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x 1 x°
z 1 7

2
Interchanging C, and C,
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0 p+x 2q
=(x-p)-1 x g| ApplyingR, - R +R,
0 q X

Expanding along C,, we have

A=(x=p)(px+Xx*=20°) = (x=p)(X* + px—20°)

0 b-a c-
Example5If A=la-b 0 c-—b|, then show that Aisequal to zero.
a-¢c b-c O

0 a-b a-c
Solution Interchanging rows and columns, weget A=b-a 0 b-¢
c-a ¢c-b O

Taking ‘-1’ common from R, R, and R,, we get

0O b-a c-a
A=(-1)*la-b 0 c-bl=-A
a-¢c b-c O

O 2A =0 or A =0
Example 6 Provethat (A™) = (A)™, where A is an invertible matrix.
Solution  SinceA isaninvertible matrix, soitisnon-singular.
We know that |A| = |A']. But |A|#Z0.So|A'|#0 i.e A’isinvertible matrix.
Now we know that AA* = A7 A =1.
Taking transpose on both sides, we get (A™)' A'=A" (A7)’ =()' =1
Hence (A?)" isinverseof A i.e, (A")*= (A"

Long Answer (L.A.)

X 2 3

Example 7 If x=-4isaroot of A=|1 X 1/=0, then find the other two roots.
3 2 X
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Solution ApplyingR, - (R, + R, +R)), we get

X+4 x+4 x+4
1 X 1
3 2 X

Taking (x + 4) common from R, we get

111
A=(x+4) |1 x 1
3 2 X

ApplyingC, - C,-C,C, - C,-C,, we get

1 0 0
A=(x+4))1 x-1 O
3 -1 x-3

Expandingalong R,

A= (x+4)[(x-1) (x-3)-0]. Thus, A=0implies
x=-4,1,3

Example 8 In atriangle ABC, if

1 1 4
1+snA 1+snB 1+snC |=0,
sinA+sin?A  sinB+sin’B  sinC+sin’C|

then prove that AABC isan isocelestriangle.

1 1 1

Solution Leta= | 1TSNA 1+sinB 1+sinC

sinA+sin?A  sinB+sin’B  sinC+sin’C
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1 1 1

_ [I+snA 1+sinB 1+sinC R, - R,- R,

-cos’A  -cos’B  -cos?C

1 0 0
_ |1+snA  snB-sinA sinC-sinB (C, - C,-C, andC, - C,-C)
2 2 2 2
-cos’A cos’A —cos’B  cos?B - cos’C

Expanding along R;, we get
A = (sinB = sinA) (sin?C - sin?B) — (sinC — sin B) (sin?B — sin%A)
= (sinB —sinA) (sinC - sinB) (sinC —sin A) =0
O either sinB —sinA =0 or sinC —sinB or sinC —sinA=0
A=BorB=CorC=A

i.e triangle ABCisisoceles.

3 -2 sn30 1
Example 9 Show that if thedeterminant A=| =7 8 ©0s20|=0, thensnB=0or >
-11 14 2

Solution ApplyingR, - R, +4R and R, - R, + 7R, we get

3 -2 sin30
5 0 co0s20+4sin30|=0
10 O 2+7sin36

or 2[5(2+ 7sin30) — 10 (cos20 + 4sin30)] =0
or 2+ 7sin30 — 2c0s26 - 8sin30=0
or 2-2c0s20 —sin30 =0

sinB (4sint@ +4sin@ -3)=0
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or sin@=0or (2sin@-1)=0o0r (2sin@ +3)=0

1
or sin9=00rsin9=5 (Why ?).

Objective Type Questions

Choosethe correct answer from the given four optionsin each of the Example 10and 11.

Ax X2

A B C
Example 10 Let A=|By y* landA,=|x y z|, then
Cz 7 zy X Xy
A) A =- B AzA
© A-A=0 (D)  None of these
A B C A X yz
Solution (C) isthe correct answer since &,=|X 'y z| =B y X
zy x x| |C z Xy
2
Ax X2 AX X
R
=—By ¥ w7 =%z Y 7 =a
Xyz 2 Cz 7
Cz z¢ xyz
COSX -sinx 1
Example 11 If x, y O R, then the determinant A=| sinXx COSX 1 lies
cos(x+Yy) =-sin(x+y) O
intheinterval
(A) Fv2.V2f (8 [-1, 1]
(©) HFv21F (D) FL-V2.F

Solution The correct choiceisA. Indeed applying R, —» R, - cosyR, + sinyR,, we get
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COSX —SinX 1
A=|sinx cosx 1
0 0 siny —cosy|
Expanding along R,, we have

A = (siny — cosy) (cos’X + sin’x)
01 . 1 O
— (qiny =2 siny———cos
(siny — cosy) %JTZ y > YH

o m. LT U . T
:x/éa:oszsmy—smzcosyg :\/Egn(y_z)

Hence - /2 <A< /2.
Fill inthe blanksin each of the Examples 12 to 14.

Example 12 If A, B, C are the angles of atriangle, then

sin?A  cotA
A=|sin’B cotB U=..........
sin?C cotC

Solution Answer is0. Apply R, - R,-R,,R, - R,—R..

J23+43 5 5
Example 13 The determinant A=\15++/46 5 /10| isequd to ..............

3+/115 15 5

Solution Answer is 0.Taking /5 common from C, and C, and applying
C, -~ C,- /3 C,, we get the desired result.

Example 14  Thevalue of the determinant
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sin?23°  sin®67°  cos180°
A=|-sin®67° -sin®23° c0s?180°|=..........
cosl80° sin?23°  s€in?67°

SolutionA=0.Apply C, - C, +C, +C..
State whether the statements in the Examples 15 to 18 is True or False.
Example 15  The determinant

cos(x+y) -—sin(x+y) cos2y
A=| sinx COSX siny
—COoSX sinx cosy
isindependent of x only.
Solution True. Apply R, — R, +sinyR, + cosy R,, and expand
Example 16  Thevalue of

1 1 1
n Cl n+2 Cl n+4 C
n C2 n+2 C2 n+4 C2

Solution True

x 5 20
Example 17 If A=(2 'y 33, xyz =80, 3x+ 2y + 10z= 20, then
2 1
BL 0 Or
AadiA=0 8l OF.
B 0 8IF

Solution : False.
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01l 50
0, 4 50O
2 2
M 1 30 Dl SD
_ Oaa_ O _2°0
Example 18 If A—%- 2 xpgAT= g > 3 >0
P 3 1H 0 0
ol 1g
—_ y —_
g2 28

thenx=1,y=-1.
Solution True

4.3 EXERCISE
Short Answer (SA.)

Using the properties of determinantsin Exercises 1to 6, evaluate:

, a+tx y z
1 X“—x+1 X_i‘ > X aty z
X+1 X+ " y a+tz
0 x x& 3X  —X+Yy -X+z
3, Xy 0 yZ A -y 3y z-y
X*z zy* 0 X-z y-z 3z
Xx+4 X X a-b-c 2a 2a
5 X x+4 X 6 2b b-c-a 2b
X X X+4 2c 2c c—a-b

Using the proprties of determinantsin Exercises 7 to 9, prove that:

y’zt yz y+z y+z z y
x> o z+x=0 Z z+X X |=4xyz
XCy? Xy x+y y X x+y
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a’+2a 2a+l
2a+l a+2 1=(a-1°
3 3

1 cosC cosB
cosC 1 cosA|=0
cosB cosA 1

10. If A+ B + C=0, then prove that

11. If the co-ordinates of the vertices of an equilateral trianglewith sidesof length
2
S
‘@ are (X, y,), (%, ¥,), (%, ), then |2 Y2 & =7~
X Ys

01 1 sn360
12. Find the value of 8 satisfying 8—4 3 005265:0-

B -7 -2 B

M-x 4+Xx 4+xO
13, If %Hx 4-x 4+x%z0,thenfindva|u%ofx.
H+x 4+x 4-xH

14. If a, a,, a,, ..., a are in G.P., then prove that the determinant

Gy s By
&+7 G Fras g ndependent of r.
G Gy G
15. Show that the points (a+ 5, a-4), (a—-2, a+ 3) and (a, a) do not lieon a
straight line for any value of a.

16. Show that the AABC isan isoscelestriangleif the determinant
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O 1 1 1 O
Azg 1+cosA 1+cosB 1+cosC EFO-

Ros? A +cosA cos?B+cosB  cos? C+cosCH

M 1 1C AZ_3]
17 FindA*if A=HL 0 1 andshowthat A™= o
H 1 O
Long Answer (L.A))
01 2 00
18, If A=E2 -1 25 findA
' ] [ :
HO -1 1F
Using A, solve the system of |linear equations
X—2y=10,2x- y—-z=8,-2y+z=T1.
19. Using matrix method, solve the system of equations

3X+2y-2z=3, X+2y+32=6,2Xx-y+z=2.

02 2 -40 1 -1 OoC
20. Given A= 5—4 2 —4% B= % 3 4E, find BA and usethisto solve the
H2 -1 50 M 1 2E

system of equationsy +2z=7,x-y=3, 2x+ 3y +4z=17.

a b c
21. Ifa+b+c#0and b ¢ a =0, thenprovethata=b=c.
c ab

bc-a®? ca-b® ab-c?
22.  Provethat [ca—b® ab-c® bc-a’|isdivisibleby a+ b+ cand find the
ab-c® bc-a’ ca-b?

quotient.
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xa yb zc a b c
23.  Ifx+y+z=0, provetha [Yc za Xbj=xyz|c a b
b xc vya b ¢ 4

Objective Type Questions (M.C.Q.)

Choosethe correct answer from given four optionsin each of the Exercisesfrom 24 to 37.

a1t =P 7 thenvaueof xi
: s 7l 3l en vaueof xis
(A) 3 (B) +3
(© +6 (D) 6
a-b b+c a
25.  Thevalue of determinant b-a c+a
c—-a a+b
(A) a+bd+c® (B) 3 bc
© a®+ b®+ c®- 3abc (D) none of these

26. The area of a triangle with vertices (-3, 0), (3, 0) and (0, k) is9 sg. units. The
value of kwill be

A) 9 (B)
© -9 (D)
b’-ab b-c bc-ac
27.  Thedeterminant [ab-a° a-b b*-ab| equals

bc-—ac c-a ab-a’

(A)  abc(b-c)(c-a) (a-b) (B) (b—c) (c-a) (a-b)
© (@a+b+c)(b-c)(c-a)(a-b) (D) None of these



28.

29.

30.

31.
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SiNX COSX COSX

The number of distinct real roots of |{cCOSXx sinx cosx| = 0 in the interval

COSX COSX SinX

——<X<—js
A) O B) 2
© 1 (D) 3

If A, B and C are angles of atriangle, then the determinant

-1 cosC cosB
cosC -1 cosA|isequal to
cosB cosA -1

A) 0 | -1
© 1 (D) None of these
cost t 1 f)
Letf(t)=|2sint t 2t then {ljg 1z isequal to
snt t t
(A) O B) -1
<G 2 (D) 3
1 1
Themaximumvalueof A=| 1 1+sin® 1 is(8 isrea number)

1+ cosO 1

(A) (B)

N~

b‘% '\’|%\

© 2 (D)
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32.

33.

34.

35.

36.

MATHEMATICS

0 x-a x-b
If f x)=|xta 0 x-c|, then
x+tb x+c O

(A) f@=0 B) f=0
(© (=0 (D) f@=0
@2 A -30
f A= 2 50, thenA exisisif
H 1 3H
(A) A=2 (B) A#2
(© A#E-2 (D) None of these
If A and B areinvertible matrices, then which of thefollowing isnot correct?
(A) adi A=JA] AT (B)  det(A)* =[det (A)]*
(C) (AB)*=B*A" (D) (A+B)'=B'+A"
1+x 1 1
If x,y,zareall different fromzeroand | 1 1+y 1 |=0, thenvalue of
1 1 1+
xt+yl+zlis
(A)  xyz B xty'z!
© -x-y-z (O -1

X Xty X+2y
Thevalue of the determinant |x+2y  x X+y|is
X+y X+2y X

(A) 9 (x+Yy) (B) 9 (x+Y)
© 3y (x+y) (D) 7 (x+y)
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1 -2 5
37. Therearetwo valuesof awhich makesdeterminant, A=[2 a -1/=86, then
0 4 2a
sum of these number is
(A) 4 B 5
c -4 Do) 9
Fill intheblanks
38. If Aisamatrix of order 3 x 3, then [3A| =
39. If Aisinvertible matrix of order 3 x 3, then |A|
(2+27) (22-27) 1

2
40. If X, y, zO R, then the value of determinant (3"+3‘X) (3"—3‘*) 1is

equal to

0O cos6 sine2

41, 1f cos20 =0, then [0S@ sn® 0 | =
sinB 0 cos6O

42. If Aisamatrix of order 3 x 3, then (A»)* =
43. If Aisamatrix of order 3 x 3, then number of minorsin determl nant of A are

44, The sum of the products of elements of any row with the co-factors of
corresponding elements is equal to

X 3 7
45, Ifx=—=9isarootof |2 x 2 =0, then other two roots are
7 6 X
0 XyZ X—-Z
46. y-x 0 y-z =

z-x z-y O



84

47.

MATHEMATICS

@+x" @+x® (1+x*
If f(x) = [@+X2 1+x® @+x*| = A + Bx + C& + ..., then
@+x)* 1+x* @+x¥

A =

State True or False for the statements of the following Exercises:

48.

49.

50.
51.

52.

53.

54.

95.

56.

(A3)_l = (A‘1)3, where A is a square matrix and |A| # O.

1 _
(aA)1= EA 1, where a is any real number and A is a square matrix.

|A-Y £ |Af?, where A is non-singular matrix.

If A and B are matrices of order 3 and |A| = 5, |[B] = 3, then
|3AB| =27 x 5 x 3 =405.

If thevalueof athird order determinant is 12, then the value of the determinant
formed by replacing each element by its co-factor will be 144.

X+l Xx+2 x+a
Xx+2 x+3 x+b|=0,wherea, b, careinA.P.
X+3 X+4 x+c

ladj. A| = |JA]?, where A is a square matrix of order two.

sinA cosA SnA+cosB
Thedeterminant [SNB cosA  sinB+cosB| isequal to zero.
snC cosA sinC+cosB

x+a p+u I+f
If thedeterminant |y+b qg+v m+g| splitsinto exactly K determinants of
zZ+Cc r+w n+h

order 3, each element of which contains only one term, then the value of K is 8.
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a p x ptx atXx atp
57. Let A=|b q y|=16, then A;=|q+y b+y b+q|=32.
cr z r+z Cc+z C+r
1 1 1 L
58. Themaximumvaueof (1 (1+sinB) 1 |is=.

1 1 1+cos6

——allp> § P———



