 STe &1 T A8 e oy fafre wod
gftafyd & qenfa fore off fafdre yea & g2 o gt ff e o @ =nfeuy

7.2.1 AFI=T GHIRAT &1 SIHATT %9 (Geometrical interpretation of

indefinite integral)

T ST o () =2 x 7l jf(x)dx=x2+camcaaw%|fﬂ=mm¥aamgnﬁfﬂ=f
oo U ®1 Wq sanfadg gfe @ 3 gt gAed @EH €1 39 UK
y=x2+C, &l C T W =R B, GHheH! o Toh IRaR i F&ftd s g1 C, i
faf=1 M 92 teh &9 URER o fafi= 9<e Ui & €1 37 Helsh! "o &9
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siffad TaTReH &1 TIeddl Yoish THThe Toh Taerd i efud idl ¢ e 31

y-318] o ST B

Teda C=07 U 8 y= 2 & Sl Tk 09 Reed ¢ et 3t gor fog
WEIC=1% AU y=x2+ | Waerd y =2 %! Teh IhTE y-3781 o 37 Glcdeh e
o TR e T WS eil €1 C=— 1,9 T, osh y=x2— | Wee™ y=x> &l Th
THTE -3187 o ST UM TG # TMiaid el W W il €1 38 YR C, ok

Y% ¥FHE A oh fa, 9RER
% YT AT h UMY -7 i
wTeeh o § ® 3R C o SRucHeh
el o fou yoi® Waed w1 I
y-3e H OIS fewn H ?1 e
Raad § 9 FB & AFA 7.1 H
<gIten T 2

319 BH 1 Wl ok &l x=a
S Wi W R s €1 Sk 7.1
H g ¢ > 0fern 21 7' fed 0 <0
= fFﬂ T %I af W x=a
e y=x>,y=x>+1,y=x>+2,
y=x2—1,y=x>—2 7 HHEA: fél'g’,?wﬁ
P,P,P, P P, 3§ | Hed 7

al g1 el foget %aﬂnr—na%l
Te fafde #xar ® for o7 geft fogedt
W TR H Tl W@l wEiEw ¥
T UFR [2xdo=x" +C=F (x)

(W <ifsm) 9 i =i @ Tk sl
y=FC(x),CeR,a5i'@Tx=a,§lT[

///
2 o 2 2 2 B A\
\:&:& _’G\\:ﬂ\ :UX:Q \:U
S = S S S S S
RN \ N N N N N

Y/

TRt 7.1

e fagetl W =l 1 Tl W w9 € Sl o e R 3va: frefafaa s
[ £ () dx =F (x) + C= y (ar efifore) bl o wRem i Frefrd @ 1 C o fafer=

T} o 9d 89 36 IRER & fafa— 955 Urd 8 2 oIk 39 e | 9§ 89 fRd uh
e oh] o o IR TR ek U T Tehd 2| A= Hreher s A

e =@ 2|
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7.2.2 STy qurekert & FE 7\'[0T8T1?C (Some properties of indefinite integrals)
$9 39 UR=ER ¥ W A= HHhed o $9 TUIHH & Fa= S|

Q)

(1)

foeferiaa aRomi o oo W Sfaher Td THShe % WehH Teh SO o ofohH
%J ) dx=f(x)

C [£@)dx = f(x) + C, 5T C T Wrow a1 2
Suufa W AT & F, £ T ufdeToshes 8 s1eiq

% F(x) = /(%)

@ [f@)de =F)+C
THferg ijf(x)dx=i(F(x)+c)
dx dx

- LE@ =/
T YN B 2@ ¢ T

100 = % 1)

iR Tafan [/ de =f@) +C
Tl C T W= 3R 2 TS99 GHrhod o=’ #&d Bl

T < ffvad gk fSier aTeshorst 99F @ 9kl & T & URer i 9id
FW ? IR W YhR guged €

Suufa 7 AT/ T g T < wer 7 o

L] e dx = == fg ()

o | [ [gar] -0

or: [F@)ds~[g @) dx=C, el C v awfe e 31 (Fi?)

e [reyac=[gax+c
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wofere 7 & wfar {[f()dv+C,,C, R}
Tq {J‘g(x)afx+C2,C2 ER}W§|
TR [ f () de R [g(x) dv TG 2

[ feomit |41 wfe {[ /@) de+C,.C, eR} i {[g(dr+C, C, <R] =

TAGEAA! i JATTIAR If(x)dXZIg(x)dx, foTEeht =er a7 Torgdy el i
Fuie e 2

i) [0+ ) dr=[ 0 dx+ [g(x)d
sofs e (i) |

L Jure+ giar]= 10+ g0 ()
e 7Y 9@ ¢ T
L1 drt [ e =L [ £ de + L [ g0y dr = 0 +g@) . )
dx dx dx W
39 WhR T (ii) o wd H (1) @R (2) @ W g € fw
[(f)+g0) dr= [ f(x)ds + [g(x) dx

(iv) et aredfors @k, 3 o [k £ () de=k [ f(x) dx

STt ToTH (i)m%jkf(x)dxzkf(x)

v <[] reyde] =k < [ o dv=k £

el Ui (ii) BT SR B g B U § T [k £ () dr=k [ £ (x) dx

(v) WO (iii) 3R (iv) T £, ,, ...,/ e w1 =@ e iR o qemnstik,
ky, ..., k o ToTq off oqshieRRor feoman < wehan & St b A e e R

[[k i)+ oty @)+ ..+ k, f,(x)
= k[ i) dx+ [ £, () de+.+k, [ £,(x) dx
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XU BT %o &1 gfdstaskherst 91 & o ot 80 SiaaM 9 T8 %ol &l @
& foerehT s1ahetst o gon o 21 o1t Her i 39 YR i @il St XU gu o
o Ui STaehels a0 i o [T w1 Sl €, i RIS N GHIehe %ed &1 39 8H
F% IR ¥ FH B
sareror 1 e fafy 1 ST it gu H=fafed wei 1 gfdetesmas TSIty

1
(i) cos 2x (i) 32 + 4 (i) —,x#0
X
(i) &9 TH T e & @IS S Hed € S sesmes cos 2x 8

. d
B9 Sd § TR — (sin 2) =2 cos 2x
AU cos 2x = L4 2x —i(lsinhj
cos x_2dx (sin )_dx >

1 .
SAfeTT cos 2x 1 Toh HfdeTaehars] Esm 2x =Bl

(i) B9 Th UQ o i @ISl T =ed & TSHeh feehers 3x* + 4x° B
d
A —(x3+x4):3x2+4x3
dx

AT 3% + 4y’ o1 SfasTases ) + x4 2
(i) &9 <A €

d 1 d 1 1
E(logx)=;,x>0SﬁTE[log(—x)]:_—x(—l)z;,)KO

Eﬁﬁw&ﬁaﬂﬁm%ﬂqﬁ%’%(loglxlkl,ﬁo

X

Wj%dx:log|x| , St R %&qﬁwﬁﬁﬁw%

sargvor 2 faefafea garerari Sl Jd Sifsa

N1 2 2
(i) Jxxz dx () [(r3 +1dx (iii) J.(x3+26x%)dx
ol B9 U U o
3
Ix _1dx=Jlxdx7J-x’2dx (Y 9)

2
X
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~2+1
x .
= ( +C1]_( "'CzJ; C,, C, GHTHeH 3R T

1+1 —-2+1
x? x !
X4 -1 _—c
2 1 _ 2
2
1
S o
2 X
xr 1 o
:7+_+c,wc=cl—czwmww%
X

& ool | Tg o T aw siftm SR W @, Uh THehe R ferd

(i) el
2

J.(x-3 +1)dx= Jx_i dx + Idx

1

+

-
1w

+x+C

Il

+
=
+
@]
Il

Wl w

Rw

3

(i) aﬁj(x'z +2¢6" —%)dx: Ix% dx + jzex dx— J.%dx

2+1

X2
= +2e" —log|x|+ C
3
—+1
2
2 2
:gx2+2ex—10g|x|+C
sarevor 3 frafafad T =i wifse
(i) [(sin x+ cosx) d (i) [ cosec x (cosecx+ cot x) dx

I 1-sin x
(i) cos? x

dx
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T
(i) ==
J(sin x+cosx)dx=jsinxdx+fcosxdx
= —cosx+sinx+C
(i) el
J(oosec x (cosec x + cot x) dx =J.coseczx dx+ J.cosec xcotx dx
= —cotx —cosecx +C
(iii) =&l

1-sin x 1 sin x
[—F—dv=[——dx- [—=a
cos”“x cos”x cos”“x

=Iseczxdx— Itan xsec x dx

=tan x —secx +C

SAEIUT 4 f(x) = 4x° — 6 SR UG ®eH £ 1 GfdeTahasl F A1d ity et
F(0)=3%I

TA f(x)H TH G STEHAS ' 6x 8

<t %(x4 —6x) =4x° — 6, ZAfTHTGTTHAS F,
F(x) =x*—6x+C, 5/ 3T € &l C 3R 7 |
fean gan ® fo F(0)=3
TEY I Bl © 3=0-6x0+C
e C=3

a: ervfie gfdsterherst, F (x) = x* — 6x + 3 N IRWIfE T 3Afgdid wer 2|
fewuit

(i) &4 @d € o afg £ 1 wiasteshast F € df F+C, Sel C T o/=R &, @t £ &
Tk fasTashors ©1 39 YR If% g6 Te f 1 Tk Jfastasdhas o € af ed
FH &g i 3R Siga £ o oa Fiasteshe fo@ dehd € 5 F(x) +C,
Ce R &Y ¥ fiqerea fopan ST wehal 81 STUAM § WHIG: Toh SAfdier
Hise i W AT STEvTsh el € el C o1 e fafvre um e g @ @ik
frger ufomreaEy U gU werd 1 T sifgda gfdstashors qra g 2
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(i) - F 1 qRfe Gorl S for Sgus, Ik, =X St Sem o,
AR yfgels Preprofid, sofs o ®9 § sifieusd T ST99d Bl 81 ST

[ £ () dx 51 B sroeg @ S 21 Sarea: fbe fafa @ e d B T
T S € Hifen T o 0 UE el T e Y Hehd TSR STehorst
e Rl
(iii) afE TS 1 =R x, % AR 3 FE 8 9 AR & G qEIER Slafd
F fau sma € SSewE:
4+ 1

4 Y 1 5
dy = +C==-y"+C
jy Y 4+1 Sy

7.2.3 3qHAT Ud GHIHET il der il (Comparision between differentiation and
integration)

1. I wer W EiEa €

2. < aenar o T w1 G w € el

() Sl £+ h fy 0]k i @k S £, )

) [k £ @)+, £ () de=i [ f; @) de+k, [ £, (x) dx
TRl k, k, TR T

3. 89 U § € Sd @ fop gl Hor sraserd TE e 21 ot gEl YR |l
el R ot e B 81 BH Sasherd SN STEHIeheHd el o fava
T I=9 FwaeA | A H|

4. ¢ foprel wer o 3feeherst & ki © o 9 SAfgdid Bl @ Wg fordl e
% AR o WY UH T8l & qenfu 9 fedt O ser a% it sifgd B
2 atufd fordl Wor o 2 guTeherl § SHIN Tk o= SR 3R e 2l

5. 9f¢ frell 9gUR el P el STaeher fohal Sl € dl YRUTHEeY Th Ul agug
forerar © fSer =I1q 9gYE Pl 9Id © U ¥ Bl 21 e Rl Sgug wer P
1 GRSl ® o IRy Tk UEl §gUE U Bl @ TSR S
9EUE P! UM W TH A Bl 2l

6. B9 Aahersl w1 T Tk o5 W H € W GHMRA H1 == T fag w
& BIdll &W KU §U el o HHehe i wEl 39 aUel W R € e W
GuTehe IR Bl @ S g9 Uies] 7.7 W = sl
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7. Ueh ol ok 3feehelsl o1 SAHdE 31 oft gran € S foh f&u gy @ o fRu gy
fog W Toel @1 *T g, 39 fog W we o STadhas] o A o aer Bl
21 8 YR U g W 1 AT e T S o guial feerd okl ok
IRER 1 Frefua sl 2, TSy Sameher o =X i feftd w3 ol 318 o
I ele 1@ o gt Tkl o gfdesed fagetl ® waef e gwier @ ?)

8. Fo Wifdwk AEIT Fd FH § ahels 1 STAN Bl & TR R o1 g
et wa d T w1 @ AR T@ R oA Ry 0wy o5 9 9| e o
Fehels We™ Bl 21 SH YRR Tre wma s W A 9 7 @ qt Ky 7y v
¥ a9 g 96 S o oIy GHERe 1 S9N el 2

9. Ifohels U UHT WehH © e i 1w @Hied € Sl SH YR 1 W&
TR § ot gifed © e ar o g9 ufess 7.7 § stemdd S

10. STHeH Td THHE o YA Th S & Fohd § o ff aftess 7.2.2 (i) o
==t 1 ST g B

| s 7.1 |
fr=fafad weml & wfaseeweas (FaeReq) e fafy gro 3w sifsa
1. sin2x 2. cos 3x 3. e”
4. (ax + by 5. sin2x —4 &>
fr=fafea Taered =t I sifsa:
1
6. J.(4eax+ 1) dx 7. sz(l——z)dx 8. I(ax2+bx+c)dx
X
2 3 2
1 x +5x° -4
9. [@xP+eyar 10, I(\E——j dc 1. [—=—d
Jx X
¥ +3x+4 -t +x—1
1. [—F—& 3. [ dx 14, [(-x)Vxdx
‘/; x—1
15, [Vx(3 +2x +3) dv 16. [(2x—3c0s x+e%) dv
17. J.(2x2—3sinx+5\/;)dx 18. Isecx(secx+tanx)dx

2 .
sec” x —
19. [—=—a& 20, Iz oL
cosec” x cos? x
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YT 21 TH 22 H TEl SW ] 997 IS

21. (\/;+%] 1 gfdeTashels 2

1 1 2

(A) Lxii2x74C ®) 25+l4c
3 3 2
3 1 3 1
© %xz +2x2+C (D) %x2 +%x2 +C

22. aﬁ%f(x)=4x3—i4f@mﬁf(z)=oaﬁ i) &
X

o gl 129 o el 12
(A) x' -2 (B) X
PR By ) o) wal 129
(€ ¥ (D) ¥+

7.3 TR ki Tafuat (Methods of Integration)

frset ufee] # 70 U9 THehel &t = i off, S 5 Wol o sTaskhotsl |
TEAAgd® e T S Tehd €1 e e W smenfa fafyr of, sod t@ wer F &1
GIsl w1 Sl @ TGkt stashorst /@ 399 £ oh GHIhe i Wi eidt 21 qenfy e
W a7 fafyr e werl ot feefa § aga sfaa 761 €1 31d: gk i wHifTs
w7 § gafdd wd TC 3= A A o fau g9 sifafea fafumi fawfaa w0 =+t
eIl 81 3 g fafml frefafeaa w enurfa 2

1. GieAo g1 HHTheH

2. ofiferer foa=i o fadem g wmmehem

3. @eY: WHEhAA

7.3.1 faeeamaT gRT @arehet™  (Integration by substitution)
39 39 Ui’ H &9 gfqreruq fafy g wemehe W foaR &3 @as =X x kil ¢ |

aftafiid F o A x = g (¢) Wi w0 g R T wwe [ f () de F s
w9 ¥ gfEfda fean 51 gekar 21

1= jf(x)dxmﬁanﬁm
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dx
39 x = g(¢) faeenfya it difer Z =g'(0)
| dx = g'(t) dtfeaEa 2

T THR 1= [ /() de =] fie®)} gt)dr

FiETo 5 HaThe o foig 778 =X e 1 3 AR UE SUes Tk Hew Ul
I {1 STAT T a1 S HeRT STHH @1 eHY Heequl &1 WHd: €6 Th
T o o fou gfgeemed wid & fSert stashors o gaehes | witfad &, Sen fo

frefafad Serel g1 Tue fwar T 2
SEEI0T 5 ffafad wedl 1 x oF 98 GHeR S hiteT

tan* \/;sec2 \/;
Jx

(1) sinmx (i) 2xsin (x*+1) (iii)

1

(i) sin (tan~ " x)
V. 1+ x?
&l
(i) &9 WA B TR mx 1 STEwES m 81 W: B mx = ¢ FAORAGH H €, Ak
mdx = dt
. L. 1 1
3gfey ISImedx=—ISll’ll‘dt = - —cost+C =——cosmx+C
m m m
(i) x>+ 1 %1 STaHAT 2x 8| o1: BH 12 + | = ¢ WRTETTH 1 STAN Fd & dqeh
2x dx = dt

gqu?rqjl2xsin(x2+1)dx=“-sintdt = —cost+C =—cos(x*+1)+C

1
1.5 1
2 24/x

(iii) /x T STIRAS HESR]

Jx=1t % gfer® w1 Iw #wW § A ﬁ;dﬁdt &8 dx=2tdt

T B R |
- Itan“ﬁse&ﬁdx:J-tan4tsec2t2tdt

Jx t

=2 Itan4t sec’t dt
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(iv)

(M)

(it)

Tfora

R W &H SO FIaE tan /= u Y € qleh sec? 1 di= du

5

Tgfaq 2jtan4t sec’t alt=2.|‘u4 du = 2% 1 C
5

tan’ t + C (i u = tan ©)

thl\) w | N

tan’ x+C(Wﬁt—\/_)

4 2
3:|?[;J.tan ):/S;C ‘/;dxzétans \/;+C

fasmeaa: tan fx =¢ faeamd FifST

1
tan”'x 1 AR e 21 37d: B9 tan ! x = + UFAETIT 1 ITANT L @ ik

dx
1+x° =dt
t )
gafery JSInl(jn ) dx:ISItht =—cost+ C=—cos (tan'x) + C
X

A9 T Y He@U GUhel T fRvfadE wor SR SR g
THReH! 1 3TEm giagened fafy & e e}, W=t w1 2

Jtanxdx= 10g|sec x|+C

sin x

B9 U %fm-—jtanxdx -[cosx
cos x = ¢, qfaeenfa sifSy a1k sinx dx = —dt

a9 ItanxdxzI%=10g|t|+C=log|cosx|+C

aqeqan jtan x dx=log [sec x|+ C
Jcot xdx=log|sinx|+C

SX e

gqqﬁg\ﬁgfcotxdx I

sin x
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sin x = ¢ Gfawenfua ife a1k cos x dx = dt

= jcot xdxzj.%

= log|| +C

= log sin x|+ C
Isec xdx=log|secx +tan § +C

secx (sec x +tan x) dx

gﬁm%ﬁ,jsecxdxzj‘ sec x +tan x

sec x + tan x = ¢ FFaENfd & T sec x (tan x + sec x) dx = dt
dt

zafeT Jsecxdx=_[—=log|t|+ C=log [sec x + tan x|+ C
t

Jcosec x dx =log |cosec x —cot x|+ C

cosec x(cosec x + cot x) "

29 U & o, ICOSGCde:J. (cosec x +cotx)

cosec x + cot x = ¢ Yfawenfud wIfST
difeh — cosec x (cot x + cosec x) dx = dt

zafeT Icosecxdx jd =—log|t|=—log|cosecx +cotx |+ C

cosec” x — cot x|
+C

= —log
COSEeC X — cotxl

= log|cosec x —cot x|+ C

30T 6 TAfafEd THeRel 1 1 hifed:

(1) Jsin3 xcos” x dx (i1) I

T

sin x

(1) e Isin3 xcos’xdx= J.sin2 x cos’x (sin x) dx

= I(l —cos?x) cos’x (sin x) dx

sin (x + a) (i) Jl1+tanx

dx
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¢ = cos x Gfawenfud HIfST e dr = — sin x dx
i Jsinzxcoszx(sin X) dx= —J.(l—tz) % dt
3

_ —_[(t2 —t4)dt=—(%—t5—5j+c

1 1
= ——cos’x+—cos’x+C
3 5

(i) x+a=¢Afqenfud FE W dy = dt
J- sin x dx=ISin(t_a)dt

sin (x +a) sin ¢
Sin ¢ cos @ —cost sina
- : dt
sin ¢
= cosaJ‘dt—sinaJ.cottdt
= (cosa)t— (sin a)[log|sin t|+C1:|
= (cosa) (x+ a)—(sin a) [log|sin O +a)|+ C1]
= x 0s a + a cos a—(sin a) log|sin (x+ )| — C; sin a
sin x
3d: Ism(x+a) =Xx cos a—sin a log |sin (x + a)| + C
Sl C=-C sina+acosa, Th 3 WD TR 2|
cos x dx
iy [o—=]

1+tanx coS X +sin x

1 J-(cos x+sin x + cos x — sin x) dx

COS X+ sin x

%Idx+lj-cosx—s%nxdx

COS X +Ss1n x

=+

x C, J-oosx—smx
2 2 COS X +SIn x

dx (D)

2015-16



1 9 37 9 o Y9 H Ydsh Held ] THhAA 1d Shifsg)|

12.
15.

18.

21.

o I=
A

ESISI

J-COSX smxdxq_{ ﬁ ﬂﬁ |

COS X+ S x

[ (1) § W@ WeY I o

dx 1
1+tanx 2

x C
2 2

x 1 . C, )
= +—log|cos x+ sin x|+ =L + ==
2 2 2

C,
g |cos x +sin x| +7

C
2

321

cos x + sin x = ¢ iU HIFIT I (—sin x + cos x) dx = dt

dt
I= J.T =log|t|+ C,=log |cos X +sin x|+C2

x 1 ) C, C,
—+— log|cosx+s1nx|+C, C=—+—
2 2 2 2

| wwmaett 7.2 |

2x
1+ X2 A
. sin x sin (cos x) 5.
. «/ax+b 7.
c (Ax+2)4fxP+x+1 10,
1
o —1)3 x° 13.
X
9 _ 4y 16.
etan’]x
1+x? 19.
tan? (2x — 3) 22.

(log x)2
X

3.

sin (ax +b) cos (ax +b)

x«/x+2

1

x —\x
2
X

(2+3x%)3
62x+3

e —1

e™ +1

sec? (7 — 4x)

8.

11.

14.
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2¢os x — 3sin x 1 cos fx
24, —4m4Mm8 ———— 25. 3 > 26.
6cos x+ 4sinx cos“x (1 —tan x) ‘/;
cos x
27. 4fsin 2x cos 2x 28, —fF— 29. cotx logsinx
v Jiromns g
sin x sin x 1
30. 31. —mm— 32.
1+cos x (1+ cos x) 1+cot x
1 .’tanx 1+ 1o x2
33. 34, —4—-— 35. &
1—tan x sin x cos x X
+1) (x+log xV x’sin (tan ' x*
36, SxD(xvlogx) (—8)
X 1+x

Y9 38 TH 39 § TEl IW ] FI7 HIfST;

38. J10x9 +1010x log;0 ag— 3.
x +10*
(A) 100—-x"+C (B) 10°+x"+C
(©) (10" =x"'+C (D) log (10" +x') +C
dx
39 Isinz xcos x IR 3
(A) tanx+cotx+ C (B) tanx —cotx+ C
(C) tanxcotx +C (D) tanx—cot2x +C

73.2 frwivrfudta ad-afisrsi’ & UG gRT GHTEHAT (Integration using

trigonometric identities)

e GHRed § 9 Bepuiada wer ffed e €, 9 g9 guehed 9 6 % foae g9
1 GEfRIE 1 YA wd § w1 T Frefafed Seel o g wHere T 2

sargvor 7 frefafed i1 J wifsw
(i) Icoszx dx (i) Isin 2x cos 3x dx (iif) '[sin3xdx

T
(i) TeEHET cos 2x =2 cos® x — 1 i TR Hify fad

) I+cos2x

cosx:TW%ﬁ?lT%I
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L1 J'coszxdxzéf(1+cos2x)dx=%jdﬁ%jcosbcdx

sin 2x +C

+

NG

X
2
1
(i) FAFHHT sinx cos y = > [sin (x + y) + sin (x— y)] , I TAXOT i
a9 jsin 2x cos 3xdx=lUsin Sxdx—jsinx dx}
2

1 1
= —[——cos 5x+cosx}+C
21 5

=—L0055x+lcosx+C
10 2
(iii) HHTHRT sin 3x = 3 sinx — 4 sin’x ¥ B4 U € R
. 3 3sinx—sin3x
SIHXZT

Tgfaq Isin%cdxz%jsinxdx»ij.sin3xdx

= —icos x+Lcos3x+C
4 12

faeheud: Isinsxdxzjsinzxsinxdx = I(lfcoszx)sinxdx
cos x = ¢t T W — sin x dx = dt

3

wafer [sin’xdx=—[(1 - 1) dt = ~[de+[r dt=—t+%+C

1
—cosx+§cos3x+C

feauit fremiofida d-afierre &1 ST wd gU 98 <91 S Gehel € o g1 3T
e €

| wTereRt 7.3 |
1 § 22 % o Y9N H YIH e ol YA A1 i)
1. sin? (2x +5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. sin® 2x + 1) 5. sin’x cos® x 6. sinx sin 2x sin 3x
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' ' 1—cos x CoS X
7. sin 4x sin 8x 9.
1+cos x 1+cos x
sin? x
10. sin*x 11. cos* 2x 12.
1+cos x
3, Qsxosla OSXCHE e
., . : . tan’ 2x sec
COS X —COS & 1+ sin 2x
sin® x +cos® x cos 2x + 2sin’x
16. tan*x 17. ————— 18, ———————
sin” xcos” x cos” x
1 cos 2x
- 3 . 2 in !
19. sin x cos’x 20. (cosx+51nx) 21. sin ™" (cos.x)
1
22.

cos (x —a) cos (x — b)
U9 23 T 24 H G SR T FI hifera

-2 2
sin” x —cos” x
23. J‘ﬁdx EREN %\Z
sin” x cos” x
(A) tanx+cotx+C (B) tan x + cosec x + C
(C) —tanx+cotx+C (D) tanx +secx+ C
dex TR 3:
cos“(e'x)
(A) —cot(ex)+C (B) tan (xe) + C
(C) tan(e) +C (D) cot(e) +C

74 58 fafore wemt oF TR (Integrals of Some Particular Functions)

79 uf=ss ® en fefafead qecqol gamher g 1 samen w3 3 9gd ¥ g

Hafera JrAfoTeh TETREl 1 TG H H SAHRT FA H|

d 1 dx 1
=—log

X
2 2 =—1
X —a 2a

X—a at+x

+C

+C @ |

a

2 2
a” —x 2a

= log |x +yx* —d?

X+a a—Xx

dx 1

3 | ——tan ' 24 C 4 IL
3) x2+a2_aan a (4) m

+C
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x+vx+a’

+C

=sin_ l—+C

d
& == F (®) f—\/xzxfaz:l"g

wwmvﬁw@aﬁfﬁgmﬁ%

1 1
(1) &9 M 2ff 5=

x“—a” (x—a)x+a)
(x+a) (x—a) i[
(x—a)(x+a) 2a x+a
J~ dx 1 |: dx :|
THfeT 2-at xX+a

= i[log|(x—at)l—10g|(x+a)|]+C

I
—_
[

—Llog
2a x+a

(2) ST (1) & FER g9 U ? f®
1 _L{(a+x)+(a—x)} 1 1 1
> —x> 2a| (a+x)(a—x) :E{a—x+a+x}

e P e vl

a” —x 2a | a—x a+x

—a

+C

[-log|a—x|+log|a+x|]+C

a+x
+C

a—x

(1) ¥ 3w &t T fafya %1 sawren ufess 7.5 | #1 ST
(3) x=atan® WA W dx=a sec? 0 dO

—— J~ dx _J- asec’ 0.do

X +a’ a® tan’0 + a’

_ —jde=—e re=tanEic
a a a
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(4) ¥F TANT x = asecd T8 dx =a sec 0 tan 0 dO
asecH tan0 do

\laz sec’0 —a’

= IsecG dd =log|secO + tan 6| + C,

ESIIY I\/xz iaZZI

_log|=+,|—=-1[+C,

= log| x++/x* —a*|-log|a|+C,

= log | x+ /x> —a’ +C,GT€TC=C]—10g la]
(5) "F ST fd x=0asin0 T dv =a cos O db
dx acos0do
=
a“—x

(6) WM wifsi@ fF x=a tan® T dx = asec’d dd

- jare=e+c=sin*1 ic
a’ —a’ sin’0 a

2 dx a sec’0 do
J.\,xz +a* B J.\/az tan’0 + a*

= Isece dd = log|(sec + tan 6)| + C,

2

= log £+1}x—2+1
a a

= log [x+x* +a° —log|a|+C,

= log [x +/x* +d? +C,G|%'\i'C=C1 —log |a|

T IR AT oF A U o1 gH &9 3R g W Hid © S STy i gfie
Y I € SR SR GHIRCH! 1 A F10 %3 o fAIT et Hien wam fman
ehal B

+C,
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dx

ax> +bx+c’

2
ax2+bx+c=a[x2+2x+£}=a|:(x+ij +[C zj]f?'l'@ﬁ &
a a 2a a 4a

2

. b .
3Wx+£=t@ﬁmdx=dt®£—?:ikz ﬁ@ﬁ@%ﬂqﬁ%\%
a

2a

(7)141417:!»—«1?[ , 0 & o T ed

2
C

[-—b—Jé?ﬁ%mﬁﬂﬁaﬂﬁgqa%W f

- s 3 A

Bl ST © 31N T YR THeR UH Td fRA S gl B

dx .
(8) Im,#m%mﬁ%ﬁﬁ%%@(ﬂaﬁﬂﬁmm
T WO ol o1 STANT shich THIeher Hd TRl S Gehdl

px+q
ax® +bx+c

79 U 3 ot §@md Adel B 9d % § it

(9) dx Sl p,q,a,b,c3RE, o GhR o FHEHTH A HH & oIy

px+q=Adi(ax2+bx+c)+B=A(2ax+b) +B

X

AT B, T %A o foIq 89 < el W x ok TUlieRl Ud SRl %! GHM %
AT B 9 & WM W GHGEH Fd G &9 § giafda et s 2

(px +q) dx .
———=—— % Y%K oh THhT hl A A i & a0 &7 (9) i Hifa
[—=

ax’ +bx+c

M ogd & SR THIheH 1 6 WHIE & uftatdd s €
aEe S fafual ol oSSRl ®1 werdar § wHe g
sarevor 8 Trefafed guererl &1 wd FIfT

i dx B dx
i | = i [ ==

(10)
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T
. dr _
() [ _xm =[5 - %log ;j +C [7.4(1) ]
i |

ZXX_I‘llxl

x—1=¢T@H Wdx = dt

TgfeT J.\/i IJ— =sin ' (1)+C [7.4 (5) 9]

—sin ' (x—1)+C
m9ﬁwﬁrf@awwﬁﬁamﬁm|
dx

dx
0 e O I o I
A

() TIxP—6x+13=x>—6x+3>-32+13=(x-3)>+4

1
WI 6x+13_J~ x 3) +22

qE oifST x—3=¢d9 dx = dt
dt 1
Tt [

t
=—tan '—+C
—6x+13 Izz+22 2 2 [743) ¥

1 -1 x-=3

= —tan +C

2
(i) e gen ke 7.4(7) % ®9 1 €| §H HHhed o el | (efaiEd JehR
9 faed €

3x? +13x—10=3(x2 +%—%)

A (]

6
1 dx

32 +13x-10 3 ( sz (17j2
X+—| —|—
6 6

wh [
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13
3| Xt =t WA W dx =dt
dx 1 dt
FHieTY I3x2+13x—10_3 p (17j2
6
17
t__
= log |—&{+C, [7.4 (i) 9]
17 17
Ix2x— t+—
6 6
LB
7 1 6x—4
e 2 P T
17 13 17 17 6x+30
X+—+—
6 6
1 3x-2 1 1
=—Io +C, +—log-
17 % xas | 1T 83
1 3x-2 1 1
17 g 15 , where C " 0g3
. dx dx
(1) TI%T_[ > =J.
5
1 dx
~ Gl it
x_— — | —
[=3) (3
CC] X—==t W W dx =dt
J- dx _LJ‘ dt
V5x* - 2x V5 r (1]2
5
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:Llogt+ tz—(ljz +C [7.4 (4) 9
5 5 ’

1 1 . 2x
= —=loglx— =+ fx"——
NG 5 5

+C

3aTET0T 10 FrAfafea aaree & F[ St

J x+2 B j x+3
) 2x2 +6x+5 (i) \IS 4x —x2

T

() T 7.4(9) 1 SYAN Hd U BH A9eTH Hid B

x+2=Ai(2x2+6x+5)+B = A(4x+6)+B
dx
T Uell @ x ok O] TS el ! WA HE W TH U B:

1 1
4A =1Tq 6A+B=2 3@l Azzaﬁ'{B=5

x+2 1 4x+6 1 dx
gg'r?fq = — dx+—- | ——
J‘2x2+6x+5 49 2x% +6x+5 2jzx2+6x+5
1.1
:ZII+512 GCIERSIEN) . (D)
IH, 2x%+ 6x+5=1¢, W@ W (4x + 6) dx = dt
dt 7
T 11=j7=10g|t|+cl=1og|2x +6x+5]+C, Q)

- T
2 2
2x° +6x+5 2 X +3x+% 2 [erzj +(lj

3R

EC| x+%=t,?@ﬁmdx—dt,zﬂm@f§
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_ L ant2sc, (7.4 (3) 2]

— tan '2 (x+%)+ C, = tan_l(2x+3)+ C, .. (3)

(2) 3R (3) 1 37 (1) § o WEH 94 ©

J' x+2
2x%+6x+5
_G.G

1 2
TE g 7.4 (10) o &9 § B SMEY x4+ 3 i FAfoiead &9 § ifqeqa
FW

dx:llog|2x2 +6x+5|+15tan1(2x+3)+c,

STl C=

x+3:A%(5—4x—x2)+B =A(-4-2x)+B
T vell | x ok O] U S Rl WHM i W EH U §
~2A=13R-4A+B=3,

1
ERIng A=-3 FRB =1

ij

=-—- 1+ . (D)

[,H 5—dv—x>=t @1 W(-4-2x)dx=dt

4 — 2x
L1 = — =2 C
& J‘\]5 4x — x* '[ T

= 2\/5—4x—x2 +C - (2)
SE I2 :‘[\/5

x+2=tTH Wk =dt
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dt .ot
wiew L= — 3G [7.4(5) 7]
_sin ' 222, - (3)

TR (2) WE (3) & (1) ¥ yfaeentyd - W ed
X3 —\15—4x—x2+sin71x+2+C T FI T, Tl C=C, —%

\]5—4x—x2 ) 3

| wTerett 7.4 |
YT 1 9 23 T o Bl ol HEHSH hiTd|

3x°

xb+1

1
10.
VX2 +2x +2
1

16. \/2x2 +x-3

22.

2

11.

14.

17

20

23.

1
’ \/1+4x2

3x

!
\/8+3x—x2
x+2
) \Ix2 -1
x+2
’ \]4)c—x2

5x+3

X2 +4x +10

12

15

18.

21

2
S€C X

1
1
o)

5x-2
1+2x+3x°

x+2

X +2x+3
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YT 24 TH 25 § TRl SW ] FI7 HIfST;
24.] I

X +2x+2
(A) xtan' (x +1)+C (B) tan' (x+1)+C
(C) (x+Dtan'x+C (D) tan'x + C
25. J LI
\l9x—4x2
1 9x—8 1 8x-9
(A) —sinl( al j+C (B) —sinl( al j+C
9 8 2 9
1. (9% -8 L. _1(9)6—8)
l —sin +C
© 3sm ( . j+C (D) > 9

7.5 TifvTen R gRT wwTeRe™ (lntegration by Partial Fractions)

wwaﬂmﬁ@tr&ﬁaw Q(x) ,3I SgURI o STUT o ®9 H gRefya fman s

2 el P(r) T8 Q(x), x § WgUE & 2 Q(x) = 0. IfE P(x) 1 =@ Q(x) ! =Md & %7
2, d 9T e 3fad aiee wer se @ o= fawd 9RE wor s ¢ favm
g el i ot 97 oty g sfaa 9fes wer o w9 ° gRafda forar s wendar

= aft 29w ofm wem & @ 22 1) + B st oo o8
| 39 JohX ) Tl ) T(x) + oW 3%1 (x) x

ks ;@ 3fed aida el 21 80 WA @ 5 T Sgae 1 qemehor

TF TG ¢ AR

%@MW%,&H.WQﬂW e 1 HHRH fordl 3fad afda wed o
G 1 G o w9 H uRafdd 81 s 21 T8 W ' f5 uREs el o gHehed
W foaR F31, 39 W fas IR g et § faufed g9 ot 2

qH wifee fF &q jmdxwmmm%n%ﬁ% (1;((x)) sfaa afe=

e g T fafy, {58 sniferer fo=t & fomiom o A9 @ ST S €, R e ¥ fau
T THHTT 1 RO GREF ol o T & &9 H foaen S 99d 21 39k 99
T WA fafuei w1 Wewdr ¥ We Wedgdsd R 1w @1 fefafed
aroft 7.2 fAfde w7, o fafe= yR & oftis wortl & @ 79 96R & wa
s7ifersh fa=ii i Targ foRan <1 wha 2
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TR 7.2
wleh | URuaT wes & ®9 ifyTeR fa=at 1 ®9
L] 2 s A LB
(x—a)(x—>b) x—a x-b
5 px+q A B
S| -a) ¥=8 (x-a)
2
4 px- +qx+r A N B N C
x—a)(x—b)(x—c) x—-a x—-b x-c
4 px2+qx+r A + B 18 C
' (x —a)? (x—b) x—a (x—a)’ x-b
s px’ +qxtr A . BrtC
' (x—a) (x* +bx +c) x—a xX*+bx+c
SET x2 + by + ¢ 1 SR AW UGS T R S Gkl

Iwder RO W A, B Ud C ardfaes et @ foent sfaa fafu o s« 2

ISTEIOT 11 T UM @ HiC

J~ dx
x+D)(x+2)

7o feon g wuhed uw sfua afma wem R safay enfyrs =it o &9
[|TXOT 7.2 (i)], 1 SYANT & gL, &H

1 A B e (D)

GrD)(+2) x+l x12
SEl A 3R B arfas gead € fSent g0 sfea fafyr 9 3@ & 21 ew o ©
1=A(+2)+B(x+1)
X% T[T Ue STeR U i THM HE W EH U
A+B=0
T 2A+B=1
T HHIRIN i B HH WEH A =131k B=—1 9« &l 21
1 1 N -1
c+D(x+2) x+1 x+2

T YR e freafafed €9 § 9 g 2

2015-16



HHTh T 335

dx dx dx
FateTy J.(x+1)(x+2):J.x+lifx+2

= log|x+1|-logr +2|+C = log ji; +C

froquit Sueer THehROT (1) Ueh GeEiienT § eiq Tk UH e S x oh qeft Tl
et AT o T T €1 D s Wohd =h1 SYAN 98 < ok g wd ® T fean
T FHUA T GAGHHT € 3R Tohd = 1 ST I8 M & forw < € & fan gen
U Teh TR € AU e <9 o fow fop faan gen wem x o ffvea ol & forg
TA B

IETEIT 12 j—dxaﬂmaﬁﬁﬁm
X — X"r‘
1 .
WWW%@WWW@%W@ﬁHﬁ
X —JX
x>~ 5x+6Y WM &{d € 3R eH U ¢ R
x*+1 5x—5 5x—5
5 == =1+
X =5x+6 X" —5x+6 x-2)(x-3)
e x5 __A B
A AT ) (—3) x-2 x-3
GIIEY 5x-5=A(x-3)+Bx-2)

Al well | x ok TUTRl WS SR TRl ! THM % W EH U € A+ B =5 3R
3A+2B=5.

3T GHIHON i A HH W Y
=_5 3R B=109d & 2l
X +1 5 10
3 =1- +
x°—=5x+6 x—2 x-3

J. —-5x+6 J.dx SJ.
=x—5log |x—2\+1010g [x-3]+C
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IETETT 13 dexaﬂnﬁamW|
G +1D)*(x+3)

T T gan wHehed Wrolt 7.2(4) | ST gU WHRTd o ®U 1 8 o7d: 8H

x-2 A B _C ‘
C+1)?2(x+3) x+1 (x+1)* x+3 e

afd 3x—2=A@+1)x+3)+Bx+3)+Cx+1)7

=A@+ +3)+BE+3)+CE*+2x+1)
T el @ x2%k ORI, x % TUNR Td 3TER TN 1 gl HH W U § f
A+C=0,4A+B+2C=3 3R 3A+3B+C=—2 31 Tl Hl 8 HH T &H

A=l B-— S sk 0= UL 17 ¥ =5 yR gueen frefafted 9§ W e 2
4

4
3x-2 11 5 11
(x+1)2(x+3)_4(x+1) 2(x+1)?  4(x+3)
Tgfer 3x—2 11 ¢ dx
I(x+1)2(x+3) :Z x+1__j(x+1) 2 413
5
— log | x+1] 2(x+1)—zlog|x+3|+c
11 x+1 5
= — log +
4 x+3] 2(x+1)
2
; I(x D02y A A i
2
& O +1) (¢ +4) il AR 32 = y T
2
GG al - Y
CHDE+4) D) +4)
2 - % T F fafen

G+ D) (+d) 1 y+a
GUED y=A@+4)+B@y+1)
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<A welf W poh O] Ue ST UG I g i WEH U & A+ B =13
4A +B =0, 5E@ W g @

- x? 4
’ G+ (P +4) 3P+ 3@*+4)
2
x“dx 1¢ dx 4 dx
I(x2+1)(x2+4) 3Ix2+1 3Ix2+4

= —ltan_1x+i-ltan_1£+ C
32

I, 2 . |x
:—gtan x+§tan 5+C
ST TR H had STk f9=1 arer 9rT o faw gfaeene foren o on 7 f&
FHEREH el | o fIu) 37 eH Uk U S0 Hi W€ hid © (o GHRe o
fore faeers= fafu oo sfyres fomr fafar 91 1 999 9 @ v foman o 2

(3 sin¢—2)cos¢
5—cos?p—4sin ¢

I 15 I do =1 7 F1q HifU)

el A STy = sing
E dy = cos¢ do

3sm(|) 2 coscl) By-2)dy
'[5 cos’ ¢ — 4sm¢ '[5 (1-y")—4y
B 3y-2 3y 2 3
_Iy24y+4 J. (s )
3y-2 A
SR G_2) r-2 (y 2) fored & [ERoft 7.2 (2) 9
B 3y—2=A(y-2)+B

T gel @y Nk T SR USRI ol R W BH UM €, A=3Td
B-2A=-2, {54 g4 A=3Td B=4Wa el &
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zafery 379 Tameher fefafaa &9 o 9 e 2

IIyZ(yZ) y_3j J(yZ)

1
y_

+C

310g|y—2|+4(— 2J+C=310g|sinc])—2|+

2—sin¢

+ C (i 2 — sin ¢ TR &AHE 2)

4
3log (2 —sin ¢)+
e ®) 2 —sin ¢

I X +x+1dx

mWWWWI

3T 16

To T gen uehed ww sfud ufa wor ?1 ufdg e i oenifees foel o
fomfed @d & [@Relt 2.2(5)]1

x4l A +BX+C
G2+ (x+2) x+2 (P +1)
BRI GlY xX*+x+1=A@+1)+Bx+C)(x+2)

T gel W X2 TOThI, x o TOThI TS TR TS kT g L W EH A+ B =1,
JB+C=13RA+2C=19d %W 2l

s?wmaﬁmaﬂﬁm%nA_g B—2 Czéqﬁ%]

T YRR Ed Mefarad €9 § W g6

Ul

2 1
o rx+1 3 3 +§x+75 B 3 +l(2x+lj
@+ (x+2) 5@+2) x4l Sa+2) 5(x7+1
2
x“+x+1 1 1
Bl ————ax = = dx +— dx
I(x2+1)(x+2) Ix+2 50241 ij2+1

3 1 |
= glog| x+2|+glog| x? +1|+§tan x+C
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| Wttt 7.5 |
1 921 9% o 99 § 9T %ol o1 U S|
X 1 3x -1
b x+1D) (x+2) 2 x* -9 3 x-DE-2)(x-23)
X - 2x
4. G —1)(x—2) (x—3) Xt 4+3x+2
1- x* X X
o x (1-2x) 7 2+ (x—1) 8. c—1)? (x+2)
3x+5 2x-3 5x
S PR —x+l 10. &2 =1) (2x+3) I c+1) (x* —4)
X +x+1 2 3x-1
12. —— 13. ) 14. 1)
! e o T R A 1 T T SR
15. — 16. x(x"+1)[ : 379 T & Rl x o
xn = ¢ @]
coS x \ e
17. (1—sin ) 2 — sin x) [Hﬁo—d:smx—ﬂf@rﬂ
g rbemey o 2w !
T 43) (2 +4) TP+ D) (0 +3) T oxet-1)

21. [Gehd: ef = ¢ @)

(e —1)
99 22 UE 23 H WEl SW H1 I HifSu)

22. j¢ LR

(=D (x-2)
(A) logl=—= (B) logf~—=
2
(©) bg[ff%j +C (D) log|(x-1) (x-2)+C
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23 j dx
. x(x*+1)

(A) 10g|x|—%10g(x2+1)+C (B) loglx|+lzlog(x2+1)+c

1
(C) —log I« +%log (*+1)+C (D) Elog|x|+ log (x*+1)+ C

7.6 @SIT: WHIhe (Integration by Parts)
30 URes] W W Gl i U SR fafy @ ==l wal S R < el o oAk
1 AR 3§ §gd ST B

I Tkt =R x (T <fw) § 4 3R v STasherg BoH & @ STdeher & UHEd
0 o SIER 89 U € TR

dx dx

AT Y&l 1 TEROH FH W g U@ © 6

dv du
u\/:‘[uadx—i-‘..vadx
SRE| Iu%dxzwj.v—dx . (D)
M ofifee fF w=f(x) 3R %=g(x)?ﬁ[

%=.ﬂ () Ry = [ g (x) dx
zafeT wHie (1) &1 Fefafead &9 o foman sn g ©
[fe)g 0 dx=f) [g @) de—[[[g()dr f/(0)] dx
areff [re) g de=7@) [g @) de—[1f () [ g(x) dx]dx
IfE B9 £ ol 4UH Her 3R g 1 O Hod AF o d 39 G i frefafad w9
o oI fepan <1 ekl 2

“T Tl oh UFHE hl ARG = (Yo Hor) x (fgda wem &1 wwmehe) —
[(Y&I9 e @1 3Teehald o) x (Tgda %o &1 qHhReM)] 1 FHehe”
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SaE0r 17 [ xcos xdx F1 M W@ T

T f(x)=x (Y9 HeF) 3R g (x) = cos x (g wem) Waw 7 @ew: q9ehed 9
W e § TR

Ixcos xdxzxIcosxdx—j[%(x)jcosxdx]dx

= xsinx—jsinxdx =xsinx+cosx+C

M ST R B0 f(x)=cosx T g (x) =xd B a9
d
Ixcosxdxzcosxj.xdxfj.[a(oosx)dex]dx
xz . Xz
= (cos x)?+Js1nx?dx
sﬂwgﬂé@ﬁ%ﬁwwjxcosxdx,mfg&a@xaﬁﬁwm
Al SAfeeh fad THERe § Ufafdd 81 Sl 81 SEfi 999 %o TS g hed
3fed == Aoy B
fewuit
1. I8 auia €, foF Gew: GHmer & Werl o [UAhe & et ferfaal & v
T 2, seeema [V sin x de 1 ferfa F a7 fafa wm w Fd 2)ogww
FRO 7 T TR TE R o e B @ T © e stesherstyx sin xR

2. & <ifSu & fgdta ®om &1 9Heha 1 S T9T 891 s THhAT 3Te
&l et em At g9 f5da %o cos x o U i sin x + & o &9 H forad
&, Sl kg o=R 2, 79

jxcos xdxzx(sinx+k)—J(sinx +k)dx

:x(sinx+k)—jsmxdx—jkdx

=x(sinx+k)+cosx —kx+C = xsinx+cosx+C

g <9l & foF wee: gaehe fafy & w9 sifaw aftomm 3 @ & fou
et el o HHhe § 3R 1 Sie =5 @)

3. WHA: A FIE o x b1 S1d o ©9 H 2 16l x 1 9gUS ¢ d 89 39 Jm
e o ®9 § o g1 qenfa teh feerfa ® ST go0 wer gfae Srerivfade wer
A TR T o &, df B9 Sehl YoM e o &9 H od 2|
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IETETUT 18 Ilogxdxaﬁaﬁﬁlm

T UE i o fIU eH T8 el &1 IAH o § sreme € et srashers
log x €1 BH log x ! Y@ el T %R %o | i fgdia Her oid €1 O Her
FHREA x B

d
o7 [ (ogr -1y ax = longldx—j[aﬂogx)jldx]dx
1
= logx.x—f—xdxleogx—vaC
X

STt 19 [xe'dx Fm

Tl x YU o U 'l fgdid Held o &9 H ooy,
TH HeH HT HHRT = ¢
zgfaT Ixexdx=x e’ —Il.e"dx =xe—e" +C

xsin~ x

IETEATT 20 j\/_dxsnaﬁﬁm

Tol AM ST YoM B = sin - x, 3R TG wer =

2

1-x
379 &1 fgda hel 1 qaho 31 S & 37efq J‘\/ﬂaﬁmﬁ%l
t =1-x M@
SE| dt=—2x dx

w7 —%j%——ﬁ?ﬁ

xsin x
31d: = sin” x(— 1- x) (—y1-x?)dx
Iv— =
= —\]l—x2 sin”'x+x+C = x—41-x* sin”'x+C

ferereua: sin!x = 0 Ffaeenfia 3 W R q9 GeI: YHHE HT ST Hd 8T
ff 58 GHEHEE H B B <1 gl B
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ISTEIT 21 je"sinxdx 1 Fifu
T e hl YUY Hold U sin x i T5dF ®a o ®Y H ofifou| dd @<S: THhAT 9
9 UM ¢ foR

I—Iexsinxdx e* (- cosx)+je"cosxdx

=—e'cosx+1 (WA wifs) . (D)
I H e T cos x T FHA: o UH e Her WA ET 5N R R

[= e’ s1nx—je sin x dx
I, WM (1) # T W EW I e fE

[= —e" cosx+ e'sin x —1 YA 2] = ¢ (sin x — coS x)

X

7 I=Iexsinxdx=%(sinx—msx)+c

forehedd: sin x 1 UMW Fad TS el f5dla e o T o STde dHeha &l
Ja feman ST Heman 21

7.6.1 .[ex[f(x)+f'(x)]a’x &F USRI ol GHIRT
7 9 ¢ B 1= [e1/+ fNde = [’ ) dxt [ /() d

=1 +Je"f’(x) dx,ﬁ%sf'lfjexf(x) dx . (1)
[, H f(x) Td e I HHR1: GoH TS T %o od 8¢ Ud @esl: GHehad §N 8H
M E L= e— [fx)etde+C
1, i1(1) ¥ iaeeniud s W g9 U ?

= e’“f(x)—jf'(x) e’“dx+jeXf'(x)dx+c — e f(x)+ C
3Td: Iex(f(x) + f’(x))dx =e f(x)+C
JETEUT 22 FG SHiteg

. X -1 1 (x +1)€

(1) Je (tan x+1+x2)dx (i) I i)
‘T

() aﬁl—je"(tanlx+l+1x2)dx

Ao f(x)=talr1x,FﬁfolT{, 9 f(x) = i
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aa: o gen WHed o[ f(x) +f'(x)] % ®U H B

W 1= J‘ex(tanflx+ 2)dx =e¢ tan 'x + C
1+x
(i) = ohfew fF 1= J(x +1)€ _I 1+1+1)] g
(x+1)
2
= Jet (x+1) (x—i—l) de = [el e ldx

x+1  (x+1)?

x -1 ' _ 2
qH ofifeg ﬁﬁf(X)ZmFﬁl f(X)_(x+l)2
3a: o g0 WHHEd e [f(x) +£'(x)] % ®T H B

T J~x+1 de:x—lex+c

(x+1) x+1
| vt 7.6
1 § 22 % °h YA o Hol Sl HHERET hitad|
1. xsinx 2. xsin3x 3. Xe 4. xlogx
5. xlog2x 6. x2logx 7. xsinlx 8. x tan! x
. xcos ' x
9. x cos' x 10. (sin"'x)? 11. - 12. x sec*x
1-x
13. tan'x 14. x (log xy 15. (x>+1)logx
_ xe o 1+sin x
16. e (sinx + cosx) 17. 1+ 18. 1+ cos
1 ex l_i 2 M 2] 2% o1
9. PR 0. -1 . e¥sinx
22 sin‘l( 2% j
’ 1+ x?
YT 23 TH 24 H W@l IW & 9 HifSC
23, [xPe” dx TR &
| 1 -
(A) —e +C (B) ze" +C
3 3
1 ¢ 1 ¢
© Ee +C (D) Ee +C
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24. Jexsecx(1+ tan x) dx TR T
(A) e*cosx+C (B) ersecx+C
(C) e'sinx+C (D) etanx+C

7.6.2 F 3T Ueh &F QU (Integrals of some more types)

TET B9 WEIN: FHHEH fafe W Teid s fafire YR o gk Gameherl &1 ==t
FHa| S R

0 [Vi-a?ax () [Vx'+d i) [va® —x? ar

() = o & 1= [ —a® dx
3R e 1 i fgdia wer 9 8T IR Te9: Heheld gR1 89 Ui ©

1= xx/x —a* - ——2de

X —d
X —a +a
:x\/xz—az— —xx]x I \/7

2

X
Im
= x\/)c2 —-a’ —j«lxz —-a’ dx—azj.%

2 2 dx
=X xz—az —I—azf—m
dua  20= xx/xz—a2—azj%

el I=I«/x2a2dx=§\/x2a2a—2210g x+\]x27a2

TH YR TR I FHEGREH H SR e | Hl f5dd e dR T wew:
TaRe fafy g &w a €

+C

2
(i) I x2+a2dx=%x\lx2+a2+%log x +4x* +a’
2
(i) J«/az —xzdx=%xxla2 —x* +%sin71£+c
a

foheda: wHTROH (i), (ii) T (i) § HHI: x = a sech, x = a tan® 3R
x =a sind, FTTEATT W W 37 ARl 1 F1d fRA ST GRdT 2

+C
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IETETUT 23 Nx2+2x+5dx T FifeT
T =H T fo _Nx2+2x+5 dx:J.\/(x+1)2+4dx
A

x+ 1=y @ W de=dy, T

Nx2+2x+5 dx = j,/y2+22 dy
= %y\/yz +4 +%10g

y+yy’ +4 |+C [7.6.2 (ii)3F STEM 9]

(x+1) x> +2x +5+2 log x+142 +2x+5 |+C

1
2
IETETT 24 j\/3—2x—x2 dx T it

Tl v e R j\/3—2x—x2 dxz.[\,4—(x+l)2 dx

4 x+1=yT@ W dx=dy

ELCETL I\/3—2x—xz dx = ,""’4_3’2 dy

! >, 4. )

SYN4-y + o sin E+c[7.6.2(111)&5@1?4111aél]

. %(x+1)\/3—2x—x2 +2 sin_l[xTH)+C

| woTaett 7.7 |
1 9 9 T o Yl o HoHl bl THheA hied|
R 2o \1-4x? 3. Jx* +4x+6

4. Ax?+4x+1 5. Afl—dx-x? 6. x> +4x-5

1+x—2
9

7. 1+3x—x2 8. AJx? +3x 9
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YT 10 TF 11 H H&l ST k1 =TI Hife|

10. J\/1+x2 dx T 2
(A) %\/1+x2 +%log

3
+C  (B) %(1+x2)2+C

x+\/1+x2

(x+477)

3 2
(C) %x(1+x2)2 +C (D) %\/1+x2 +%x2log

11. j\/mdxawa
(A) %(x—4)\]x2—8x+7 +9log X—4+M|+C
(B) %(x+4)M+9log x+4+M|+C
©) %(X—4)\]x2—8x+7—3\/510g x—4+\/m|+c
(D) %(x—4)\jx2—8x+7—%log x—4+M|+c

7.7 Tafy=ra qurehe= (Definite Integral)

el ui=sdl d e tffvea kel o aR | e1ee T € ok o fafyre womi
o HHTheHl Afed Affead THRel i 90 B T Fo fafud W == w2 e
If=s] | &9 fhdt wem o fafyaa gmmeres &1 stegaa w11 fAfyea amees &1 @

Afgela =M el 81 U Y= wueher & jabf(x)dx,@ﬁfi‘saﬁmw%ﬁﬁ

b, HHTREE 1 3o ST G o, THRSA F1 T e weardt o Ffved gurwed 1
o=, o1 AR ST HE o T H A Sl @ A6l I A [a, b] H TEHHRT IS
yfdstesherst F @ dl ffvad uehem o1 9 @ifag faget W F o AMl & s s1efq
F(b)—F(a) o SR Bl €, & &9 | 3 sl 81 Ff¥sa gdeher o 34 g+ &ai
T TH STOHT-STe == |

7.7.1 IRTERS Ht GHET & BT H [¥eSrd garaeT (Definite integral as the limit

of a sum)
M ST foh T &% e [a, b] W Tk Had ®ed f GREIE 81 7E et f
T o Tl W SRR © THAT el 1 e x-318 § S T o9 2l

+C
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TH y=f(x),x=a x=bTd x-31 ¥ R &F &1 e=ha & Fifvea e
jbf(x)dx%wuéawﬁammﬁaam,ww,x-aawaﬁﬁﬁx:a@
x= bk o= R &% PRSQP & ofifsi (3Mepfa 7.2 3fEw) |

FRA [a, b] B [x,x], [x, )] e [x, ,x] o [x, L x ], W TR 2 wHH
Wﬂﬁﬂ?ﬁﬁﬁﬂﬁﬁﬂﬂﬁl@ﬁx—ax—a+hx—a+2h xr=a+rh?l$ﬂ

o AR AR 1 0@ Ao 0

<fid &= PRSQP, n SU&H 1 41T € STl Uoish SU&H SUStaet [x,x],r=1,
2,3, ..., n T a2

epfa 7.2 W &9 U € TR
3T4d (ABLC) &1 &5%et < &1 (ABDCA) 1 &5%el < 3Tad (ABDM) &1 &% ... (1)

b—
xn=b=a+nh3wT>ﬂ n=

S

3TTeRid 7.2
T AR x —x | —> 0 A 4 —> 0, q FHHIOT (1) H I MY A= ahet

Teh S o T qEE B Wi &1 ot gW fefafad Al o fmio e @

s =h[fl) + ...+ fix )]= Zof(x) ()

S S, = hlf(x)+ () +...+ fx,)]= hZf(xr) . (3)
r=1

T s TE S UMl [x ,x]r=1,2,3,...,n, R q FEA: F o v 3=
Al o &Thel o AN ol TS hidl §1 @Rt (1) & Hed o frdll == 3u
A [x xr]éf\a'qg'qtﬁ@f%ﬁ

s < &% PRSQP =l &3hel <S e (4)
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T 1 —>o0, A Tl Fawiol @ Grol B Tl S ¥ I 7w g foran St €
& (2) 3R (3) o Hiffd 79 T GAE @ 91 S9AtTS HifHd 7 & 9% o ST
e ke B
Hrehfaer W | &9 39 frefafed ger fored &

lim$, — lim s, = & PRSQP 1 &= | /() dx . (5)

n—»0 n—»0

399 I8 Udl Tordl © T 1 &5l ok o 9 oh Al s o oh U o
Al ok wiel o TRl &hel o1 Wit A ot €1 gleren o foly B9 gokeh Susiae
& 99 fFR W a w1 SR o SUeR SR a1 Al ki @l oTd: B9 (5) i gEW
frrefafad w1 o fered €

[ f(ax - lim [ (@) + f(a+h)+ ..+ f@-+(n— D h]

e jbf(x)dx _ b—a)lm L[ f(@+ f@+h) +..+ fla+(n-T)h] .. (6)
a n—>0 n

. b—a

S b= 509} no>o

n

STH S (6) AR i A % &9 H ffvad gueher #1 g wEan

feouit fdt fafire fael R U Ter o Y= Taehed &1 9F %o T e
W AR = 7 WY TUHEE ok ¥ W W T GH T4 79 WA W H
FE % AU W Sl AR x F A W EaT W R ¢ e ¢ 9§ e fma s R

b b b
ql g9 HHehe _[af(x)dxéa‘wmmqwm TR [ f(0) dt SN[ f (u) du
fae 21 ora: fify=a gueher & fau guehe =X T O =X FHEal &

ECIEELN 25W3ﬁ@ma?mﬁjj(x2+l)dxaﬂﬁﬁaﬁﬁml
T QR o TTER
jbf(x)dx = (b—a) lim l[f(a)+f(a+h)+...+f(a+(n—l)h]
a n—9o p

. b—-a
Tt h=

n

W]/ H a=0,b=2,f(x)=x+1, h= =

2-0_2
n n
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2(n-1)

2, 1 2 4
Tgfern jo(x +Ddx = 2 im=[f(0)+ £ (D) + f(=) +... + f( )]
n—-w p n n

2 2 2
~20im [+ (55 +) +(4—2+1)+...+[_(2” ~2) HJ]
n n n

n—% n

—211m— 1+1+..+1 +—2+4+ +(2n-2
fim ULt D 2 (2n-2)°]

1
=21lim- n+—(12+22+ +@n-1)]

n%wn

_ 21iml[nJriz(n—l)n(2n—1)]
}’l—)oon n 6

— 2 lim Lpe 202D CroD,
n—w p 3 n

I 14
= 2im [+ =(-=) 2-—)] -2 [1+3] = =
n—0 3 n n 3 3

mzeaﬁmﬁ@maﬁmﬁj:e’“c{x 1 TE T R
T R o STER

1 2 4 2n -2
f & dy=02-0)lim—|e+e"+e" +..4+e "

n—)OOn
2
TOIR 9ot o ;9 ok AR o g T STANT I EC SR a =1, r=e"  TH U
e
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1] ex1
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n—)wn -
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2(e8 -1 b
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[ woraett 7.8 |
I Rt G oh w9 | faefated fFAfved sHehad w1 99 Td i)
[ e 2 [leanae s [Téa
4. j14(x2—x)dx 5. J._llexdx 6. I;(x+e2x)dx

7.8 et ol SMUARHA i (Fundamental Theorem of Calculus)

7.8.1 STFA EAT (Area function)
Y —
il Ibf (x)dx S TH y = f(x), x-39&, T 1 VI

FHifeA x=qdM x=bq R &5 & &% &
®Y 4 R feran €1 /M i [a, b] Hx g

FE e [/ (x) dc ST 7.3 H Tl DR %
&5 o &%k ) FEfUd S @ [T U8 qH &
femn mn € fF x e [0, 0] F T f(x)>081 X
frafafaa wem lequ:mtlv_cﬂ‘f%%ﬂ'{?ﬂxqv a x X
w%mmm%w%mxaamm Y et 73
AR 2

TR Wl § 39 IR &5 1 &kl x 1 Teh Held €1 B9 x o 58 Her Hl A(x)
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