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KfÎiu

 ‘‘vªj	X®	c©ikæ‹	äf¤	bjëthd	k‰W«	mHfhd	T‰W	ÏWÂæš	fâj	

tot¤ijna	mila	nt©L«’’	-	bjhu›.

 bghUëaY¡fhd	nehgš	gçR	bg‰wt®fëš	mWgJ	éG¡fh£o‰F«	nk‰g£nlh®	

fâj¤Jt	bghUëaèš	_yKjyhd	rhjidfŸ	brŒjt®fŸ.	m¤jifa	bghUëaš	

tšYe®fŸ	ca®	 fâj¤ij	MœªJ	 gæ‹wnjhL	mjid¥	 bgU¥bghUëaš	 k‰W«	

fâj¥	bghUëaš	M»at‰¿‹	ca®	MŒÎfS¡F	bt‰¿fukhf¥	ga‹gL¤Âd®.

 °lh‹~ngh®L	 gšfiy¡	 fHf	 ãÂ¤Jiw¥	 nguhÁça®	 Kidt®	 °nfhš°	

v‹gtU«	 bghUëaš	 tšYd®	 Kidt®	 bk®l‹	 v‹gtU«	 ÏizªJ	 1970M«	

M©L,	fhy¥ngh¡»š	V‰gL«	kh‰w¤ij¡	F¿¡F«	tif¡bfG	rk‹gh£L¢	N¤Âu«	

x‹iw¡	f©LÃo¤J	bghUshjhu¤Â‰bfd	 1997M«	M©L	nehgš	 gçR	bg‰wd®.	

Ï¢N¤Âu«	bjçÎãiy¡	fhy«,	éiyfŸ,	t£o	Åj«	k‰W«	rªijæš	khW«	j‹ik	

v‹w	eh‹F	kh¿fë‹	mo¥gilæš	éiyia¤	Ô®khå¡F«	tifæš	mikªÂUªjJ.	

Ï¢N¤Âu«	eilKiwæš	bgçJ«	ga‹g£lnjhlšyhkš,	mbkç¡f	g§F¢	rªijiana	

kh‰wkila¢	brŒjJ.

	 bghUëaš	v‹gJ	Áy	btë¥gil	c©ikfis	mo¥gilahf¡	bfh©L	jU¡f	

Kiwia¥	 ga‹gL¤Â	 tUé¡f¥gLtdt‰iw	 rh®ªj	 m¿éaš	 v‹W	 fUj¥g£lJ.	

Mdhš	Ï‹W	bghUëaš	K‰¿Y«	cUkh¿é£lJ.	tiugl§fs,	rk‹ghLfŸ	k‰W«	

òŸëæaš	M»at‰¿‹	Vuhskhd	ga‹ghLfŸ,	bghUëaš	j‹ikia	kh‰¿é£ld.	

Áy	kh¿fëš	Jt§»	go¥goahf	k‰w	kh¿fis¥	òF¤Â	Ã‹d®	mt‰¿‰»ilnaahd	

bjhl®igÍ«,	k‰W«	bghUshjhu¡	f£lik¥Ã‹	cŸ	mik¥ò¤	j¤Jt¤ij	MuhaÎ«	

fâj«	 ga‹gL¤j¥gL»wJ.	 Ï›tÂkhf	 òÂa	 bghUëaš	 c©ikfis¡	 f©L	

mt‰iw¥	bgUkséš	ga‹gL¤j	fâjtê	mik¥òfŸ	ga‹gL»‹wd.

	 MÍŸ	 fh¥ÕL,	 g§F	 t®¤jf«	 k‰W«	 KjÄL	 ngh‹witfis	 cŸsl¡»a	

Ïl®-ne®Î	 nkyh©ik	fzÂéaiy¢	 rh®ªJŸsJ.	 vÂ®fhy¤ij	äf¤	Jšèakhf	

fâ¡f,	fâj¤ij¢	rhjfkhf¥	ga‹gL¤j	KoÍ«	;	MdhY«	Jšèa¤	j‹ik	üW	

éG¡fhlhf	 ÏU¡fhJ	 v‹gJ	 c©ikjh‹.	 våD«	 xUt®	 j‹	 gz¤ij	 v›thW	

KjÄL	 brŒtJ	 v‹W	 ò¤Ârhè¤jdkhfÎ«	 JšèakhfÎ«	 KobtL¡f	 fâj«	

ga‹gL«.	gÂndHh«	ü‰wh©il¢	nr®ªj	gh°fš	k‰W«	~bg®kh£	v‹w	ÏU	fâj	

tšYd®fŸ	 fâj¤ij¥	 ga‹gL¤Â	 vÂ®fhy	 ãfœÎfis¡	 fâ¡F«	 Kiwia	

cUth¡»d®.	 ÏU	 gfilfis	 F¿¥Ã£l	 jlitfŸ	 ÅR«	 éisah£o‹	 gšntW	

ãfœÎfë‹	ãfœjfÎfis	mt®fŸ	fz¡»£ld®.

	 eÅd	 bghUshjhu¥	 Ãu¢ridfë‹	 Á¡fšfë‹	 fLik	 mÂfç¤J¡	

bfh©nl	nghtjhš	òÂa	Kiwfis	V‰gj‰F«	MuhŒtj‰Fkhd	njit	nk‹nkY«	

To¡bfh©nl	 ngh»wJ.	 fâj«	 k‰W«	 òŸëæaš	 mo¥gilæš	 mikªj	

têKiwfis¤	j¡fgo	ga‹gL¤Âdhš	mit	F¿¥ghf	bghUëaš,	thâg«	k‰W«	
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bjhêš	 M»a	 Jiwfëš	 RU¡fkhd,	 x¥òik¤	 j‹ikÍila	 k‰W«	 Âw‹ä¡f	

fUéfshf	 mikÍ«.	 nkY«	 Ï«KiwfŸ	 MŒÎ	 brŒa¥gL«	 nfh£gh£il	 MHkhf	

myÁ	Muha	 cjÎtnjhlšhkš	 rçahd	 k‰W«	 gF¤j¿Í«	mo¥gilæš	 Ô®Îfis¥	

bgwÎ«	têtF¡»‹wd.

	 2005-2006	 fšé	 M©L	 Kjš	 m¿Kf¥gL¤j¥gL«	 Ï¥ghl¥	 ò¤jf«	

g‹åbu©lh«	tF¥ò	tâf¡	fâj¤Â‹	ghl¤Â£l¤Â‰»z§f	vGj¥g£LŸsJ.	

x›bthU	 ghlK«	 mo¥gil¡	 fU¤Âš	 Jt§»	 go¥goahf	 fU¤J¢	 br¿Î	 bgW«	

t©z«	 mik¡f¥g£LŸsJ.	 x›bthU	 ãiyæY«	 Vuhskhd	 vL¤J¡fh£L¡	

fz¡FfŸ	 bfhL¡f¥g£LŸsd.	 fU¤JU¡fisÍ«	 fiy¢	 brh‰fë‹	 bghUi-

sÍ«	 khzt®fŸ	 e‹F	 f‰Wz®ªJ	 nkY«	 gy	 fz¡Ffis¤	 jhkhfnt	

vÂ®bfhŸs	 m›btL¤J¡fh£LfŸ	 cjÎ«.	 bfhL¡f¥g£LŸs	 gæ‰Á	 fz¡FfŸ	

khzt®fS¡F¥	 nghJkhd	 gæ‰Áia	 më¡F«.	 fz¡Ffis¤	 jh§fns	 Ô®¡f¤	

njitahd	j‹d«Ã¡ifia	ts®¥gjhf	mit	mikÍ«.	khzt®fŸ	Ï¥ò¤jf¤ij¥	

ga‹gL¤J«bghGJ,	clD¡Fl‹	mªjªj	fz¡Ffis	Xnuh®goahf¥	ngh£L¥	gh®¡f	

nt©L«	 vd	 éU«ò»nwh«.	 Ï¥ò¤jf¤Â‹	 òŸëæaš	 gFÂfëš	 v©fŸ	 rh®ªj	

fz¡ÑLfŸ	 ÏU¥gjhš	 tâf¡	 fâj	 khzt®fŸ	 m¡fz¡Ffë‹	 Ô®ÎfS¡F	

fâ¥gh‹fis	(calculators) ga‹gL¤JkhW	m¿ÎW¤j¥gL»wh®fŸ.	j§fë‹	brhªj	

Ka‰Áahš	gy	fz¡Ffis¤	Ô®¥gÂš	bt‰¿	bgW«	khzt®fŸ,	òÂa	fz¡Ffë‹	

mo¥gilia	 cz®ªJ	 mt‰iw¤	 Ô®¡F«	 mt®j«	 Âw‹	 bgUkséš	 bgUFtij	

cWÂahf	 m¿a	 KoÍ«.	 bghJ¤	 nj®Îfëš	éilfis	 vëÂš	 më¡f	 mt®fshš	

ÏaY«.

	 Ï«Ka‰Á¡F	MÁ	tH§»	tê	el¤Âa	všyh«	tšy	Ïiwtid¥	ngh‰W»‹nwh«.	

Ï¥ò¤jf«	 fšé¢	 r_f¤Âdçilna	 tâf¡	 fâj¥	 ghl¤Â‰fhd	 M®t¤ij¡	

»s®ªbjH¢	brŒÍ«	vd	e«ò»nwh«.

	 ‘‘m©ik¡	fhy¤Âš	bghUëaš	j¤Jt§fis¡	f©LÃo¥gÂš	fâjéaš	

Í¡Âfis	neuoahf¥	ga‹gL¤J«	KiwfŸ	fâj	tšYe®fë‹	fu§fëš	äf¢Áwªj	

nrit	M‰¿ÍŸsd.’’	-	Mš~¥u£	kh®õš

 khèå mkè uh#h Ïuhk‹ g¤kehg‹ Ïuhk¢rªÂu‹

 ÃufhZ _®¤Â unkZ Óåthr‹ mªnjhâuh{
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bghUsl¡f«

                                                                                                                         g¡f«

1. mâfŸ k‰W« mâ¡nfhitfë‹ ga‹ghLfŸ

1.1 X® mâæ‹ ne®khW

 X®	mâ¡nfhitæ‹	cW¥òfë‹	Á‰wâfŸ	k‰W«	Ïiz¡	

fhuâfŸ	-	xU	rJu	mâæ‹	nr®¥ò	mâ	-	ó¢Áa¡	nfhit	

mâahf	Ïšyhj	mâæ‹	ne®khW

1.2 neçaš rk‹ghLfë‹ bjhFÂfŸ

 X®	 mâæ‹	 cŸ	 mâfŸ	 k‰W«	 Á‰wâfŸ	 -	 mâæ‹	

ju«	 -	 mo¥gil¢	 brašfS«,	 rkhd	 mâfS«	 -	 neçaš	

rk‹ghLfë‹	bjhFÂfŸ	-	rk‹ghLfë‹	x¥òik¤j‹ik	

-	mâæ‹	ju«	thæyhf	rk‹ghLfë‹	x¥òik¤	j‹ikia	

MuhŒjš

1.3 neçaš rk‹ghLfë‹ Ô®ÎfŸ

 mâfis¥	 ga‹gL¤Â¤	 Ô®Î	 fhzš	 -	 mâ¡nfhit	

Kiwæš	Ô®Î

1.4 cŸÇL - btëpL gF¥ghŒÎ

1.5 khWjš ãfœjfÎ mâfŸ

2. gFKiw tot fâj«

2.1 T«ò bt£ofŸ

 T«ò	bt£oæ‹	bghJ¢	rk‹ghL

2.2 gutisa«

 gutisa¤Â‹	Â£ltot«	-	gutisa¤ij	tiujš

2.3 ÚŸt£l«

 ÚŸt£l¤Â‹	 Â£l	 tot«	 -	 ÚŸt£l¤ij	 tiujš	 -	

ÚŸt£l¤Â‹	 ika«,	 KidfŸ,	 Féa§fŸ,	 m¢RfŸ	 k‰W«	

Ïa¡FtiufŸ

2.4 mÂgutisa«

 mÂgutisa¤Â‹	Â£l	tot«	-	mÂgutisa¤ij	tiujš	

-	tistiuæ‹	bjhiy¤	bjhLnfhL	-	br›tf	mÂguti-

sa«	-	br›tf	mÂgutisa¤Â‹	Â£l	rk‹ghL

 

1

44
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3. tifp£o‹ ga‹ghLfŸ - I 

3.1 bghUëaš k‰W« tâféašfëš cŸs rh®òfŸ

 njit¢	 rh®ò	 -	 më¥ò¢	 rh®ò	 -	 bryÎ¢	 rh®ò	 -	 tUthŒ¢	

rh®ò	-	Ïyhg¢	rh®ò	-	be»œ¢Á	-	njit	be»œ¢Á	-	më¥ò	

be»œ¢Á	-	rk‹	ãiy	éiy	-	rk‹	ãiy	msÎ	-	ÏWÂ	ãiy	

tUthŒ¡F«	njitæ‹	be»œ¢Á¡F«	cŸs	bjhl®ò

3.2 tifpL - khWÅj«

 xU	msé‹	khWÅj«	-	bjhl®òŸs	khWÅj§fŸ

3.3 tifæLjè‹ thæyhf rçit (rhŒit) mséLjš

 bjhLnfh£o‹	 rhŒÎ	 -	 bjhLnfhL	 k‰W«	 br§nfh£o‹	

rk‹ghLfŸ

4. tifp£o‹ ga‹ghLfŸ - II 

4.1 bgUk« k‰W« ÁWk«

 TL«	 k‰W«	 FiwÍ«	 rh®òfŸ	 -	 tif¡bfGé‹	 F¿	 -	

rh®Ã‹	 nj¡f	 ãiy	 kÂ¥ò	 -	 bgUk	 kÂ¥ò«	 ÁWk	 kÂ¥ò«	 -	

Ïl«	 rh®ªj	 k‰W«	 KGjshéa	 bgUk«	 k‰W«	 KGjshéa	

ÁWk«	 -	 bgUk§fŸ	 k‰W«	 ÁWk§fS¡fhd	 ãgªjidfŸ	  

	 -	FêÎ	k‰W«	FéÎ	-		FêÎ	k‰W«		FéÎ¡fhd	ãgªjidfŸ	

-	 tisÎ	 kh‰w¥	 òŸë	 -	 tisÎ	 kh‰w¥òŸëfS¡fhd	

ãgªjidfŸ

4.2 bgUk§fŸ k‰W« ÁWk§fë‹ ga‹ghLfŸ

 ru¡F	 ãiy	 f£L¥ghL	 -	 ru¡F	 ãiy	 fz¡»š	

éiy¡fhuâfë‹	 g§F	 -	 äF	 Mjha	 nfhUjš	 msÎ	 -	

éšrå‹	äF	Mjha	nfhUjš	msÎ	thŒghL

4.3 gFÂ tifpLfŸ

 tiuaiw	 -	 bjhl®	 gFÂ	 tif¡	 bfG¡fŸ	 -	 rkgo¤jhd	

rh®òfŸ	-	rkgo¤jhd	rh®Ã‰F	Mæyç‹	nj‰w«

4.4 gFÂ tifælè‹ ga‹ghLfŸ

 c‰g¤Â¢	 rh®ò	 -	 ÏWÂ	 ãiy	 c‰g¤ÂfŸ	 -	 gFÂ	 njit	

be»œ¢ÁfŸ	

72

102
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5. bjhifp£o‹ ga‹ghLfŸ

5.1 bjhif E©fâj¤Â‹ mo¥gil¤ nj‰w«

 tiuaW¤j	bjhifæ‹	g©òfŸ

5.2 tiuaW¤j bjhifæ‹ tot fâj és¡f« tistiuahš 

mikÍ« gu¥ò

5.3 bghUshjhu« k‰W« tâféaèš bjhifp£o‹ ga‹ghLfŸ

 ÏWÂ	 ãiy	 bryÎ¢	 rh®ÃèUªJ	 bryÎ,	 k‰W«	 ruhrç	

bryÎ¢	 rh®òfis¡	 fhQjš	 -	 bfhL¡f¥g£LŸs	

ÏWÂãiy	tUthŒ	rh®ÃèUªJ	bkh¤j	tUthŒ	rh®ò	k‰W«	

njit¢	 rh®ò	 M»at‰iw¡	 fhQjš	 -	 njitbe»œ¢Á	  

bfhL¡f¥g£oU¥Ã‹	tUthŒ		k‰W«	njit¢	rh®ò	fhQjš

5.4 Ef®nthç‹ v¢r¥ghL

5.5 c‰g¤Âahsç‹ v¢r¥ghL

 

6. tif¡bfG¢ rk‹ghLfŸ

6.1 tif¡bfG¢ rk‹ghLfis mik¤jš

 tif¡bfG¢	rk‹gh£o‹	tçir	k‰W«	go	-	tistiufë‹	

FL«g«	-	rhjhuz		 tif¡bfG¢	rk‹ghLfis	mik¤jš

6.2 tçir x‹Wila tif¡bfG¢ rk‹ghLfŸ

 tif¡bfG¢	 rk‹gh£o‹	 Ô®Î	 -	 Ãç¡f¤j¡f	 kh¿fŸ	

-	 rkgo¤jhd	 tif¡bfG¢	 rk‹ghLfŸ	 -	 tçir	 x‹W	

cila	rkgo¤jhd	tif¡bfG¢	rk‹ghLfis		Ô ® ¡ F «	

Kiw	 -	 tçir	 x‹Wila	 neçaš	tif¡bfG¢	 rk‹ghL	 -	

bjhifp£L¡		fhuâ	-	kh¿è	Fzf§fis¡	bfh©l	tçir

6.3 kh¿è Fzf§fis¡ bfh©l tçir Ïu©Lila neçæaš 

tif¡bfG¢  rk‹ghLfŸ

 Jiz¢	 rk‹ghL	 k‰W«	 ãu¥ò¢	 rh®ò	 -	 Áw¥ò¤	 bjhif	 -	

bghJ¤	Ô®Î

139

169
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7. Ïil¢brUfš k‰W« ne®¡nfhL bghU¤Jjš

7.1 Ïil¢brUfš

 tiugl	 Kiwæš	 Ïil¢brUfš	 fhzš	 -	 Ïil¢	

brUfY¡fhd	Ïa‰fâj		 KiwfŸ	 -	 Â£lkhd	

ntWghLfŸ	-	»çnfhç	-	ãô£lå‹	K‹neh¡F	N¤Âu¤ij	 

	 jUé¡F«	 Kiw	 -	 »çnfhç	 -	 ãô£lå‹	 Ã‹ndh¡F	

N¤Âu¤ij¤	jUé¡F«	Kiw	-	Ïy¡uhŠÁæ‹	N¤Âu«

7.2 ne®¡nfhL bghU¤Jjš

 Ájwš	tiugl«	-	Û¢ÁW	t®¡f¡	bfhŸif	-	Û¢ÁW	t®¡f¡	

bfhŸif	_y«	Ïašãiy¢	rk‹ghLfis¤	jUé¤jš

8. ãfœjfÎ gutšfŸ

8.1 rkthŒ¥ò kh¿ k‰W« ãfœjfÎ rh®ò

 jå¤j	rkthŒ¥ò	kh¿	-	jå¤j	rkthŒ¥ò	kh¿æ‹	ãfœjfÎ	

rh®ò	k‰W«	ãfœjfÎ	gutš	-	Fé¥ò¥	gutš	rh®ò	-	bjhl®	

rkthŒ¥ò	kh¿	-	ãfœjfÎ	ml®¤Â¢	rh®ò	-	bjhl®	gutš	rh®ò

8.2 fz¡»aš vÂ®gh®¤jš

8.3 jå¤j ãfœjfÎ gutšfŸ

 <UW¥ò	gutš	-	ghŒrh‹	gutš

8.4 bjhl® gutš

 Ïašãiy	 gutš	 -	 Ïašãiy¥	 gutè‹	 g©òfŸ	 -	 Â£l	

Ïašãiy¥	gutš

9. TbwL¥ò c¤ÂfŸ k‰W« òŸëæaš cŒ¤Jz®jš

9.1 TbwL¤jš k‰W« ÃiHfë‹ tiffŸ

 TbwL¤jš	k‰W«	TWfŸ	-	KGik¤	bjhFÂ	msit	k‰W«	

TW	 msit	 -	 TbwL¤jè‹	 mtÁa«	 -	 TbwL¥ò	 Kiw	

Â£l¤Âš	cŸs	gofŸ	-	TbwL¤jè‹	tiffŸ	-	TbwL¥ò	

Kiw	rh®ªj	k‰W«	rhuh	ÃiHfŸ

9.2 TbwL¤jš gutšfŸ

 Ïašãiy	 KGik¤	 bjhFÂæèUªJ	 bgw¥gL«	 ruhr-

çæ‹	TbwL¤j	gutš	-		 ika	 všiy¤	 nj‰w«	 -	 é»j	

msÎfë‹	TbwL¤j	gutš		-	Â£l¥	ÃiH

200

228

267
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9.3 kÂ¥ÃLjš

 kÂ¥Õ£L	msit	-	òŸë	kÂ¥ÕL	k‰W«	Ïilbtë	kÂ¥ÕL	

-	 KGik¤	 bjhFÂæ‹	 ruhrç	 k‰W«	 é»j	 msé‰fhd	

e«Ã¡if	Ïilbtë

9.4 vLnfhŸ nrhjid

 kW¡f¤j¡f	 vLnfhŸ	 k‰W«	 kh‰W	 vLnfhŸ	 -	 ÃiHfë‹	

tiffŸ	-	ãuhfç¥ò¥	gFÂ	mšyJ	Ô®Îfh£L«	gFÂ	k‰W«	

K¡»a¤Jtk£l«	-K¡»a¤Jt¢	nrhjid

10. ga‹gh£L¥ òŸëæaš

10.1 neça Â£lälš

 neça	 Â£lälš	 fz¡»‹	 f£lik¥ò	 -	 neça	 Â£lälš	

fz¡if	cUth¡Fjš	 -	 neça	Â£lälè‹	 ga‹ghLfŸ	 -	

Áy	K¡»a	tiuaiwfŸ	-	tiugl«	_y«	Ô®Î	fhzš

10.2 x£LwÎ k‰W« bjhl®ò¥ ngh¡F

 x£Lwé‹	bghUŸ	-	Ájwš	és¡f¥gl«	-	x£LwÎ¡	bfG	-	

x£LwÎ¡	bfGé‹	všiyfŸ	-	bjhl®ò¥	ngh¡F	-	rh®òŸs	

kh¿	-	rh®g‰w	kh¿	-	ÏU	bjhl®ò¥	ngh¡F	nfhLfŸ

10.3 fhy«rh® bjhl® tçiræ‹ gF¥ghŒÎ

 fhy«rh®	 bjhl®	 tçir	 gF¥ghŒé‹	 ga‹fŸ	 -	 fhy«rh®	

bjhl®	tçiræ‹	TWfŸ	-	totik¥ò	-	ÚŸfhy¥	ngh¡»id	

mséLjš

10.4 F¿p£bl©fŸ

 F¿p£L	v©fë‹	tiffŸ	-	F¿p£L	v©fë‹	ga‹fŸ	-	

F¿p£L	v©		mik¡F«	éj«	-	ãiwæ£l	F¿p£L	v©fŸ	

-	F¿p£L	v©fS¡fhd		 nrhjidfŸ	 -	 thœ¡if¤ju	

F¿p£bl©	 -	 thœ¡if¤ju	 F¿p£bl©iz	 mik¡F«	

KiwfŸ	-	thœ¡if¤	ju	F¿p£bl©â‹	ga‹fŸ

10.5 òŸëæaš ju¡f£L¥ghL

 khWghLfS¡fhd	 fhuz§fŸ	 -	 òŸëæaš	

ju¡f£L¥gh£o‹	g§F	k‰W«	mj‹	ga‹fŸ	-	brašgh£L¤	

ju¡f£L¥ghL	 k‰W«	 c‰g¤Â	 bghUë‹	 ju¡	 f£L¥ghL	  

	 -	ju¡	f£L¥gh£L¥	gl§fŸ

éilfŸ 

 Â£l Ïašãiy¥ gutš m£ltiz

	 7	Kjš	 10	tiuæyhd	ghl§fëš	cŸs	fz¡Ffis¤	Ô®Î	

brŒa	fâ¥gh‹fis¥	ga‹gL¤j	nt©L«

290

349

365
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mâfŸ k‰W« mâ¡nfhitfë‹ ga‹ghLfŸ

__________________________________________________
 mâfŸ	 k‰W«	 	 mâ¡nfhitfë‹	 ga‹ghLfŸ	 bghUshjhu«,	 thâg«,	

bjhêš	 ngh‹w	 gy	Jiwfëš	äFªJ	cŸsd.	 eh«	Ïªj¥	 ghl¤Âš	mâfŸ	k‰W«	

mâ¡nfhitfŸ	 g‰¿a	 Áy	 òÂa	 E£g§fis¥	 gæ‹W	 mt‰¿‹	 ga‹ghLfis	

m¿ayh«.

1.1 X® mâæ‹ ne®khW (Inverse of a matrix)

1.1.1 X® mâ¡nfhitæ‹ cW¥òfë‹ Á‰wâfŸ k‰W« Ïiz¡ fhuâfŸ

 A v‹w	mâ¡nfhitæ‹	aij v‹w	X®	cW¥Ã‹	Á‰wâ (Minor) v‹gJ A Ïš 

ÏUªJ	 aij cŸs	ãiu,	ãušfis	éL¤J¥	bgw¥gL«	mâ¡nfhit	MF«.	mij	Mij 
vd¡	F¿¥ngh«.	 Mij  v‹gJ aij Ï‹	Á‰wâ	våš aij - Ï‹	Ïiz¡	fhuâ (cofactor) 
Cij v‹gJ	Ñœf©lthW	tiuaW¡f¥gL»wJ.

i + j Ïu£il¥gil	v©	våš

i + j x‰iw¥gil	v©	våš

C
M

M

ij

i
i

j
j =

−-

,

,−{
 mjhtJ	Ïiz¡	fhuâfŸ,	F¿æl¥g£l	Á‰wâfŸ	MF«.

 
a a
a a

11 12

21 22
 v‹w	mâ¡nfhitæš

  M11 = a22, M12 = a21, M21 = a12, M22 = a11

nkY«  C11 = a22, C12 = – a21, C21 = – a12, C22 = a11

 

a a a
a a a
a a a

11 12 13

21 22 23

31 32 33
 v‹w	mâ¡nfhitæš

 

M C

M C

11
22 23

32 33
11

22 23

32 33

12
21 23

31 33
12

21

= =

= =

a a

a a

a a

a a

a a

a a

a

, ;

,
aa

a a

a a

a a

a a

a a

a a

a

23

31 33

13
21 22

31 32
13

21 22

31 32

21
12 13

32

;

, ;M C

M

= =

=
aa

a a

a a33
21

12 13

32 33

, C =

-

-

     Ï‹dÃw	cŸsd.

1



2

1.1.2  xU rJu mâæ‹ nr®¥ò mâ	(Adjoint of a square matrix)

 A v‹w	 rJu	 mâæ‹	 x›bthU	 cW¥igÍ«	 mâ¡nfhit	 | A | Ïš mªj 

cW¥Ã‹	 Ïiz¡	 fhuâahš	 gÂÄL	 brŒJ	 bgw¥gL«	 mâæ‹	 ãiu	 ãuš	 kh‰W	

mâ,	A æ‹	nr®¥ò mâ	MF«.	mjid Adj A v‹W	F¿¥ngh«.

 mjhtJ  Adj A = At
c

F¿¥ò :

(i) A = 
a b
c d





  våš, Ac = 

d c
b a

−
−







 ∴ Adj A = At
c = 

d b
c a

−
−







 vdnt 
a b
c d







 v‹w	2 × 2 rJu	mâæ‹

 nr®¥ò	mâia 
d b
c a

−
−





  vd	cldoahf	vGjyh«.

(ii) Adj I = I, ÏÂš I v‹gJ	XuyF	mâ.

(iii)  A (Adj A) = (Adj A) A = | A | I

(iv) Adj (AB) = (Adj B) (Adj A)

(v) A v‹gJ	tçir	2 cila	rJu	mâbaåš, |Adj A| = |A|

 A v‹gJ	tçir	3 cila	rJu	mâbaåš, |Adj A| = |A|2

vL¤J¡fh£L 1

A = 
1 2
4 3

--ÊÊ
ËËÁÁ

ˆ̂
¯̃̃̄  v‹w mâæ‹ nr®¥ò mâia vGjÎ«.

Ô®Î :

 Adj A = 
3 2

4 1−






vL¤J¡fh£L 2

A = 

0 1 2
1 2 3
3 1 1

ÊÊ

ËË

ÁÁ
ÁÁ

ˆ̂

¯̄

˜̃
˜̃  v‹w mâæ‹ nr®¥ò mâia¡ fh©f.
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Ô®Î :

 

C C C

C

11 12 13

21

2 3

1 1
1

1 3

3 1
8

1 2

3 1
5= = − = − = = = −

=

, , ,

−− = = = − = − =

=

1 2

1 1
1

0 2

3 1
6

0 1

3 1
3

1 2

2

22 23

31

, , ,C C

C
33

1
0 2

1 3
2

0 1

1 2
132 33= − = − = = = −, , ,C C

A

0 1

1 2=
2

3
3 1 1

, t
Adj A = A c

Now,ÏÂš,

 

C C C

C

11 12 13

21

2 3

1 1
1

1 3

3 1
8

1 2

3 1
5= = − = − = = = −

=

, , ,

−− = = = − = − =

=

1 2

1 1
1

0 2

3 1
6

0 1

3 1
3

1 2

2

22 23

31

, , ,C C

C
33

1
0 2

1 3
2

0 1

1 2
132 33= − = − = = = −, , ,C C

 

∴ =
− −

−
− −















Ac

1 8 5

1 6 3

1 2 1

vdnt,	

               

Adj A

t

=
− −

−
− −















=
− −

−
− −















1 8 5

1 6 3

1 2 1

1 1 1

8 6 2

5 3 1

1.1.3  ó¢Áa¡ nfhit mâahf Ïšyhj mâæ‹ ne®khW  (Inverse of a non - 
singular matrix)

 A v‹w	ó¢Áa¡nfhit	mâahf	Ïšyhj	mâæ‹	ne®khW mâ	v‹gJ AB = 
BA = I vd	mikÍ«.	B v‹w	mâ	MF«.	 B I  A-1 vd¡	F¿¥ngh«.

F¿¥ò :

(i)  rJu	mâ	mšyhj	mâ¡F	ne®khW	»ilahJ.

(ii) |A| ≠ 0 vd	ÏUªjhš	k£Lnk A v‹w	mâ¡F	ne®khW	ÏU¡F«.	mjhtJ A xU 

ó¢Áa¡	nfhit	mâ	våš	A–1 »ilahJ.

(iii) B v‹gJ A Ï‹	ne®khW	våš	A v‹gJ B Ï‹	ne®khW	MF«. mjhtJ B = A–1 
våš A = B–1 MF«.

(iv) A A–1 = I = A–1 A

(v)  X®	 mâ¡F	 ne®khW	 ÏU¡Fkhdhš	 mJ	 xUik¤	 j‹ik	 thŒªjjhF«.	

mjhtJ	vªj	mâ¡F«	x‹W¡F	nk‰g£l	ne®khWfŸ	ÏU¡fhJ.

(vi) A–1 Ï‹	tçirÍ« A Ï‹	tçirÍ«	rkkhf	ÏU¡F«.
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(vii) I–1 = I

(viii) (AB)–1 = B–1 A–1,    (ne®khWfŸ	ÏU¡Fkhdhš)

(ix) A2 = I våš A–1 = A MF«.

(x) AB = C våš 

 (a) A = CB–1 (b) B = A–1C, (ne®khWfŸ	ÏU¡Fkhdhš)

(xi) A(Adj A) = (Adj A) A = |A| I v‹gJ	eh«	m¿ªjnj.

 
∴ = = ≠A

A
Adj A

A
Adj A A A

1 1
1 0

| |
( )

| |
( ) (| |)

 

vdnt, =A
A

Adj A−1 1

| |
( ). mjhtJ, A

A
Adj A

A
At

c
− − =1 11 1

| |
( ).

| |
That is, A

(xii)  Let A =






a b
c d ,  |A| = ad – bc ≠ 0 v‹f.

 vdnt,	Now A A

A

c =
−

−






=
−

−






=
−

−
−







−

d c
b a

d b
c a

ad bc
d b
c a

t
c.

1 1

 ∴ 

Now A A

A

c =
−

−






=
−

−






=
−

−
−







−

d c
b a

d b
c a

ad bc
d b
c a

t
c.

1 1

 ∴ 2 × 2 tçirÍila 
a b
c d





  v‹w	rJu	mâæ‹	ne®khW	ad – bc ≠ 0  våš,	

1

ad bc
d b
c a−

−
−







 v‹W	cldoahf	vGjyh«.

vL¤J¡fh£L 3

A = 
5 3
4 2

ÊÊ
ËËÁÁ

ˆ̂
¯̃̃̄

, v‹w mâ¡F ne®khW mâ ÏU¡Fkhdhš mjid¡ fh©f.

Ô®Î :

 | |A =
5 3

4 2 = – 2 ≠ 0 ∴ A–1 cŸsJ.

 
A− =

−
−

−






= −
−

−






1 1

2

2 3

4 5

1

2

2 3

4 5



5

vL¤J¡fh£L 4

(i) A ==
--

--
ÊÊ
ËËÁÁ

ˆ̂
¯̃̃̄

2 6

3 9
  (ii) A ==

--

--

ÊÊ

ËË

ÁÁ
ÁÁ

ˆ̂

¯̄

˜̃
˜̃

3 1 2

2 7 3

6 2 4

 v‹w mâfS¡F ne®khW mâfŸ 

»ilahJ vd¡ fh£Lf.

Ô®Î :

(i)   ∴ A–1 »ilahJ.

(ii)   ∴ A–1 »ilahJ.

vL¤J¡fh£L 5

A = 
2 3 4

3 2 1

1 1 2--

ÊÊ

ËË

ÁÁ
ÁÁ

ˆ̂

¯̄

˜̃
˜̃

, v‹w mâ¡F ne®khW ÏU¡Fkhdhš, mjid¡ fh©f.

Ô®Î :

  = 15 ≠ 0 ∴ A–1 cŸsJ.

 A–1 = 
1

| |A
At

c

 

C C C

C C

11 12 13

21 22

2 1

1 2
5

3 1

1 2
7

3 2

1 1
1

3 4

1 2
10

2 4

1

=
−

= − = −
−

= = =

= −
−

= =

, , ,

,
−−

= − = − =

= = − = − = = = −

2
8

2 3

1 1
1

3 4

2 1
5

2 4

3 1
10

2 3

2 2
5

23

31 32 33

, ,

, , ,

C

C C C

vdnt,	
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vL¤J¡fh£L 6

A = 

3 2 3

2 1 1

4 3 2

--
--

--

ÊÊ

ËË

ÁÁ
ÁÁ

ˆ̂

¯̄

˜̃
˜̃  , B =  

1

17

5

17

1

17
8

17

6

17

9

17
10

17

1

17

7

17

−

− −























 v‹w mâfŸ x‹W¡bfh‹W ne®khW MF« 

v‹W fh£Lf.

Ô®Î :

 

AB =
−

−
−















3 2 3

2 1 1

4 3 2  

1

17

5

17

1

17
8

17

6

17

9

17
10

17

1

17

7

17

−

− −























 

I

   A k‰W« B rJu	mâfshfÎ« AB = I v‹W«	ÏU¥gjhš	mit	x‹W¡bfh‹W	

ne®khW	MF«.

gæ‰Á 1.1

1. 
−





1 3

2 1
 v‹w	mâæ‹	nr®¥ò	mâia	vGJf.

2. 
2 0 1

5 1 0

0 1 3

−













 v‹w	mâæ‹	nr®¥ò	mâia¡	fh©f.

3. A = 
− − −













4 3 3

1 0 1

4 4 3

 v‹w	mâæ‹	nr®¥ò	mâ	mnj	mâ	jh‹	v‹W	fh£Lf.

4. A = 
1 1 1

1 2 3

2 1 3

−
−















 v‹w	mâ¡F, A (Adj A) = (Adj A) A = | A | I v‹gij¢	rçgh®¡f.



7

5. A = 
3 1

4 2





 , B = 

−





1 0

2 1 , v‹w	mâfS¡F	Adj (AB) = (Adj B) (Adj A) v‹gij¢	

rçgh®¡fÎ«.

6. A = (aij) v‹w	tçir	Ïu©L	cila	mâæš aij = i + j, våš,	mâA ia	vGÂ	

|Adj A| = |A| v‹gij¢	rçgh®¡fÎ«.

7. A = 
1 1 1

2 1 1

3 1 1

−

−













  v‹w	mâ¡F | Adj A | = | A |2 v‹gij¢	rçgh®¡f.

8. A = 
2 4

3 2−




  v‹w	mâæ‹	ne®khW	mâia	vGJf.

9. A = 
1 0 2

3 1 1

2 1 2















 v‹w	mâæ‹	ne®khW	fh©f.

10. A = 
1 0

0 1

0 0 1

a
b















 v‹w	mâæ‹	ne®khW	fh©f.

11. A = 
a

a
a

1

2

3

0 0

0 0

0 0














,	Ï§F a1, a2, a3 v‹gd	ó¢Áakšy	våš,	A–1 I¡	fh©f.

12. A = 
− −

−
−















1 2 2

4 3 4

4 4 5
 våš, A Ï‹	ne®khW	A jh‹	v‹W	fh£Lf.

13. A–1 = 
1 3 4

3 2 2

1 1 1















 våš, A I¡	fh©f.

14. A = 
2 3 1

1 2 3

3 1 2















 , B = 

1

18

5

18

7

18
7

18

1

18

5

18
5

18

7

18

1

18

−

−

−























 v‹gd	x‹W¡bfh‹W	ne®khW	v‹W	fh£Lf.
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15. A = 
2 3

4 8

−
−







 våš A–1 I¡	fh©f.	mj‹	thæyhf 4A–1 = 10 I – A vd¡	fh£Lf.

16. A = 
4 3

2 1− −




  våš (A–1)–1 = A v‹gij¢	rçgh®¡fÎ«.

17. A = 
3 1

2 1−






, B = −





6 0

0 9
 våš,	(AB)–1 = B–1 A–1, v‹gij¢	rçgh®¡fÎ«.

18. 
6 7 1

3 5

9 11

−













λ
λ

 v‹w	mâ¡F	ne®khW	Ïšiybaåš λ Ï‹	kÂ¥ò	fh©f. 

19. X = 
1 2 3

2 4 5

3 5 6















, Y = 
1 3 2

3 3 1

2

−
− −















p q
 våš	 Y = X–1 v‹W	 mikÍkhW, p, q Ï‹	

kÂ¥òfis¡	fh©f.

20. 
4 3

5 2

−





 X = 
14

29







, våš	mâ X I¡	fh©f.

1.2  neçaš rk‹ghLfë‹ bjhFÂfŸ 

(SYSTEMS OF LINEAR EQUATIONS)

1.2.1 X® mâæ‹ cŸ mâfŸ (submatrices) k‰W« Á‰wâfŸ (minors)

 A v‹w	 X®	 mâæèUªJ	 mj‹	 Áy	 ãiufisÍ«	 ãušfisÍ«	 jé®¤J¡	

»il¡F«	mâfŸ A Ï‹	cŸ mâfŸ	MF«.

v.fh.	 A = 

3 2 4 1 5

2 0 1 1 4

2 1 0 4 2

3 1 4 1 2

−


















 våš,	mj‹	Áy	cŸ	mâfŸ	:

 

3 2

2 0

3 5

2 4

2 4

3 2

1 4

0 2

2 4 1

0 1 1

























−






, , , ,

,

00 1 4

1 0 2

1 4 2

4 1

1 1

4 1

3 2 4 5

2 0 1 4

3 1 4 2















−




























, and 
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3 2

2 0

3 5

2 4

2 4

3 2

1 4

0 2

2 4 1

0 1 1

























−






, , , ,

,

00 1 4

1 0 2

1 4 2

4 1

1 1

4 1

3 2 4 5

2 0 1 4

3 1 4 2















−




























, and  k‰W« 

3 2

2 0

3 5

2 4

2 4

3 2

1 4

0 2

2 4 1

0 1 1

























−






, , , ,

,

00 1 4

1 0 2

1 4 2

4 1

1 1

4 1

3 2 4 5

2 0 1 4

3 1 4 2















−




























, and 

 rJu	 cŸ	 mâfë‹	 mâ¡nfhitfŸ	 mªj	 mâæ‹	 Á‰wâfŸ 

v‹wiH¡f¥gL«.	A Ï‹	Á‰wâfëš	Áy	:

 

2 4

0 1

1 4

1 1

3 2

2 0

3 4 1

2 1 1

2 0 4

1 1 4

0 4 2

4 1 2

, , , −

−
3 5

3 2
, k‰W« 

 

1.2.2 mâæ‹ ju« (Rank of matrix)

 A v‹w	ó¢Áa	mâ	mšyhj	X®	mâæ‹	ρ(A) vd	F¿¡f¥gL«	ju« ‘r’ v‹w	

äif	KG	v©zhf	ÏU¡f

(i) A Ï‹	‘r’ tçirÍila	VnjD«	X®	Á‰wâahtJ	ó¢Áak‰W	ÏU¡f	nt©L«.	 

	 nkY«

(ii) ‘r’ tçiria	 él	 mÂf	 tçirÍila A Ï‹	 všyh	 Á‰wâfS«	 ó¢Áakhf	 

	 ÏU¡f	nt©L«.

F¿¥ò :

(i) A v‹w	mâæ‹	ju«	v‹gJ	mªj	mâæ‹	ó¢Áa	kÂ¥Ãšyhj	Á‰wâfë‹	 

	 tçirfëš	Û¥bgU	v©	MF«.

(ii) A Ï‹	tçir	m × n våš ρ(A) ≤ {m, n fëš	Á¿a	v©}

(iii) ó¢Áa	mâæ‹	ju«	ó¢ÁakhF«.

(iv) ó¢Áa	mâ	mšyhj	mâ	A-‹	ju« ρ(A) > 1 MF«. 

(v) n × n tçirÍila	ó¢Áa¡	nfhit	mâ	mšyhj	mâæ‹	ju« n MF«.

(vi)  ρ(A) = ρ(At)

(vii) ρ(I2) = 2, ρ(I3) = 3

vL¤J¡fh£L 7

A = 
2 1 3

1 0 2

0 1 5

--
ÊÊ

ËË

ÁÁ
ÁÁ

ˆ̂

¯̄

˜̃
˜̃  v‹w mâæ‹ ju« fh©f.

Ô®Î :

 A Ï‹	tçir 3 × 3. ∴ ρ(A) ≤ 3. A -æš	cŸs	xnu	xU	_‹wh«	tçir	Á‰wâ
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2 1 3

1 0 2

0 1 5

− = – 2 ≠ 0.

 tçir	_‹W	cila	Á‰wâ	ó¢Áakhf	Ïšiy.

  ∴ ρ(A) = 3.

vL¤J¡fh£L 8

A = 
4 5 6

1 2 3

3 4 5

ÊÊ

ËË

ÁÁ
ÁÁ

ˆ̂

¯̄

˜̃
˜̃

 v‹w mâæ‹ ju« fh©f.

Ô®Î :

A Ï‹	tçir 3 × 3. ∴ ρ(A) ≤ 3.  A-	æš	cŸs	xnu	xU	_‹wh«	tçir	Á‰wâ

 

4 5 6

1 2 3

3 4 5

0=

 A-æš	cŸs	xnu	xU	_‹wh«	tçir	cila	Á‰wâÍ«	ó¢Áakhf	cŸsJ.

 ∴ ρ(A) ≤ 2

 tçir	Ïu©L	cila	Á‰wâfis¡	fh©ngh«.

 mt‰¿š 
4 5

1 2
= 3 ≠ 0

 ó¢Áa«	mšyhj	Ïu©lh«	tçir	Á‰wâ	cŸsJ.

  ∴ ρ(A) = 2

vL¤J¡fh£L 9

A = 
2 4 5
4 8 10
6 12 15-- -- --

ÊÊ

ËË

ÁÁ
ÁÁ

ˆ̂

¯̄

˜̃
˜̃

  v‹w mâæ‹ ju« fh©f.

Ô®Î :

 A æ‹	tçir 3 × 3.   ∴ ρ(A) ≤ 3

 A-æš	cŸs	tçir	_‹W	cila	xnu	xU	Á‰wâ
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2 4 5

4 8 10

6 12 15− − −   = 0   (R1 ∝ R2)

 vdnt ρ(A) ≤ 2

 tçir	 Ïu©L	 cila	 Á‰wâfis¡	 fh©ngh«.	 mit	 mid¤J«	 ó¢Áa	

kÂ¥òilad	v‹gJ	btë¥gil.

 ∴ ρ(A) ≤ 1 

 A v‹gJ	ó¢Áa	mâ	mšy.	 ∴ ρ (A) = 1

vL¤J¡fh£L 10

A = 
1 3 4 7
9 1 2 0

--ÊÊ
ËËÁÁ

ˆ̂
¯̃̃̄   v‹w mâæ‹ ju« fh©f.

Ô®Î :

 A Ï‹	tçir 2 × 4.   ∴ ρ(A) ≤ 2

 tçir	Ïu©L	cila	Á‰wâfis¡	fh©ngh«.	mt‰¿š

 

1 3

9 1
28 0

−
= ≠

 

 tçir	Ïu©L	cila	ó¢Áa«	mšyhj	Á‰wâ	cŸsJ.

 ∴ ρ(A) = 2

vL¤J¡fh£L 11

A = 
1 2 4 5
2 1 3 6
8 1 9 7

--
--

ÊÊ

ËË

ÁÁ
ÁÁ

ˆ̂

¯̄

˜̃
˜̃

 v‹w mâæ‹ ju« fh©f.

Ô®Î :

 A Ï‹	tçir 3 × 4.   ∴ ρ(A) ≤ 3

 tçir	_‹W	cila	Á‰wâfis¡	fh©ngh«	mt‰¿š

 

1 2 4

2 1 3

8 1 9

40 0

−
− = − ≠

 tçir	_‹W	cila	ó¢Áa«	mšyhj	Á‰wâ	cŸsJ.

  ∴ ρ(A) = 3.
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1.2.3  mo¥gil¢ brašfS«, rkhd mâfS« 

           (Elementary operations and equivalent matrices)

 X®	mâæ‹	ju«	fhz	eh«	éiHÍ«	nghJ	Jt¡f¤Ânyna	ó¢Áak‰w	Á‰wâ	

»il¡f¥	 bgwhéoš	 ju«	 fhQ«	 Ka‰Á	 fodkhdjh»éL«.	 Ïªj¥	 Ãu¢ridia¤	

Ô®¡f	mo¥gil¢ brašfŸ	thæyhf	mâæš	gy	ó¢Áa§fis¥	òF¤Â	Á‰wâfë‹	

kÂ¥òfis¡	 fhQ«	 ntiyia	 vëjh¡F»nwh«.	 mo¥gil¢	 brašfis	

brašgL¤Jtjhš	X®	mâæ‹	ju«	khwhJ	vd	ãUÃ¡f	KoÍ«.

 Ã‹tUtd	mo¥gil¢	brašfshF«.

  (i) ÏU	ãiufis¥	gçkh‰w«	brŒjš.

 (ii) xU	ãiuia	ó¢Áa«	mšyhj	v©zhš	bgU¡Fjš.

 (iii) xU	ãiuæ‹	kl§Ffis	k‰bwhU	ãiuÍl‹	T£Ljš.

 A v‹w	mâæš	F¿¥Ã£l	 v©â¡if	cŸs	mo¥gil¢	 brašfŸ	_y«	 B 
v‹w	mâ	bgw¥gLkhæ‹ A k‰W« B mâfŸ	rkhd mâfŸ vd¥gL«.	Ïij A ~ B 
v‹W	F¿¥ngh«.

 nkY«	bfhL¡f¥g£l	mâæš	 gy	ó¢Áa§fis	 òF¤J«	 nghJ	mâia	xU	

K¡nfhz mik¥ò¡F (triangular form) kh‰WtJ	ešyJ.	Mdhš	Ï›thW	jh‹	brŒa	

nt©Lbk‹gÂšiy.	

 A = (aij) v‹w	mâæš	 i > j vD«	 nghJ aij = 0 våš	mâ,	 xU	K¡nfhz	

mik¥Ãš	ÏU¥gjhf¢	brhšy¥gL«.

 v.fh 
1 2 3 4

0 7 3 0

0 0 2 9













  v‹w	mâ	xU	K¡nfhz	mik¥Ãš	cŸsJ.

vL¤J¡fh£L 12

A = 
5 3 14 4
0 1 2 1
1 1 2 0--

ÊÊ

ËË

ÁÁ
ÁÁ

ˆ̂

¯̄

˜̃
˜̃

  v‹w mâæ‹ ju« fh©f.

Ô®Î :

 A Ï‹	tçir 3 × 4.   ∴ ρ(A) ≤ 3

 mâia	xU	K¡nfhz	mik¥Ã‰F	kh‰w«	brŒnth«.

 

A =
−















5 3 14 4

0 1 2 1

1 1 2 0  



13

  R1 ↔ R3 -I	brašgL¤Âdhš

 

A~

1 1 2 0

0 1 2 1

5 3 14 4

−













  

  R3 → R3 – 5R1 I	brašgL¤Âdhš

 

A~

1 1 2 0

0 1 2 1

0 8 4 4

−













  R3 → R3 – 8R2 I	brašgL¤Âdhš

 

A~

1 1 2 0

0 1 2 1

0 0 12 4

−

− −















 ÏJ	xU	K¡nfhz	mik¥Ãš	cŸsJ.

 ÏÂš 

1 1 2

0 1 2

0 0 12

12 0

−

−
= − ≠

 tçir	_‹Wila	ó¢Áa«	mšyhj	Á‰wâ	cŸsJ. ∴ ρ(A) = 3.

vL¤J¡fh£L 13

A = 

1 1 1 1
1 3 2 1
2 0 3 2

--
--

ÊÊ

ËË

ÁÁ
ÁÁ

ˆ̂

¯̄

˜̃
˜̃  v‹w mâæ‹ ju« fh©f.

Ô®Î :

 A Ï‹	tçir 3 × 4.   ∴ ρ(A) ≤ 3

 mâia	xU	K¡nfhz	mik¥Ã‰F	kh‰w«	brŒnth«.

 

A = −
−















1 1 1 1

1 3 2 1

2 0 3 2

  R2 → R2 – R1, 

  R3 → R3 – 2R1 Ïitfis¢	brašgL¤Âdhš
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A ~

1 1 1 1

0 2 3 0

0 2 5 0

−
− −















  R3 → R3 + R2 I	brašgL¤Âdhš

 

A ~

1 1 1 1

0 2 3 0

0 0 8 0

−
−















 

 ÏJ	xU	K¡nfhz	mik¥Ãš	cŸsJ.

	 ÏÂš,

 

1 1 1

0 2 3

0 0 8

16 0−
−

= − ≠

 tçir	_‹W	cila	ó¢Áa«	mšyhj	Á‰wâ	cŸsJ.

 ∴ ρ(A) = 3

vL¤J¡fh£L 14

A = 
4 5 2 2
3 2 1 6
4 4 8 0

ÊÊ

ËË

ÁÁ
ÁÁ

ˆ̂

¯̄

˜̃
˜̃

 v‹w mâæ‹ ju« fh©f.

Ô®Î :

 A Ï‹	tçir 3 × 4.   ∴ ρ(A) ≤ 3

 mâia	xU	K¡nfhz	mik¥Ã‰F	kh‰Wnth«.

  A A =














4 5 2 2

3 2 1 6

4 4 8 0

  R3 → R3

4
 I	brašgL¤Âdhš

 

A ~

4 5 2 2

3 2 1 6

1 1 2 0
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  R1 ↔ R3 I	brašgL¤Âdhš

 

~
1 1 2 0
3 2 1 6
4 5 2 2















  

  R2 → R2 – 3R1,  

  R3 → R3 – 4R1  Ïitfis¢	brašgL¤Âdhš

 

A ~

1 1 2 0

0 1 5 6

0 1 6 2

− −
−















  

  R3 → R3 + R2  I	brašgL¤Âdhš

 

A ~

1 1 2 0

0 1 5 6

0 0 11 8

− −
−















  

 ÏJ	xU	K¡nfhz	mik¥Ãš	cŸsJ.

	 ÏÂš,	 

1 1 2

0 1 5

0 0 11

11 0− −
−

= ≠

 _‹W	tçir	cila	ó¢Áa«	mšyhj	Á‰wâ	cŸsJ.

 ∴ ρ(A) = 3

1.2.4 neçaš rk‹ghLfë‹ bjhFÂfŸ

 kh¿fŸ	 x‹wh«	 goæš	 k£L«	 ÏU¡F«	 (xU§fik)	 rk‹ghLfë‹	 bjhFÂ	

neçaš	rk‹ghLfë‹	bjhFÂ	vd¥gL«. 

 neçaš	 rk‹ghLfë‹	 bjhFÂia AX = B v‹W	 vGjyh«.	 vL¤J¡fh£lhf  
x – 3y + z = – 1, 2x + y – 4z = – 1, 6x – 7y + 8z = 7 v‹w	rk‹ghLfis

 

1 3 1

2 1 4

6 7 8

1

1

7

−
−

−





























=
−
−















x
y
z

 v‹W	mâ	mik¥Ãš	vGjyh«.

  A X   =    B

 A ¡F Fzf mâ (coefficient matrix) v‹W	bga®.	A cl‹	mj‹	tyJòw« B 
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mâia	xU	ãuyhf	Ïiz¤J¥	bgW«	mâ, 

 
1 3 1 1

2 1 4 1

6 7 8 7

− −
− −

−





















 v‹w	äif¥gL¤j¥g£l mâ	(augmented matrix) MF«.

 

 Ïij (A, B) vd¡	F¿¥ngh«.

 neçaš	 rk‹ghLfë‹	 bjhFÂ	 x‹¿š	 cŸs	 x›bthU	 rk‹gh£o‹	

jå	 cW¥ò«	 ó¢Áakhf	 ÏUªjhš	 m¤bjhFÂ	 rk go¤jhd bjhFÂ 

(homogeneous system) MF«.	 xU	 neçaš	 rk	 go¤jhd	 rk‹ghLfë‹	

bjhFÂia AX = O vd	 vGjyh«. vL¤J¡fh£lhf 3x + 4y – 2z = 0, 5x + 2y = 0,  
3x – y + z = 0 v‹w	rk‹ghLfis

 

3 4 2

5 2 0

3 1 1

0

0

0

−

−





























=














x
y
z

 v‹W	mâ	mik¥Ãš	vGjyh«.

  A  X  =   O

1.2.5 rk‹ghLfë‹ x¥òik¤ j‹ik (Consistency of equations)

 xU	 rk‹gh£L¤	 bjhFÂ¡F	 FiwªjJ	 xU	 Ô®ntQ«	 ÏU¡Fkhdhš	

m¤bjhFÂ	x¥òik¤j‹ik cila bjhFÂ	vd¥gL«.	Ïšiybaåš	x¥òik¤j‹ik 

m‰w bjhFÂ vd¥gL«.

	 x¥òik¤	j‹ik	cila	rk‹gh£L¤	bjhFÂ¡F

 (i) xnu	xU	Ô®Î	(unique solution)  mšyJ  (ii) v©z‰w	Ô®ÎfŸ	(infinite sets of  
      solution) ÏU¡fyh«.

	 Ïij	 és¡F«	 tifæš	 Kjèš	 ÏU	 kh¿fis¡	 bfh©l	 neçaš	

bjhFÂfis¥	gh®¥ngh«.

 4x – y = 8, 2x + y = 10 v‹w	rk‹ghLfŸ (3, 4)  v‹w	òŸëæš	bt£o¡	bfhŸS«	

ÏU	ne®nfhLfis¡	F¿¡»‹wd.	mit	 x = 3, y = 4 v‹w	xnu	xU	Ô®it¡	bfh©l	

x¥òik¤	j‹ik	ciladthF«. (gl«. 1.1)

x¥òik¤j‹ik	cilad ;
xnu	xU	Ô®Î.

y

O x

(3, 4)

gl«. 1.1

4x
 –

 y
 =

 8

2x + y = 10
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 5x – y = 15, 10x – 2y = 30 v‹w	rk‹ghLfŸ	x‹w‹	ÛJ	k‰bwh‹whf	mikÍ«	

ÏU	ne®	nfhLfshF«.	m¡nfh£o‹	ÛJ	cŸs	x›bthU	òŸëÍ«	m¢rk‹ghLfë‹	

Ô®Îfshf	mika¡	fh©»nwh«.	Ï¢rk‹ghLfŸ	x¥òik¤	j‹ik	cilad,	  x = 1, y 
= – 10 ; x = 3, y = 0 ; x = 4, y = 5 ngh‹w	v©z‰w	Ô®Îfis¥	bg‰WŸsd.

x¥òik¤j‹ik	cilad ;
v©z‰w	Ô®ÎfŸ.

y

O x
(3, 0)

(1, –10)

(4, 5)

gl«. 1.2

5x
 – 

y =
 15

,   
10

x –
 2y

 =
 30

 4x – y = 4 , 8x – 2y = 5 v‹gd	ÏU	ÏiznfhLfis¡	F¿¡»‹wd.	mitfŸ	

x¥òik¤	j‹ik	m‰w	rk‹ghLfŸ	MF«.	mt‰¿‰F	Ô®Îfns	»ilahJ.	(gl«	1.3)

x¥òik¤j‹ik	m‰wit

Ô®Îfns	»ilahJ.

y

O x
gl«. 1.3

8x
 – 

2y
 =

 5
4x

 – 
y =

 4

 Ï¥nghJ	 _‹W	 kh¿fëš	 mikÍ«	 neçaš	 bjhFÂia¡	 fh©ngh«.	

vL¤J¡fh£lhf	2x + 4y + z = 5, x + y + z = 6, 2x + 3y + z = 6 v‹gd	x¥òik¤	j‹ik	

cilait.	Ïit x = 2, y = – 1, z = 5 v‹w	xnu	xU	Ô®it¥	bg‰WŸsd. x + y + z = 1,  
x + 2y + 4z = 1, x + 4y + 10z = 1 v‹w	rk‹ghLfŸ	x¥òik¤	j‹ik	cŸsit	jh‹,	

Mdhš x = 1, y = 0, z = 0 ; x = 3, y = – 3, z = 1 ngh‹w	v©z‰w	Ô®Îfis¥	bg‰WŸsd.	

m¤jifa	v©z‰w	Ô®ÎfŸ	mid¤J« x = 1 + 2k, y = – 3k, z = k v‹gÂš	ml§F«	

(ÏÂš k v‹gJ	xU	bkŒba©	MF«).

 x + y + z = – 3, 3x + y – 2z = – 2, 2x + 4y + 7z = 7 v‹w	rk‹ghLfS¡F	xU	Ô®Î	

Tl	Ïšiy.	mit	x¥òik¤	j‹ik	m‰w	rk‹ghLfŸ	MF«.

 všyh	rkgo¤jhd	rk‹ghLfS¡F«	x = 0, y = 0, z = 0. v‹w ó¢Áa¤ Ô®ÎfŸ 

(trivial solutions) c©L. vdnt	 všyh	 rkgo¤jhd	 rk‹ghLfS«	 x¥òik¤	

j‹ik	 cilad.	 rkgo¤jhd	 rk‹ghLfis¥	 bghW¤jtiuæš	 x¥òik¤	 j‹ik	

ciladth	 Ïšiyah	 v‹w	 nfŸé¡nf	 Ïläšiy.	 rkgo¤jhd	 rk‹ghLfS¡F	

ó¢Áa	 Ô®ÎfnshL	 k‰w	 Ô®ÎfS«	 ÏU¡fyh«	 mšyJ	 ÏšyhkY«	 ÏU¡fyh«.	

vL¤J¡fh£lhf x + 2y + 2z = 0, x – 3y – 3z = 0, 2x + y – z = 0 v‹w	rk‹ghLfS¡F 
x = 0, y = 0, z = 0 v‹w	 ó¢Áa	 Ô®ÎfŸ	 k£Lnk	 cŸsd. Mdhš x + y – z = 0,  
x – 2y + z = 0, 3x + 6y – 5z = 0 v‹w	 rk‹ghLfS¡F x = 1, y = 2, z = 3 ;  
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x = 3, y = 6, z = 9 ngh‹w	v©z‰w	Ô®ÎfŸ	cŸsd.	mit	mid¤J« x = t, y = 2t,  
z = 3t v‹gÂš	ml§F«. (t v‹gJ	xU	bkŒba©	MF«).

1.2.6  mâæ‹ ju« thæyhf rk‹ghLfë‹ x¥òik¤ j‹ikia MuhŒjš (Testing 
the consistency of equations by rank method)

‘n’ kh¿fëš cŸs AX = B v‹w rk‹ghLfis vL¤J¡ bfhŸnth«.

1. ρ(A, B) = ρ(A) våš,	rk‹ghLfŸ	x¥òik¤	j‹ik	ciladthf	ÏU¡F«.

2. ρ(A, B) ≠ ρ(A) våš,	rk‹ghLfŸ	x¥òik¤	j‹ik	m‰witahf	ÏU¡F«.

3. ρ(A, B) = ρ(A) = n  våš,	 rk‹ghLfŸ	 x¥òik¤j‹ikæš	 xnu	 xU	 Ô®it¥	

bg‰¿U¡F«.

4. ρ(A, B) = ρ(A) < n våš,	rk‹ghLfŸ	x¥òik¤	j‹ikæš	v©z‰w	Ô®Îfis¥	

bg‰¿U¡F«.

‘n’ kh¿fëš AX = 0 v‹w rk‹ghLfis vL¤J¡ bfhŸnth«.

1. ρ(A) = n våš,	rk‹ghLfS¡F	ó¢Áa¤	Ô®ÎfŸ	k£Lnk	c©L.

2. ρ(A) < n våš,	rk‹ghLfS¡F	ó¢Áa¤	Ô®ÎfSl‹	k‰w	Ô®ÎfS«	c©L.

vL¤J¡fh£L 15

2x – y + z = 7, 3x + y – 5z = 13, x + y + z = 5 v‹w rk‹ghLfŸ x¥òik¤ j‹ikÍilad 

v‹W«, Ô®ÎfŸ xUik¤ j‹ikÍilait v‹W« fh£Lf.

Ô®Î :

 rk‹ghLfë‹	mâ	tot«

 

2 1 1
3 1 5
1 1 1

7
13
5

−
−





























=














x
y
z

  A  X  =   B

	 ÏÂš,

 (A, B)  = 
2 1 1 7
3 1 5 13
1 1 1 5

−
−





















  R1 ↔ R3   I	brašgL¤Âdhš

  ~ 
1 1 1 5
3 1 5 13
2 1 1 7







−
−















 R2 → R2 – 3R1,   

 

   R3 → R3 – 2R1 Ïitfis¢	brašgL¤Âdhš
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   ~ 
1 1 1 5
0 2 8 2
0 3 1 3







− − −
− − −















 R3 → R3 –  3
2

 R2 I	brašgL¤Âdhš

  ~ 

1 1 1 5
0 2 8 2
0 0 11 0







− − −














 ρ(A, B) = 3, ρ(A) = 3 v‹gJ	btë¥gil.

 kh¿fë‹	v©â¡if	3,

	 vdnt

 ρ(A, B) = ρ(A) = kh¿fë‹	v©â¡if.

 ∴ Ïªj¢	 rk‹ghLfŸ	 x¥òik¤	 j‹ik	 cilad.	 nkY«	 Ô®ÎfŸ	 xUik¤	

j‹ikÍilad.

vL¤J¡fh£L 16

 x + 2y = 3, y – z = 2, x + y + z = 1 v‹w rk‹ghLfŸ x¥òik¤j‹ik cilad 

v‹W« v©z‰w Ô®Îfis¥ bg‰WŸsd v‹W« fh£Lf.

Ô®ÎfŸ :

 rk‹ghLfë‹	mâ	mik¥ò

 

1 2 0
0 1 1
1 1 1

3
2
1

−




























=














x
y
z  

  A       X  =   B

ÏÂš, (A, B)  = 
1 2 0 3
0 1 1 2
1 1 1 1







−














   R3 → R3 – R1 I	brašgL¤Âdhš

 (A, B)  ~ 
1 2 0 3
0 1 1 2
0 1 1 2







−
− −















   R3 → R3 + R2  I	brašgL¤Âdhš
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 (A, B) ~ 
1 2 0 3
0 1 1 2
0 0 0 0







−














 ρ(A, B) = 2, ρ(A) = 2 v‹gJ	btë¥gil.	kh¿fë‹	v©â¡if	3.

 vdnt ρ(A, B) = ρ(A) < kh¿fë‹	v©â¡if.

 ∴ Ïªj¢	rk‹ghLfŸ	x¥òik¤	j‹ik	cilad.	nkY«	v©z‰w	Ô®Îfis¥	

bg‰WŸsd.

vL¤J¡fh£L 17

 x – 3y + 4z = 3, 2x – 5y + 7z = 6, 3x – 8y + 11z = 1 v‹w rk‹ghLfŸ x¥òik¤ 

j‹ik m‰wit v‹W fh£Lf.

Ô®Î :

 rk‹ghLfë‹	mâ	tot«

 

1 3 4
2 5 7
3 8 11

3
6
1

−
−
−





























=














x
y
z  

  A       X  =   B

ÏÂš,

 (A, B)  = 
1 3 4 3
2 5 7 6
3 8 11 1

−
−
−





















   R2 → R2 – 2R1,   

   R3 → R3 – 3R1 Ïitfis¢	brašgL¤Âdhš

 (A, B)  ~ 

1 3 4 3
0 1 1 0
0 1 1 8

−
−
−





















   R3 → R3 – R2 I	brašgL¤Âdhš

 (A, B) ~ 
1 3 4 3
0 1 1 0
0 0 0 8

−
−

−
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 ρ(A, B) = 3, ρ(A) = 2 v‹gJ	btë¥gil

	 vdnt ρ(A, B) ≠ ρ(A)

 ∴ rk‹ghLfŸ	x¥òik¤j‹ik	m‰wit.

vL¤J¡fh£L 18

 x + y + z = 0, 2x + y – z = 0, x – 2y + z = 0 v‹w rk‹ghLfS¡F ó¢Áa¤ Ô®ÎfŸ 

k£Lnk cŸsd vd¡ fh£Lf.

Ô®Î :

 rk‹ghLfë‹	mâ	tot«

 

1 1 1
2 1 1
1 2 1

0
0
0

−
−





























=














x
y
z

                           A       X  =   O

        

A = −
−















1 1 1
2 1 1
1 2 1

  R2 → R2 – 2R1

  R3 → R3 – R1  Ïitfis¢		brašgL¤Âdhš

 

A ~
1 1 1
0 1 3
0 3 0

− −
−















  R3 → R3 – 3R2 I¢	brašgL¤Âdhš

 

A ~
1 1 1
0 1 3
0 0 9

− −














 ρ(A) = 3 v‹gJ	btë¥gil.

	 kh¿fë‹	v©â¡if	3.

 vdnt	ρ(A) = kh¿fë‹	v©â¡if

 ∴ Ïªj¢	rk‹ghLfS¡F	ó¢Áa¤	Ô®ÎfŸ	k£Lnk	c©L.

vL¤J¡fh£L 19

 3x + y + 9z = 0, 3x + 2y + 12z = 0, 2x + y + 7z = 0 v‹w rk‹ghLfS¡F ó¢Áa¤ 

Ô®ÎfnshL k‰w Ô®ÎfS« c©L vd¡ fh£Lf.
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Ô®Î :

 rk‹ghLfë‹	mâ	tot«

 

3 1 9
3 2 12
2 1 7

0
0
0





























=














x
y
z

  A       X  =   O

 

3 1 9

3 2 12

2 1 7

|A| =

=

= =
3 1 9

3 2 12

2 1 7

0
3 1

3 2
3 0,

 

 ∴ ρ(A) = 2

 kh¿fë‹	v©â¡if 3.

 vdnt ρ(A) < kh¿fë‹	v©â¡if

 ∴ Ïªj¢	rk‹ghLfS¡F	ó¢Áa¤	Ô®ÎfnshL	k‰w	Ô®ÎfS«	c©L.

vL¤J¡fh£L 20

 2x + 3y – z = 5, 3x – y + 4z = 2, x + 7y – 6z = k v‹w rk‹ghLfŸ x¥òik¤ 

j‹ikÍila rk‹ghLfëš våš k Ï‹ kÂ¥ig¡ fh©f.

Ô®Î :

 

( ) ,

| |

A,B A

A

=
−

−
−















=
−

−
−















2 3 1 5
3 1 4 2
1 7 6

2 3 1
3 1 4
1 7 6





 k

==
−

−
−

=
−

= − ≠
2 3 1
3 1 4
1 7 6

0
2 3
3 1

11 0,

 ρ(A) = 2.

 bfhL¡f¥g£l	 rk‹ghLfŸ	 x¥òik¤	 j‹ik	 ciladthf	 ÏU¡f	

nt©Lbkåš,	ρ(A, B) Í«	2	Mf	ÏU¡f	nt©L«.	vdnt (A, B) Ï‹	tçir	_‹W	

cila	x›bthU	Á‰wâÍ«	ó¢Áakhf	nt©L«.
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� =
3 -1 5

-1 4 2

7 -6 k

0

 

 ⇒   k = 8.

vL¤J¡fh£L 21

 x + y + z = 3, x + 3y + 2z = 6, x + 5y + 3z = k v‹gd x¥òik¤ j‹ik m‰w 

rk‹ghLfŸ våš k Ï‹ kÂ¥ig¡ fh©f.

Ô®Î :

 

( ) ,A, B A=














=














1 1 1 3
1 3 2 6
1 5 3

1 1 1
1 3 2
1 5 3





 k

 

| | ,A = = = ≠
1 1 1
1 3 2
1 5 3

0
1 1
1 3

2 0

 ρ(A) = 2 v‹gJ	btë¥gil

 bfhL¡f¥g£l	 rk‹ghLfŸ	 x¥òik¤	 j‹ik	 m‰w	 rk‹ghLfshf	 ÏU¡f	

nt©Lbkåš	ρ(A, B) v‹gJ	2	Mf	ÏU¡f¡	TlhJ.

 

(A, B) =














1 1 1 3
1 3 2 6
1 5 3





 k  

  R2 → R2 – R1,   

  R3 → R3 – R1 	Ïitfis¢	brašgL¤Âdhš

 

(A, B) ~
1 1 1 3
0 2 1 3
0 4 2 3





 k −















 

  R3 → R3 – 2R2 	I	brašgL¤Âdhš

 

(A, B) ~
1 1 1 3
0 2 1 3
0 0 0 9





 k −















 

  k ≠ 9 våš ρ(A, B) v‹gJ	2	Mf	ÏU¡fhJ.
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 ∴ bfhL¡f¥g£l	rk‹ghLfŸ	x¥òik¤	j‹ik	m‰witahf	ÏU¡f k MdJ	9	

mšyhj	VnjD«	xU	bkŒba©zhf	ÏU¡f	nt©L«.

vL¤J¡fh£L 22

 x + 3y + z = 0, 3x – 4y + 4z = 0, kx – 2y + 3z = 0 v‹w rk‹ghLfS¡F ó¢Áa¤ 

Ô®ÎfnshL k‰w Ô®ÎfS« ÏU¡FkhW  k  Ï‹ kÂ¥ig¡ fh©f.

Ô®Î :

 

A = −
−















k

k

3 1
3 4 4

2 3

 rkgo¤jhd	 rk‹ghLfS¡F	 ó¢Áa¤	 Ô®ÎfnshL	 k‰w	 Ô®ÎfS«	 ÏU¡f	

nt©Lbkåš	 ρ(A) v‹gJ	 kh¿fë‹	 v©â¡ifiaél¡	 Fiwthf	 ÏU¡f	

nt©L«.

 ∴ ρ(A) ≠ 3

 vdnt 
k

k

3 1
3 4 4

2 3
−
−















 = 0  ⇒  k = 11
4

vL¤J¡fh£L 23

 x + 2y + 2z = 0, x – 3y – 3z = 0, 2x + y + kz = 0 v‹w rk‹ghLfS¡F ó¢Áa¤ 

Ô®ÎfŸ k£Lnk c©blåš  k Ï‹ kÂ¥ig¡ fh©f.

Ô®Î :

 

A = − −














1 2 2
1 3 3
2 1 k  

 rkgo¤jhd	 rk‹ghLfS¡F	ó¢Áa¤	 Ô®ÎfŸ	 k£Lnk	ÏU¡f	 ρ(A) kh¿fë‹	

v©â¡if¡F¢	rkkhf	ÏU¡f	nt©L«.

 

∴ − − ≠ ≠
1 2 2
1 3 3
2 1

0 1
k

k, .

 

 ⇒ k ≠ 1 mjhtJ k MdJ	 1	 mšyhj	 VnjD«	 xU	 bkŒba©zhf	 ÏU¡f	

nt©L«.
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gæ‰Á 1.2

1) Ã‹tU«	x›bthU	mâæ‹	ju«	fh©f.

 

(i) ii iii
1 2 3
3 2 1
4 2 5

3 2 1
0 4 5
3 6 6

1 2 3
2 4 6
3 6 9

































( ) ( )









 

 

(iv) v vi
−













− − − −















−2 1 3 4
0 1 1 2
1 3 4 7

1 2 3 4
2 4 6 8
1 2 2 4

2
( ) ( )

11 3 4
0 1 1 2
1 3 4 7− − − −















 

(vii) viii ix
1 3 4 3
3 9 12 9
1 3 4 3

1 2
3 4

9 6
6 4



















 −







( ) ( )

 

2) A = 
1 1 1
2 3 4
3 2 3

−
−
−















 k‰W« B = 

− − −













1 2 1
6 12 6
5 10 5

 våš	A + B k‰W« AB M»at‰¿‹	 

 

	 ju«	fh©f.

3) 

x y
x y
x y

1 1

2 2

3 3

1
1
1













         v‹w	mâæ‹	ju«	3		¡F¡	Fiwthf	ÏU¥Ã‹ (x1, y1), (x2, y2) 

 k‰W« (x3, y3) v‹w	òŸëfŸ	xnu	nfh£oš	mikÍ«	vd¡	fh£Lf.

4) 2x + 8y + 5z = 5, x + y + z = – 2, x + 2y – z = 2 v‹w	rk‹ghLfŸ	xnu	xU	Ô®Îl‹	 

x¥òik¤	j‹ik	bfh©lit	vd¡	fh£Lf.

5) x – 3y – 8z = – 10, 3x + y – 4z = 0, 2x + 5y + 6z = 13 v‹w	rk‹ghLfŸ	v©z‰w	 

Ô®ÎfSl‹	x¥òik¤j‹ik	bfh©lit	vd¡	fh£Lf.

6) 4x – 5y – 2z = 2, 5x – 4y + 2z = – 2, 2x + 2y + 8z = –1 v‹w	 rk‹ghLfë‹	 

x¥ò¤j‹ikia	MuhŒf.

7) 4x – 2y = 3, 6x – 3y = 5 v‹w	 rk‹ghLfŸ	 x¥òik¤	 j‹ik	 m‰wit	 vd¡	 

	 fh£Lf.

8) x + y + z = – 3, 3x + y – 2z = – 2, 2x + 4y + 7z = 7 v‹w	rk‹ghLfŸ	x¥òik¤	

j‹ik	m‰wit	vd¡	fh£Lf.

9) x + 2y + 2z = 0, x – 3y – 3z = 0, 2x + y – z = 0 v‹w	rk‹ghLfS¡F x = 0, y = 0 
k‰W«  z = 0 v‹w	Ô®Îfis¤	jé®¤J	ntW	Ô®ÎfŸ	»ilahJ	vd¡	fh£Lf.
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10) x + y – z = 0, x – 2y + z = 0, 3x + 6y – 5z = 0 v‹w	 rk‹ghLfS¡F	ó¢Áa¤	 

	 Ô®ÎfSl‹	k‰w	Ô®ÎfS«	c©L	vd¡	fh£Lf.

11) x + 2y – 3z = – 2, 3x – y – 2z = 1, 2x + 3y – 5z = k v‹w	rk‹ghLfŸ	x¥òik¤	

j‹ik		cila	rk‹ghLfbsåš	k	Ï‹	kÂ¥ig¡	fh©f.

12) x + y + z = 1, 3x – y – z = 4, x + 5y + 5z = k v‹w	rk‹ghLfŸ	x¥òik¤	j‹ik	

m‰w	rk‹ghLfbsåš	k Ï‹	kÂ¥ig¡	fh©f.

13) 2x – 3y + z = 0, x + 2y – 3z = 0, 4x – y + kz = 0 v‹w	rk‹ghLfS¡F	ó¢Áa¤	 

Ô®ÎfnshL	k‰w	Ô®ÎfS«	ÏU¡FkhW k Ï‹	kÂ¥ig¡	fh©f.

14) x + 2y + 3z = 0, 2x + 3y + 4z = 0, 7x+ ky+9z = 0 v‹w	rk‹ghLfS¡F	ó¢Áa¤	Ô®Î	 

mšyhj	ntW	Ô®ÎfŸ	Ïšiybaåš k Ï‹	kÂ¥ig¡	fh©f.

1.3  neçaš rk‹ghLfë‹ Ô®ÎfŸ

(SOLUTIONS OF LINEAR EQUATIONS)
1.3.1 mâfis¥ ga‹gL¤Â¤ Ô®Î fhzš (Solution by Matrix method)

 | A | ≠ 0, vD«	nghJ	AX = B v‹w	rk‹ghLfë‹	xnu	Ô®Î X = A–1B MF«.

vL¤J¡fh£L 24

 2x – y = 3, 5x + y = 4 v‹w rk‹ghLfis mâ Kiwæš Ô®¡f.

Ô®Î :

 bfhL¡f¥g£l	rk‹ghLfë‹	mâ	tot«

 

2 1
5 1

3
4

−











=






x
y  

      A     X =  B

 
| |A =

−
= ≠

2 1
5 1

7 0
 

 ∴ rk‹ghLfë‹	xnu	Ô®Î  X = A–1B

 

⇒






=
−













⇒






=
−







⇒



x
y
x
y
x
y

1
7

1 1
5 2

3
4

1
7

7
7




=
−







∴ = = −
1
1

1 1x y,
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vL¤J¡fh£L 25

 2x + 8y + 5z = 5, x + y + z = – 2, x + 2y – z = 2 v‹w rk‹ghLfis mâfis¥ 

ga‹gL¤Â¤ Ô®¡f.

Ô®Î :

 bfhL¡f¥g£l	rk‹ghLfë‹	mâ	tot«

 

2 8 5
1 1 1
1 2 1

5
2

2−





























= −














x
y
z   

cofactors
+ − − − − − + −
− − − + − − − −

+ −

( ), ( ), ( )
( ), ( ), ( )

(

1 2 1 1 2 1
8 10 2 5 4 8
8 55 2 5 2 8), ( ), ( )− − + −

Ïiz¡	fhuâfŸ

 

 

| |A =
−

= ≠
2 8 5
1 1 1
1 2 1

15 0

	 rk‹ghLfë‹	xnu	Ô®Î	

 X = A–1B MF«.

	 Ï¥nghJ A–1 I¡	fh©ngh«.

 

Ac =
−

−
−















3 2 1
18 7 4
3 3 6

 

A

A
A

A

c
1

1

3 18 3
2 7 3
1 4 6

1 1
15

3 18 3
2 7 3
1 4 6

=
−

−
−















= =
−

−
−









−

| |
t
c






vdnt,

 

x
y
z

x
y
z















=
−

−
−















−



























1
15

3 18 3
2 7 3
1 4 6

5
2

2


=

−

−





























=
−













= − =

1
15

45
30
15

3
2
1

3 2

ie.,
x
y
z

x y, ,, z = −1

–
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vL¤J¡fh£L 26

 xU bg©kâ 8Ð, 8
3
4

Ð k‰W« 9Ð, jå t£o Åj§fëš bt›ntW KjÄLfŸ  

brŒjh®. mt® bkh¤j¤Âš %.40,000 KjÄL brŒJŸsh®. M©L¡F %.3,455 t£o 

bgW»wh®. mt® 9Ð Ïš 8Ð él %.4,000 mÂfkhf KjÄL brŒJŸsh® våš 

x›bthU rjÅj¤ÂY« KjÄL brŒJŸsJ v›tsÎ ? Ô®it mâ Kiwæš 

f©LÃo¡fÎ«.

Ô®Î :

 8%, 8
3
4

% k‰W« 9% Ïš	 brŒa¥g£l	 KjÄLfŸ	 Kiwna %.	 x, %.	 y, k‰W«             

%.	z v‹f.

 fz¡»‹	go  x + y + z = 40,000

 
x y z´ ´ + ´ ´ + ´ ´ =8 1

100

35 1

400

9 1

100
3455  k‰W«

 z – x = 4,000
⇒ x + y + z = 40,000
 32x + 35y + 36z = 13,82,000
 x – z = – 4,000
 Ï¢rk‹ghLfë‹	mâ	mik¥ò

 1 1 1
32 35 36
1 0 1

40 000
13 82 000

4 000−





























=
−








x
y
z

,
, ,

,








  A          X  =        B

 

| A | =
−

= − ≠
1 1 1
32 35 36
1 0 1

2 0

       ∴  rk‹ghLfë‹	xnu	Ô®Î X = A–1B

 eh«	Ï¥nghJ A–1 I¡	fhzyh«.	

 

A

A

c =
− −

−
−















=
−

− −
−















35 68 35
1 2 1
1 4 3

35 1 1
68 2 4
35 1 3

t
c

  

+ − − − − − + −

− − − + − − − −

+

( ), ( ), ( )

( ), ( ), ( )

(

35 0 32 36 0 35

1 0 1 1 0 1

336 35 36 32 35 32− − − + −), ( ), ( )

Ïiz¡	fhuâfŸ

       ∴  

 

A =
A

A− =
−

−
− −

−















1 1 1
2

35 1 1
68 2 4
35 1 3

| |
t
c
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x
y
z















= −
−

− −
−















−

1
2

35 1 1
68 2 4
35 1 3

40 000
13 82 000

4 0

,
, ,

, 000

1
2

22 000
28 000
30 000















⇒














= −
−
−
−















⇒

x
y
z

x

,
,
,

yy
z















=














11 000
14 000
15 000

,
,
,

 vdnt 8%, 8
3
4

% k‰W« 9% Ïš	brŒj	KjÄLfŸ	Kiwna	%.11,000,	%.14,000	

k‰W«	%14,000	k‰W«	%.15,000	MF«.

1.3.2 mâ¡nfhit Kiwæš Ô®Î fhzš  
          (Solution by Determinant method) 

»uhkç‹ éÂ (Cramer’s rule)

 a1x + b1y + c1z = d1,  a2x + b2y + c2z = d2,  a3x + b3y + c3z = d3 v‹w	

rk‹ghLfis	vL¤J¡	bfhŸnth«.

 

Let ∆ ∆

∆

= =

=

a b c
a b c
a b c

d b c
d b c
d b c

a d c
a d

x

y

1 1 1

2 2 2

3 3 3

1 1 1

2 2 2

3 3 3

1 1 1

2 2

,

cc
a d c

a b d
a b d
a b d

z2

3 3 3

1 1 1

2 2 2

3 3 3

, ∆ =

  v‹f

 ∆ ≠ 0, vD«	nghJ	xnu	Ô®Î

 x y zx y z= = =
∆
∆

∆
∆

∆
∆

, ,  MF«.

vL¤J¡fh£L 27

 x + 2y + 5z = 23, 3x + y + 4z = 26, 6x + y + 7z = 47 v‹w rk‹ghLfis  

mâ¡nfhit Kiwæš Ô®¡f.

Ô®Î :

	 bfhL¡f¥g£l	rk‹ghLfŸ	

 x + 2y + 5z = 23

∴
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 3x + y + 4z = 26 

 6x + y + 7z = 47

∆ ∆

∆ ∆

= = − ≠ = = −

= = −

1 2 5
3 1 4
6 1 7

6 0
23 2 5
26 1 4
47 1 7

24

1 23 5
3 26 4
6 47 7

12

;

;

x

y z == = −
1 2 23
3 1 26
6 1 47

18

 »uhkç‹	éÂ¥go 

 

� = =
−

−
= = =

−

−
=

= =
−

−
= Þ = = =

x y

z x y z

x y

z

∆

∆

∆

∆

∆

∆

24

6
4

12

6
2

18

6
3 4 2 3

;

; , ,
 

vL¤J¡fh£L 28

 2x – 3y – 1 = 0, 5x + 2y – 12 = 0 v‹w rk‹ghLfis »uhkç‹ éÂia¥ 

ga‹gL¤Â¤ Ô®¡f.

Ô®Î :

	 bfhL¡f¥g£l	rk‹ghLfŸ 2x – 3y = 1, 5x + 2y = 12

 

∆ ∆

∆

=
−

= ≠ =
−

=

= =

2 3
5 2

19 0
1 3

12 2
38

2 1
5 12

19

; x

y

 »uhkç‹	éÂ¥go,

 

∴ = = = = = =

⇒ = =

x y

x y

x y∆
∆

∆
∆

38
19

2 19
19

1

2 1

,

,  

vL¤J¡fh£L 29

 bt›ntW juF Åj§fisÍila A, B, C v‹w _‹W bghUŸfis flªj 

_‹W khj§fëš xU é‰gidahs® é‰gid brŒjj‰fhd étu§fŸ ÑnHÍŸs 

m£ltizæš bfhL¡f¥g£LŸsd.
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khj§fŸ é‰gid brŒj 

myFfŸ

bg‰w bkh¤j juF 

(%ghæš)

A B C
rdtç 90 100 20 800
Ã¥utç 130 50 40 900
kh®¢ 60 100 30 850

 A, B, C v‹w bghUŸfS¡fhd juF Åj¤ij¡ fh©f. »uhkç‹ Kiwæš 

Ô®¡fÎ«.

Ô®Î :

 A, B k‰W« C Ï‹	juF	Åj§fŸ	X®	myF¡F	Kiwna x, y k‰W« z %ghŒfŸ	

v‹f.

 fz¡»‹	go,

  90x +100y +20z = 800

  130x +50y +40z = 900

  60x +100y +30z = 850

 x›bthU	rk‹gh£ilÍ«	KGtJ«	10	Mš	tF¥gjhš

  9x +10y + 2z = 80

  13x + 5y + 4z = 90

  6x + 10y + 3z = 85

 

∆ ∆

∆

= = − ≠ = = −

=

9 10 2
13 5 4
6 10 3

175 0
80 10 2
90 5 4
85 10 3

350

9 80 2
13 90 4
6 8

; x

x
55 3

700
9 10 80

13 5 90
6 10 85

1925= − = = −; ∆ z

»uhkç‹	éÂ¥go,

 

∴ = = −
−

= = = −
−

=

= = −
−

=

x y

z

x y

z

∆
∆

∆
∆

∆
∆

350
175

2 700
175

4

1925
175

11

;

 

 vdnt	A, B k‰W« C¡fhd	juF	Åj§fŸ	Kiwna	%.2,	%.4	k‰W«	%.11	MF«.
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gæ‰Á 1.3

1)  mâ	Kiwæš	Ã‹tU«	rk‹ghLfis¤	Ô®¡f	:	

 2x + 3y = 7, 2x + y = 5.

2)  Ã‹tU«	rk‹ghLfis	mâ	Kiwæš	Ô®¡f	:

 x – 2y + 3z = 1, 3x – y + 4z = 3, 2x + y – 2z = –1

3)  Ã‹tU«	rk‹ghLfis	»uhkç‹	éÂ¥go¤	Ô®¡f	:

 6x – 7y = 16, 9x – 5y = 35.

4)  mâ¡nfhit	Kiwæš	Ô®¡f	:

 2x + 2y – z – 1 = 0, x + y – z = 0, 3x + 2y – 3z = 1.

5)  »uhkç‹	éÂ¥go¤	Ô®¡f	:

 x + y = 2, y + z = 6, z + x = 4.

6) xU	 Á¿a	 bjhê‰Tl¤Âš	 P, Q v‹w	 ÏUéjkhd	 thbdhè¥	 bg£ofŸ	

jahç¡f¥gL»‹wd.	 mj‰F A, B v‹w	 ÏU	 éjkhd	 thšÎfŸ	

ga‹gL¤j¥gL»‹wd.	 P v‹w	 thbdhè¥	 bg£o¡F	 Ïu©L A thšÎfS«,	

_‹W	 B thšÎfS«	 ga‹gL¤j¥gL»‹wd.	  Q v‹w	 thbdhè¥	 bg£o¡F	

_‹W	 A thšÎfS«	 eh‹F	 B thšÎfS«	 ga‹gL¤j¥gL»‹wd.	

bkh¤j¤Âš	 	 130 A thšÎfS«, 180 B thšÎfS«	 mªj	 bjhê‰Tl¤Âš	

ga‹gL¤j¥g£oU¥Ã‹	jahç¡f¥g£l	thbdhè¥	bg£ofë‹	v©â¡ifia	

mâ	Kiwæš	fh©f.

7)  2	»nyh	 nfhJik	 k‰W«	 1	 »nyh	 r®¡fiuæ‹	éiy	%.	 7	 :	 1	 »nyh	 nfhJik	

k‰W«	1	»nyh	mçÁæ‹	éiy	%.	7	:	3	»nyh	nfhJik,	2	»nyh	r®¡fiu	k‰W«	

1	»nyh	mçÁæ‹	éiy	%.	17	våš	x›bth‹¿‹	éiyiaÍ«	mâ	Kiwæš	

fh©f.

8)  X, Y k‰W« Z v‹w	_‹W	bghUŸfis A, B k‰W« C v‹w	_‹W	éahghçfŸ	

th§»	é‰»wh®fŸ.	  A v‹gt®	X Ï‹	2	myFfisÍ« Z Ï‹	5	myFfisÍ«	

th§», Y Ï‹	 3	 myFfis	 é‰»wh®.	 B v‹gt®	 X Ï‹	 5	 myFfisÍ«,	 Y 
Ï‹	 2	myFfisÍ«	th§», Z Ï‹	 7	myFfis	é‰»wh®. C v‹gt® Y Ï‹	

3	 myFfisÍ« Z Ï‹	 1	 myifÍ«	 th§»,	 X Ï‹	 4	 myFfis	 é‰»wh®.	

Ïªj	 brašghLfëš A, %.	 11	 bgW»wh®. C, %. 5 bgW»wh®.	Mdhš, B %.	 12	

ÏH¡»wh®.	bghU£fŸ	  X, Y k‰W« Z x›bth‹¿‹	éiyia¡	fh©f.	mâ¡	

nfhitfis¥	ga‹gL¤Â¤	Ô®¡f.

9)  xU	 bjhê‰rhiyæš	 ehŸnjhW«	 _‹W	 bghU£fŸ	 c‰g¤Âah»‹wd.	 xU	

ehëš	mj‹	bkh¤j	c‰g¤Â	45	l‹fshf	cŸsJ.	Kjš	bghUë‹	c‰g¤Âia	

él	 _‹wh«	 bghUë‹	 c‰g¤Â	 8	 l‹fŸ	 mÂfkhf	 cŸsJ.	 Kjš	 bghUŸ	

k‰W«	 _‹wh«	 bghUë‹	 bkh¤j	 c‰g¤Â	 Ïu©lh«	 bghUë‹	 c‰g¤Âia¥	

nghš	ÏU	kl§F	cŸsJ.	»uhkç‹	éÂia¥	ga‹gL¤Â	x›bthU	bghUë‹	

c‰g¤Â	msit¡	fh©f.
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1.4 cŸÇL - btëpL gF¥ghŒÎ

(INPUT - OUTPUT ANALYSIS)
 A1 k‰W« A2 v‹w	ÏU	bjhê‰rhiyfis¡	bfh©l	vëikahd	bghUshjhu¡	

f£lik¥ò	x‹iw¡	fUJnth«.	mªj	bjhê‰rhiyfŸ	x›bth‹W«	xnu	xU	éjkhd	

bghUis	 k£Lnk	 c‰g¤Â¢	 brŒtjhf¡	 bfhŸnth«.	 x›bthU	 bjhê‰rhiyÍ«	

jdJ	 brašgh£o‰F,	 j‹	 c‰g¤Âæš	 xU	 gFÂiaÍ«,	 Vidat‰¿‰F	 k‰w	

bjhê‰rhiyæ‹	 c‰g¤ÂiaÍ«	 ga‹gL¤Â¡	 bfhŸ»wJ.	 Ï›éjkhf	 mit	

x‹iwbah‹W	 rh®ªJ	 brašgL»‹wd.	 nkY«	 c‰g¤Â	 KGtJ«	 Efu¥gLtjhf¡	

bfhŸ»nwh«.	 mjhtJ	 x›bthU	 bjhê‰rhiyæ‹	 bkh¤j	 c‰g¤ÂÍ«	 mj‹	

njitiaÍ«,	 k‰w	 bjhê‰rhiyæ‹	 njitiaÍ«,	 btëahç‹	 njit	 mjhtJ	

ÏWÂ¤	njitiaÍ«	rçahf	ãiwÎ	brŒÍkhW	miktjhf¡	bfhŸnth«.	

	 bghUshjhu¡	 f£lik¥ò	 khwhÂU¡F«	 nghJ,	 ÏU	 bjhê‰rhiyfë‹	

j‰nghija	 c‰g¤Â	 msÎfë‹	étu§fë‹	mo¥gilæš,	 btëahç‹	 njitæ‹	

kh‰w¤Â‰F	 V‰wgo	 c‰g¤Â	 msÎfŸ	 vªj	 mséš	 ÏU¡f	 nt©L«	 v‹gij¡	

fhQtnj	ekJ	neh¡fkhF«.

 aij v‹gJ Aj Mš	ga‹gL¤j¥gL« Ai Ï‹	c‰g¤Âæ‹	%ghŒ	kÂ¥ò	v‹f.	ÏÂš 
i,j = 1, 2.

 x1 k‰W« x2 v‹gd	Kiwna A1 k‰W« A2 Ï‹	j‰nghija	c‰g¤Âfë‹	%ghŒ	

kÂ¥òfŸ	v‹f.

 d1 k‰W« d2 v‹gd	 Kiwna	 A1 k‰W« A2 Ï‹	 c‰g¤Â¡fhd	 ÏWÂ¤	

njitfë‹	%ghŒ	kÂ¥òfŸ	fh©f.

 Ït‰¿‹	thæyhf	eh«	mik¡F«	rk‹ghLfŸ

 a11 + a12 + d1 = x1

 a21 + a22 + d2 = x2     — (1)

 nkY«	Let b
a
x
i jij

ij

j
= =, , ,1 2 v‹f

mjhtJ b a
x

b a
x

b a
x

b a
x11

11

1
12

12

2
21

21

1
22

22

2
= = = =, , , ,

vdnt	rk‹ghLfŸ	(1)	I¡	Ñœf©lthW	vGjyh«.

 b11 x1 + b12 x2 + d1 = x1

 b21 x1 + b22 x2 + d2 = x2

Ït‰iw¡	Ñœf©lthW	kh‰¿	vGjyh«.

 (1 – b11) x1 – b12x2 = d1

 – b21 x1 + (1 – b22) x2 = d2.
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Ït‰¿‹	mâ	mik¥ò,

 

1
1

11 12

21 22

1

2

1

2

− −
− −













=






b b
b b

x
x

d
d  

mjhtJ (1 – B) X = D

 ÏÂš B = 
b b
b b

11 12

21 22





 , X = 

x
x

1

2





  k‰W« D = 

d
d

1

2







 X = (1 – B)–1 D MF«.

 mÂš mâ B bjhêš E£g mâ (Technology matrix) v‹W	bga®.

 Ïªj	 bghUshjhu¡	 f£lik¥ò	 brašgL«	 tifæš	 ÏU¡f	 Ah¡»‹-irk‹ 

v‹gt®fsJ	ÏU	ãgªjidfŸ	ãiwÎ	brŒa¥gl	nt©L«.

 B v‹gJ	bjhêšE£g	mâ	våš	Ah¡»‹°-irk‹	ãgªjidfŸ	:

 (i) I – B mâæ‹	 Kj‹ik	 _iyé£l	 cW¥òfŸ	 äif	 v©fshf	 ÏU¡f	

nt©L«.	nkY«

 (ii) | I – B | äif	v©zhf	ÏU¡f	nt©L«.

vL¤J¡fh£L 30

 P v‹w Q ÏU bjhê‰rhiyfis¡ bfh©l bghUshjhu¡ f£lik¥Ã‹ étu« 

ÑnH bfhL¡f¥g£LŸsJ. Ï§FŸs kÂ¥òfŸ Ïy£r %ghŒfis¡ F¿¡F«.

c‰g¤Âahs®
cgnah»¥ngh®

ÏWÂ¤ njit
bkh¤j 

c‰g¤ÂP        Q
P 16       12 12 40
Q 12         8 4 24

 bjhêš E£g mâia¡ f©LÃo¤J, Ïªj bghUshjhu¡ f£lik¥ò Ah¡»‹-

irk‹ ãgªjidfŸ go brašgL« tifæš cŸsjh vd MuhŒf.

Ô®Î :

	 tH¡fkhd	F¿p£oš

 a11 =16,  a12 = 12,  x1 = 40

 a21 =12,  a22 = 8,  x2 = 24

∴ b a
x

b a
x

b a
x

b

11
11

1
12

12

2

21
21

1
22

16
40

2
5

12
24

1
2

12
40

3
10

= = = = = =

= = =

, ,

, == = =
a
x
22

2

8
24

1
3

.
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	 vdnt	bjhêšE£g	mâ

 B = 
2
5

1
2

3
10

1
3

















 I – B = −

 Kj‹ik	_iyé£l	cW¥òfshd 3
5

 k‰W«  2
3

 v‹gd	äif	v©fshf	cŸsd.

 

 nkY«	|I – B| = 
1

4
=    ∴  |I – B| v‹gJ	äif	v©zhf	cŸsd.

 ∴ Ah¡»‹-irkå‹	 ÏU	 ãgªjidfS«	 ãiwÎ	 brŒa¥gL»‹wd.	 vdnt	

Ïªj	bghUshjhu¡	f£lik¥ò	brašgL«	tifæš	cŸsJ.

vL¤J¡fh£L 31

 xU bghUshjhu mik¥Ãš P k‰W« Q v‹w ÏU bjhê‰rhiyfŸ cŸsd. 

mt‰¿‹ njit k‰W« më¥ò ãytu« (%ghŒ nfhofëš) ÑœtU« m£ltizæš 

bfhL¡f¥g£LŸsJ.

c‰g¤Âahs®
cgnah»¥ngh®

ÏWÂ¤ njit
bkh¤j 

c‰g¤ÂP        Q
P 10       25 15 50
Q 20        30 10 60

 P Ï‹ ÏWÂ¤ njitahdJ 35¡F« Q - Ï‹ ÏWÂ¤ njit 42¡F« khW« nghJ 

c‰g¤Âfis¡ fz¡»Lf.

Ô®Î :

tH¡fkhd	F¿p£oš,

 a11 =10,  a12 = 25,  x1 = 50
 a21 =20,  a22 = 30,  x2 = 60

vdnt

 

b
a

x
b

a

x

b
a

x
b

11
11

1
12

12

2

21
21

1
2

10

50

1

5

25

60

5

12

20

50

2

5

= = = = = =

= = =

, ,

, 22
22

2

30

60

1

2
= = =
a

x
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 ∴ bjhêš	E£g	mâ

 B  =  
1

5

5

12

2

5

1

2

 

 I – B =   −

4

 |I – B|  =  

4

5

5

12

2

5

1

2

7

30

−

−

=

 (I – B)–1 = 1
7

30

1
2

5
12

2
5

4
5

30
7

1
2

5
12

2
5

4
5

1
7

15 25
2

12 24

















=

















=












       X = (I – B)–1D

 

=


















=


















=1
7

15 25
2

12 24

35
42

15 25
2

12 24

5
6

1550
204







 P Ï‹	 c‰g¤Â	 %.	 150	 nfho	 kÂ¥òŸsjhÍ«	 Q Ï‹	 c‰g¤Â	 %.204	 nfho	

kÂ¥òŸsjhÍ«	ÏU¡f	nt©L«.

gæ‰Á 1.4

1)  ÏU	 bjhê‰rhiyfisÍila	 bghUshjhu	 mik¥Ã‹	 bjhêš	 E£g	 mâ 
1
2

1
4

2
5

2
3
















våš	 Ah¡»‹-irk‹	 ãgªjidfë‹	 go	 mJ	 brašgL«	 tifæš	

cŸsjh	v‹W	f©LÃo¡f.

2) ÏU	 bjhê‰rhiyfë‹	 bghUshjhu	 mik¥Ãš	 bjhêš	 E£g	 mâ 

3
5

9
10

1
5

4
5

















 

våš	 mªj	 mik¥ò	 Ah¡»‹°-irk‹	 ãgªjidfë‹	 go	 mJ	 brašgL«	

tifæš	cŸsjh	vd	MŒÎ	brŒf.
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3) ÏU	bjhê‰rhiyfë‹	bghUshjhu	f£lik¥Ã‹	bjhêš	E£g	mâ 
2
5

1
10

7
10

3
5

















MF«.	ÏWÂ¤	njitfŸ	34,	 51	myFfshf	khW«	nghJ	c‰g¤Â	msÎfis¡	

fh©f.

4) P k‰W« Q v‹w	ÏU	 bjhê‰rhiyfë‹	 bghUshjhu	mik¥Ã‹	étu«	 ÑnH	

bfhL¡f¥g£LŸsJ	(kÂ¥òfŸ	%ghŒ	äšèa‹fëš)

c‰g¤Âahs®
cgnah»¥ngh®

ÏWÂ¤	njit
bkh¤j	

c‰g¤ÂP        Q

P 14       6 8 28

Q 7       18 11 36

 ÏWÂ¤	njitfŸ	P,20	MfÎ«, Q,30	MfÎ«	khW»wJ	våš	bjhê‰rhiyfë‹	

btëpLfis¡	fh©f.

5) P k‰W« Q v‹w	 ÏU	 bjhê‰rhiyfëš	 c‰g¤ÂfS¡»ilnaahd	 bjhl®ò	

Ã‹tU«	 m£ltizæš	 bfhL¡f¥g£LŸsJ.	 kÂ¥òfŸ	 Ïy£r	 %ghŒfëš	

cŸsd.

c‰g¤Âahs®
cgnah»¥ngh®

ÏWÂ¤	njit
bkh¤j	

c‰g¤ÂP        Q

P 15     10 10 35

Q 20     30 15 65

 ÏWÂ¤	njitfŸ

 (i) P, 12	MfÎ« Q, 18	MfÎ«	khW«	nghJ

 (ii) P, 8	MfÎ« Q, 12	MfÎ«	khW«	nghJ

	 bjhê‰rhiyfë‹	c‰g¤Âfis¡	fh©f.

6) P k‰W« Q v‹w	ÏU	bjhê‰rhiyfë‹	bghUshjhu	mik¥Ãš	njit	k‰W«	

më¥ò	étu§fŸ	ÑnH	äšèa‹	%ghŒfëš	bfhL¡f¥g£LŸsd.

c‰g¤Âahs®
cgnah»¥ngh®

ÏWÂ¤	njit
bkh¤j	

c‰g¤ÂP        Q

P 16     20 4 40

Q  8     40 32 80
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 ÏWÂ¤	 njitfŸ	 P, 18	 MfÎ«	 Q,	 44	 MfÎ«	 khW«	 nghJ	 mt‰¿‹	

btëpLfis¡	fh©f.

7) P k‰W« Q v‹w	 ÏU	 bjhê‰rhiyfë‹	 bghUshjhu	 mik¥Ã‹	 étu§fŸ	

(%ghŒ	nfhofëš)	ÑnH	bfhL¡f¥g£LŸsd.

c‰g¤Âahs®
cgnah»¥ngh®

ÏWÂ¤	njit
bkh¤j	

c‰g¤ÂP        Q

P 50      75 75 200

Q 100     50 50 200

 P -Ï‹	ÏWÂ¤	 njit	 300	MfÎ« Q-Ï‹	ÏWÂ¤	 njit	 600	MfÎ«	 khW«	

nghJ	mt‰¿‹	c‰g¤Â	msÎfis¡	fh©f.

8) P k‰W« Q v‹w	 ÏU	 bjhê‰rhiyfë‹	 c‰g¤ÂfS¡fhd	 bjhl®ò	 nfho	

%ghŒfëš	Ã‹tU«	m£ltizæš	bfhL¡f¥g£LŸsJ.

c‰g¤Âahs®
cgnah»¥ngh® bkh¤j	

c‰g¤ÂP        Q

P 300      800 2,400

Q 600      200 4,000

 P - ¡fhd	k‰W« Q -¡fhd	ÏWÂ¤	njitfŸ	Kiwna	5,000	k‰W«	4,000	Mf	

ÏU¡F«	nghJ	mªj	bjhê‰rhiyfë‹	c‰g¤Âfis¡	fh©f.

1.5 khWjš ãfœjfÎ mâfŸ 

      (TRANSITION PROBABILITY MATRICES)

 Ï›tif	 mâfë‹	 cW¥òfŸ	 ahÎ«	 xU	 ãiyæèUªJ	 k‰bwhU	 ãiy¡F	

khWjè‹	ãfœjfÎfshf	ÏU¡F«.	gy	kh‰w§fë‹	ãfœjfÎfis,	Jt¡f	ãiy¡F,	

mâ¥	 bgU¡fš	 _y«	 brašgL¤Âdhš	 mL¤j	 ãiyæid	 C»¡fyh«.	 Ã‹tU«	

vL¤J¡fh£LfŸ	Ïij	és¡F«.

vL¤J¡fh£L 32

 A k‰W« B v‹w ÏU é‰gid¥ bghUŸfë‹ rªij é‰gid Kiwna 
60% k‰W« 40 % Mf cŸsJ. x›bthU thuK« Áy Ef®nthç‹ éU¥g§fŸ 

khW»‹wd. br‹w thu«  A th§»at®fëš 70% ng®fŸ Û©L«  A th§F»‹wd®. 
30% ng® B-¡F kh¿ éL»wh®fŸ. br‹w thu« B th§»at®fëš 80% ng® mij 

Û©L« th§F»wh®fŸ. 20% ng® A-¡F kh¿ éL»wh®fŸ. ÏU thu§fS¡F¥ ÃwF 

mt®fë‹ rªij¥ g§ÑLfis¡ fh©f. Ïªj ngh¡F bjhlUkhdhš v¥nghJ rkãiy 

v£l¥gL« ?
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Ô®Î :

 khWjš	ãfœjfÎ	mâ	 

A     B

T
A
B

=






0 7 0 3
0 2 0 8

. .

. .

 xU	thu¤Â‰F¥	ÃwF	g§ÑLfŸ

 

A     B
A B A

B
A B

( . . )
. .
. . ( . . )0 6 0 4

0 7 0 3
0 2 0 8 0 5 0 5







=
 

 A = 50%, B = 50%

 ÏU	thu§fS¡F¥	ÃwF	g§ÑLfŸ

 

A     B
A B A

B
A B

( . . )
. .
. . ( . . )0 5 0 5

0 7 0 3
0 2 0 8 0 45 0 55







=
 

 A = 45%,  B = 55%

rkãiy

 rkãiyæš (A    B) T = (A B) ÏÂš A + B = 1

 ⇒ (A  B) 
0 7 0 3
0 2 0 8

. .

. .






  = (A   B)

 ⇒ 0.7 A + 0.2 B  = A

 ⇒ 0.7 A + 0.2 (1 – A) = A  ⇒ A = 0.4

 ∴ A	Ï‹	g§ÑL 40% MfÎ« B Ï‹	g§ÑL 60% MfÎ«	ÏU¡F«	nghJ	rkãiy	

v£l¥gL«.

vL¤J¡fh£L 33

 xU efçš xU òÂa ngh¡Ftu¤J trÂ j‰nghJ brašgh£o‰F tªJŸsJ. 

mjid Ïªj M©L ga‹gL¤Jgt®fëš 10% ng® mL¤j M©L ga‹gL¤jhkš 

j§fë‹ brhªj thfd§fS¡F kh¿ éLt®. ÛÂ 90% ng® bjhl®ªJ m¥òÂa 

ngh¡Ftu¤J trÂia¥ ga‹gL¤Jt®. Ïªj M©L j§fë‹ brhªj thfd§fis¥ 

ga‹gL¤Jgt®fëš 80% ng® mL¤j M©L« bjhl®ªJ mt‰iwna ga‹gL¤Jt®. 

ÛÂ 20% ng® òÂa ngh¡Ftu¤J trÂ¡F kh¿ éLt®. efu¤Â‹ #d¤bjhif 

khwhkèU¡»wJ v‹W« gaâfë‹ Ïªj M©L 50% ng® òÂa ngh¡Ftu¤J 

trÂiaÍ« 50% ng® j§fë‹ brhªj thfd§fisÍ« ga‹gL¤J»‹wd® v‹W« 

bfh©lhš
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(i) Xuh©o‰F ÃwF v¤jid rjÅj« gaâfŸ òÂa ngh¡Ftu¤J trÂia¥  

 ga‹gL¤Jt® ?

(ii)  fhy¥ngh¡»š v¤jid rjÅj« ng® òÂa ngh¡Ftu¤J trÂia¥g  

 ga‹gL¤Jt® ?

Ô®Î :

khWjš	ãfœjfÎ	mâ

 

S     C

T
S
C

=






0 9 0 1
0 2 0 8

. .

. .

Xuh©o‰F	ÃwF

 

S     C
S C S

C
A B

( . . )
. .
. . ( . . )0 5 0 5

0 9 0 1
0 2 0 8 0 55 0 45







=
 

 S = 55%,  C = 45%

fhy¥ngh¡»š	rkãiy	v£l¥gL«

 (S    C) T = (S   C)  ÏÂš S + C = 1

 ⇒ (S  C) 
0 9 0 1
0 2 0 8

. .

. .






  = (S   C)

 ⇒ 0.9 S + 0.2 C  = S

 ⇒ 0.9 S + 0.2 (1 – S) = S   ⇒  S   = 0.67

 ∴ fhy¥ngh¡»š	67% gaâfŸ	òÂa	ngh¡Ftu¤J	trÂia¥	ga‹gL¤Jt®.

gæ‰Á 1.5

1) j‰nghJ	 P k‰W« Q v‹w	 ÏU	 é‰gid¥	 bghUŸfë‹	 rªij	 é‰gid	

Kiwna 70% k‰W« 30% Mf	 cŸsJ.	 x›bthU	 thuK«	 Áy	 Ef®nthç‹	

éU¥g§fŸ	 khW»‹wd.	 br‹w	 thu« P -	 th§»at®fëš	 80% ng®	 Û©L«	

mij	 th§F»‹wd®. 20% ng® Q -¡F	 kh¿éL»‹wd®.	 br‹w	 thu«,	  Q 
th§»at®fëš 40% ng®	 Û©l«	mij	 th§F»‹wd®. 60% ng® P-¡F	 kh¿	

éL»‹wd®.	 Ïu©L	 thu§fS¡F¥	 ÃwF	 mt®fë‹	 rªij¥	 g§ÑLfis¡	

fh©f.	Ïªj	ngh¡F	bjhlUkhdhš	v¥nghJ	rkãiy	v£l¥gL«	?

2)  xU	 thu¥	 g¤Âç¡if¡F¢	 rªjh	 f£LkhW	 nf£L¡	 bfhŸs¥gL«	 foj«	

mªj	 g¤Âç¡if	 mYtyf¤ÂèUªJ	 Vuhskhdt®fS¡F	 mD¥g¥gL»wJ.	

foj«	 bg‰wt®fëš,	 rªjhjhu®fshf	 ÏUªJ	 Û©L«	 rªjh	 f£Lgt® 60% 
MF«.	 rªjhjhu®fshf	 ÏšyhkèUªJ	 òÂajhf	 rªjh	 f£Lgt®fŸ 25% 
MF«.	 Ïnj	 nghš	 K‹d®	 foj«	 mD¥g¥g£l	 nghJ	 foj«	 bg‰wt®fëš 
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40% ng®	 rªjhjhu®fshf¢	 nr®ªjd®	 vd¤	 bjç»wJ.	 j‰nghij	 foj¤ij¥	

bgWgt®fëš	v¤jid	rjÅj«	ng®	rªjhjhuu®fsht®	vd	vÂ®gh®¡fyh«	?

3)  xU	 efçš A, B v‹w	 ÏU	 brŒÂ¤jhŸfŸ	 btëtU»‹wd.	 mitfë‹	

j‰nghija	 rªij¥	 g§ÑL A, 15% k‰W« B, 85% MF«. br‹w	 M©L A 
th§»at®fëš 65% ng®	Û©L«	mij	Ïªjh©L«	th§F»wh®fŸ. 35% ng® 
B¡F kh¿	éL»‹wd®.	br‹w	M©L B th§»at®fëš 55% ng®	Ïªjh©L«	

Û©L«	 mij	 th§F»wh®fŸ. 45% ng® A-¡F kh¿	 éL»wh®fŸ.	 Ïu©L	

M©LfS¡F¥	ÃwF	mt‰¿‹	rªij¥	g§ÑLfis¡	fh©f.

 gæ‰Á 1.6

V‰òila éilia¤ bjçÎ brŒf.

1) |aij| v‹w	mâ¡nfhitæš a23 Ï‹	Á‰wâ a23 Ï‹	Ïiz¡	fhuâ¡F¢	rk«	

våš	Á‰wâ  a23 Ï‹	kÂ¥ò

 a) 1   b) 2   c) 0   d) 3

2) 
0 2
2 0





  Ï‹	nr®¥ò	mâ

 a) 2 0
0 2







  b) 
0 2
2 0

−
−







  c) 
1 0
0 1





   d) 

0 2
2 0







3)  
1 0 0
0 1 0
0 0 1













  Ï‹	nr®¥ò	mâ

 a) 
−

−
−















1 0 0
0 1 0
0 0 1

 b) 

1
3

0 0

0 1
3

0

0 0 1
3























  c) 
1 0 0
0 1 0
0 0 1













   d) 

2 0 0
0 2 0
0 0 2















4) AB = BA = | A | I våš	mâ B v‹gJ

 a) A -Ï‹	ne®khW  b) A	Ï‹	ãiu	ãuš	kh‰W

 c) A Ï‹	nr®¥ò  d) 2A

5) A v‹gJ	3	tçir	cŸs	rJu	mâ	våš | Adj A | Ï‹	kÂ¥ò

 a) |A|2   b) |A|   c) |A|3   d) |A|4

6) |A| = 0 våš |Adj A| Ï‹	kÂ¥ò

 a) 0   b) 1   c) – 1   d) ± 1
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7) 
0 2
2 0







 Ï‹	ne®khW

 a) 0 1
2

2 0













  b) 
0 1

2
1
2

0

















  c) 
0 1

2
1
2

0

−















  d) 2 0
0 2







8) A = 0 8 0 6
0 6 0 8
. .
. .−







 våš A–1 =

 a) −
−







0 8 0 6
0 6 0 8

. .

. .
  b) 0 8 0 6

0 6 0 8
. .
. .

−





 c) 0 8 0 6
0 6 0 8

. .

. .






  d) 0 2 0 4
0 4 0 2
. .
. .−







9) k Ï‹	v«kÂ¥Ã‰F A = 2
3 5

k





 v‹w	mâ¡F	ne®khW	ÏU¡fhJ	?

  a) 3
10

   b) 10
3

   c) 3   d) 10

10)  A = 
2 3 1
3 4 1
3 7 2













  våš A–1 A =

 a) 0  b) A  c) 1  d) A2

11) x›bthU	cW¥ò«	1	Mf	cŸs	xU	n × n mâæ‹	ju«

  a) 1  b) 2  c) n  d) n2

12) x›bthU	cW¥ò«	2	Mf	cŸs	xU n × n mâæ‹	ju«

 a) 1  b) 2  c) n  d) n2 

13) ó¢Áa	mâæ‹	ju«

 a) 0  b) 1  c) – 1  d) ∞

14) xU n × n tçirÍŸs	ó¢Áa¡	nfhit	mâahf	Ïšyhj	mâæ‹	ju«

  a) n  b) n2  c) 0  d) 1

15) neçaš	rkgo¤jhd	rk‹ghLfS¡F	Fiwªj	g£r«	ÏU¥gJ

  a) xU	Ô®Î   b) ÏU	Ô®ÎfŸ

 c) _‹W	Ô®ÎfŸ  d) eh‹F	Ô®ÎfŸ
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16) AX = B v‹w	 rk‹ghLfis	 »uhkç‹	 Kiwæš	 Ô®¡f	 ãiwÎ	 brŒa¥gl	

nt©oa	ãgªjid

  a) |A| = 0 b) |A| ≠ 0 c) A = B d) A ≠ B

17) cŸÇL	 -	 btëpL	 gF¥ghŒé‹	brašgL«	thŒ¥Ã‰fhd	Ah¡»‹°-irk‹	

ãgªjidfë‹	v©â¡if

  a) 1  b) 3  c) 4  d) 2

18)  

A     B

T
A
B

=






0 7 0 3
0 8

. .
.x

 v‹gJ	khWjš	ãfœjfÎ		mâ	våš x =

  a) 0.3  b) 0.2  c) 0.3  d) 0.7
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gFKiw tot fâj«

__________________________________________________
2.1  T«ò bt£ofŸ (CONICS)

T«ig js¤jhš bt£Ltjhš »il¡F« tis tiufŸ

 gutisa«,	 ÚŸt£l«,	 k‰W«	 mÂgutisa«	 v‹gd	 T«ò	 bt£ofŸ	 v‹W	

miH¡f¥gL«	tistiu¤	bjhFÂfë‹	cW¥òfshF«	xU	T«Ãid	xU	js¤jhš	

bt£Ltjhš	nk‰T¿a	tistiufis¥	bgwyh«.	vdnt	jh‹	mit	T«ò	bt£ofŸ	

v‹wiH¡f¥gL»‹wd.

gl« 2.1

gutisa«

mÂgutisa«
t£l«

ÚŸt£l«

 xU	js¤ÂYŸs	efU«	 òŸë	x‹¿‰F«	mnj	js¤ÂYŸs	ãiy¥	 òŸë¡F«	

cŸs	bjhiyÎ	k‰W«	mªj	efU«	òŸë¡F	mnj	js¤ÂYŸs	xU	ãiy¡nfh£o‰F«	

cŸs	bjhiyÎfë‹	é»j«	 kh¿è	våš,	mªj	 efU«	 òŸëæ‹	ãak¥ghij	T«ò 

bt£oahF«.

Féa«, Ïa¡Ftiu, ika¤bjhiy¤ jfÎ é»j«

 nk‰f©l	 tiuaiuæš,	 ãiyahd	 òŸëia¡	 Féa«,	 ãiyahd	 nfh£il	

Ïa¡Ftiu,	kh¿èahd	é»j¤ij	ika¤bjhiy¤	jfÎ	v‹»nwh«.

 ika¤bjhiy¤ jfÎ tH¡fkhf ‘e’ v‹w	vG¤jhš	F¿¡f¥gL«.

 gl«	2.2	Ïš, S v‹gJ	Féa«, LM v‹gJ	Ïa¡Ftiu,	k‰W«

  
SP
PM

= e

 xU	T«ò	bt£oæš

  e = 1 våš	mJ	gutisakhF«

   e < 1 våš	mJ	ÚŸt£lkhF«

 k‰W« e > 1 våš

	 	 mJ	mÂgutisakhF«. Ïa¡Ftiu

M

L

P

S (Féa«)

gl«	2.2

2
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F¿¥ò :

 f‰wš Âwid nk«gL¤Jtj‰fhf T«ò bt£ofë‹ Â£l rk‹ghLfë‹ (2.2.1, 

2.3.1, 2.4.1, 2.4.5) jUé¤jš KiwÍ« tistiufis (2.2.2, 2.3.2, 2.4.2) tiuÍ« KiwÍ« 

bfhL¡f¥g£LŸsd. ÏitfŸ nj®éš nf£f¥glkh£lhJ.

2.1.1 T«ò bt£oæ‹ bghJ¢ rk‹ghL

 T«ò	 bt£o¡F	 Féa« S(x1, y1) Ïa¡Ftiuæ‹	 rk‹ghL Ax + By + C = 0 
ika¤bjhiyÎ	‘e’ v‹f.

 P(x, y) T«ò	bt£oæ‹	ÛJ	VnjD«	xU	òŸë	v‹f.

 SP = ( ) ( )x x y y− − −1
2

1
2

 Ax + By + C = 0 ÏèUªJ P (x, y) Ï‹	F¤J¤	bjhiyÎ

 
PM A B C

A B
SP
PM

A B C

A B

or 

= ± + +

+

=

⇒
− + −

± + +

+

=

x y

e

x x y y
x y e

x

2 2

1
2

1
2

2 2

( ) ( )

( −− + − = + +
+













x y y e Ax By C
A B1

2
1

2 2
2

2 2) ( ) ( )
( )

 

PM A B C

A B
SP
PM

A B C

A B

or 

= ± + +

+

=

⇒
− + −

± + +

+

=

x y

e

x x y y
x y e

x

2 2

1
2

1
2

2 2

( ) ( )

( −− + − = + +
+













x y y e Ax By C
A B1

2
1

2 2
2

2 2) ( ) ( )
( )

   

PM A B C

A B
SP
PM

A B C

A B

or 

= ± + +

+

=

⇒
− + −

± + +

+

=

x y

e

x x y y
x y e

x

2 2

1
2

1
2

2 2

( ) ( )

( −− + − = + +
+













x y y e Ax By C
A B1

2
1

2 2
2

2 2) ( ) ( )
( )

 mšyJ			

PM A B C

A B
SP
PM

A B C

A B

or 

= ± + +

+

=

⇒
− + −

± + +

+

=

x y

e

x x y y
x y e

x

2 2

1
2

1
2

2 2

( ) ( )

( −− + − = + +
+













x y y e Ax By C
A B1

2
1

2 2
2

2 2) ( ) ( )
( )

 Ïij	RU¡»dhš ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 v‹w	toéš, x, y  Ïš 

cŸs	ÏUgo¢	rk‹ghL	»il¡F«.	ÏJnt	T«ò	bt£oæ‹	bghJ¢	rk‹ghL	MF«.

F¿¥ò :

 ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 v‹w	rk‹ghL

(i)  abc + 2fgh – af 2 – bg2 – ch2 = 0 våš,	Ïu£il	ne®¡nfhLfis¡	F¿¡F«.

(ii)  a = b, h = 0 våš,	xU	t£l¤ij¡	F¿¡F«.	nk‰T¿a	Ïu©L	ãgªjidfS«	 

	 ãiwÎ	brŒa¥glhéoš,

 ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 MdJ

(iii)  h2 – ab = 0 våš,	xU	gutisa¤ij¡	F¿¡F«.

(iv)  h2 – ab < 0 våš,	xU	ÚŸt£l¤ij¡	F¿¡F«.

(v)  h2 – ab > 0 våš,	xU	mÂgutisa¤ij¡	F¿¡F«.

vL¤J¡fh£L 1

 4x2 + 4xy + y2 + 4x + 32y + 16 = 0 v‹w rk‹ghL xU T«ò bt£oia¡ 

F¿¡»wJ. mj‹ tifia¡ F¿¥ÃLf.
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Ô®Î :

 4x2 + 4xy + y2 + 4x + 32y + 16 = 0 v‹w	rk‹gh£il,

 ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 v‹w	 rk‹gh£Ll‹	 x¥ÃL«	 bghGJ,	 

	 eh«	bgWtJ, a = 4, 2h = 4, b =1

 ∴ h2 – ab = (2)2 – 4(1) = 4 – 4 = 0

 ∴ vdnt	bfhL¡f¥g£LŸs	T«ò	bt£o	xU	gutisakhF«.

vL¤J¡fh£L 2

 16x2 + 25y2 – 118x – 150y – 534 = 0 v‹w rk‹ghL F¿¡F« T«ò bt£oæ‹ 

tifia¡ F¿¥ÃLf.

Ô®Î :

 Ï§F,		a = 16, 2h = 0, b =25

 ∴ h2 – ab = 0 – 16 × 25 = – 400 < 0

 vdnt	bfhL¡f¥g£LŸs	T«ò	bt£o	xU	ÚŸt£lkhF«.

gæ‰Á 2.1

Ã‹tU«	rk‹ghLfŸ	F¿¡F«	T«ò	bt£ofë‹	tifia¡	fh©f.

1)  x2 – 6xy + 9y2 + 26x – 38y + 49 = 0

2)  7x2 + 12xy – 2y2 + 22x + 16y – 7 = 0

3)  7x2 + 2xy + 7y2 – 60x – 4y + 44 = 0

2.2 gutisa«

2.2.1 gutisa¤Â‹ Â£l tot«

gl« 2.3

D

D’

A

M

y

P(x,y)

NO S(a,0)
x

x +
a
 =

 0

a{ {a
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 S I	 Féa«, DD′ I	 Ïa¡Ftiu	 v‹f. S Ïš	 ÏUªJ	  DD′ ¡F	 tiua¥gL«	

F¤J¡nfhL, DD′ I A Ïš	 rªÂ¡f£L«. SA = 2a v‹f. AS I, x m¢rhfÎ«, AS Ï‹	

ika¥òŸë O têahf AS ¡F	 tiua¥gL«	 F¤J¡nfhL	 OY I y m¢rhfÎ«	 bjçÎ	

brŒf.

 vdnt S (a,0) vdÎ«,	 Ïa¡Ftiu DD′ Ï‹	 rk‹ghL x + a = 0 vdÎ«	

bgW»nwh«.

 P(x, y) gutisa¤Â‹	ÛJ	VnjD«	xU	òŸë. PM I DD′ ¡F« PN I Ox ¡F«	

br§F¤jhf	tiuf.

 PM = NA = NO + OA = x + a.

 SP2 = (x – a)2 + y2

 
SP
PM

= e     [P gutisa¤Â‹	ÛJ	xU	òŸë]

(m-J),	 SP2 = e2(PM)2

(m-J),	 (x – a)2 + y2 = (x + a)2         (e = 1)

(m-J),  y2 = 4ax

 ÏJnt	gutisa¤Â‹	Â£l	totkhF«.

F¿¥ò :

(i) gutisa¤Â‹	 Féa«	 têahf	 k‰W«	 Ïa¡Ftiu¡F	 br§F¤jhf	 mikªJŸs	

nfhL,		gutisa¤Â‹	m¢R	vd¥gL«.	gutisaK«,	mj‹	m¢R«	rªÂ¡F«	òŸë	

gutisa¤Â‹	Kid	vd¥gL«.

(ii)	 gutisa¤Â‹	 m¢R¡F	 br§F¤jhf,	 Féa¤Â‹	 têahf	 bršY«	 eh©	

gutisa¤Â‹	br›tfy«	vd¥gL«.

2.2.2  y2 = 4ax v‹w gutisa¤ij tiujš

1)  (a)  y = 0 våš, x bgW«	kÂ¥ò	ó¢Áa«	k£Lnk.	

 ∴ gutisa«	x - m¢ir (0,0) Ïš	k£Lnk	bt£L»wJ.

 (b) x < 0 våš, y f‰gidahdJ.	vdnt	tistiu x Ï‹	Fiw	kÂ¥òfS¡F		 	

	 mikahJ.

 (c) y ¡F – y ÃuÂæl	 gutisa¤Â‹	 rk‹ghL	 khwhJ.	 vdnt	 gutisa« x  
  m¢R¡F	rk¢ÓuhdJ.

 (d)  x mÂfç¡f,	| y | «	mÂfç¡»wJ. x → ∞ våš y → ± ∞. vdnt	tistiu	 

	 	éçªJ	k‰W«	gl«	2.4	Ïš	cŸs	tot¤ij¥	bgW»wJ.
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D

D¢

A

M

y

P

N

L¢

L

O

S

P¢

x

gl«	2.4

2) Ïa¡Ftiu : Ïa¡Ftiu y	 m¢R¡F	 Ïizahd	 xU	 nfhL.	 Ïa¡Ftiuæ‹	 

	 rk‹ghL x + a = 0.

3) m¢R : x m¢R	 gutisa¤Â‹	 m¢rhfÎ«, y m¢R	 gutisa¤Â‹	 Kidæš	 

	 tiua¥gL«	bjhL	nfhlhfÎ«	cŸsd.

4) br›tfy«: S ‹	têahf, LSL′ I AS ¡F	br§F¤jhf	tiuf.

 x = a våš, y2 = 4a2 mšyJ y = ± 2a.  SL = SL′ = 2a.

 vdnt	LL′ = 4a, LL′ gutisa¤Â‹	br›tfy«	MF«.

 SL (mšyJ SL′) miu	br›tfy«	MF«. OS = 1
4

( LL′ ) = a

F¿¥ò

 y2 = – 4ax v‹w	gutisa«, x m¢Á‹	Fiw¥	gFÂæš	mik»wJ.	  y m¢Áid	

rk¢Óuhf¡	bfh©l	gutisa«	x2 = 4ay MdJ y m¢Á‹	äif¥	gFÂæš	mik»wJ.  
x2 = – 4ay vD«	gutisa« y m¢Á‹	Fiw¥	gFÂæš	mik»wJ.

y

x
O

y2 = – 4ax

y y

x xO

O

x2 = 4ay x2 = – 4ay

gl«	2.5

rk‹ghL y2 = 4ax y2 = – 4ax x2 = 4ay x2 = – 4ay
Féa« (a, 0) (– a, 0) (0, a) (0, – a)
Kid (0, 0) (0, 0) (0, 0) (0, 0)
Ïa¡Ftiu x = – a x = a y = – a y = a
br›tfy« 4a 4a 4a 4a
m¢R y = 0 y = 0 x = 0 x = 0

y2 = – 4ax x2 = 4ay x2 = – 4ay
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vL¤J¡fh£L 3

 (2, 1) v‹w FéaK«, 2x + y + 1 = 0 v‹w Ïa¡FtiuÍ« bfh©l 

gutisa¤Â‹ rk‹ghL fh©f.

Ô®Î :

 P (x, y) v‹gJ	gutisa¤Â‹	ÛJ	VnjD«	xU	òŸë.

 PM I	Ïa¡Ftiu¡F	br§F¤jhf	tiuf.

 
SP
PM

 = 1 (Ï§F S FéakhF«)  ∴   SP2  =  PM2

  (x – 2)2 + (y – 1)2    = 
2 1

2 12 2

2
x y+ +

+











    x2 – 4x + 4 + y2 – 2y + 1    = ( )2 1
5

2x y+ +

 5x2 + 5y2 – 20x – 10y + 25     = 4x2 + y2 + 1 + 4xy + 2y + 4x 

 x2 – 4xy + 4y2 – 24x – 12y + 24 = 0

 ÏJnt	njitahd	rk‹ghL	MF«.

vL¤J¡fh£L 4

 y2 – 8x – 2y + 17 = 0 v‹w gutisa¤Â‹ Féa«, br›tfy«, Kid, 

Ïa¡Ftiu M»at‰iw¡ fh©f.

Ô®Î :

    y2 – 8x – 2y + 17 = 0  ⇒   y2 – 2y = 8x – 17

        ⇒    y2 – 2y + 1  = 8x – 16  ⇒   (y – 1)2  = 8 (x – 2)

 MÂia	 (2,1) ¡F	kh‰¿, x – 2 = X, 

 y – 1 = Y våš	gutisa¤Â‹	rk‹ghL Y2 = 8X MF«.

 ∴ òÂa	MÂ	(2,	1)	v‹gJ	Kid	MF«.	br›tyf«	=	8.

 X, Y m¢Rfis¥	bghW¤J,	 (2,	 0)	Féa«,	Ïa¡Ftiuæ‹	rk‹ghL X + 2 = 0  
MF«.

 vdnt	x, y, m¢Rfis¥	bghW¤J,	(4,	1)	Féa«	MF«. x – 2 + 2 = 0 mšyJ x = 0

Ïa¡Ftiu	MF«.

vL¤J¡fh£L 5

 4y2 + 12x – 20y + 67 = 0 v‹w gutisa¤Â‹ Kid, Féa«, m¢R, Ïa¡Ftiu, 

miu¢ br›tfy« M»at‰iw¡ fh©f.

Ô®Î :

  4y2 + 12x – 20y + 67 = 0

mšyJ 4y2 – 20y = – 12x – 67
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  4(y2 – 5y) = – 12x – 67

  

4 5 25
4

25
4

12 67

4 5
2

25
4

12

2

2

y y x

y x

− + −







= − −

−





−












= − − 667

4 5
2

25 12 67

12 7
2

5
2

3 7
2

2

2

y x

x

y x

−





= − −

= − +





⇒ −





= − −





Ïjid Y2 = 4aX v‹w	Â£l	tot¤Â‰F	bfhzu,

  X = – x – 7
2

 k‰W« Y = y – 5
2

 v‹f.

   Y2 = 3X. Ï§F 4a = 3  ∴  a = 3
4

 Ï¥nghJ	éilfis	g£oælyh«.

(X, Y) I¥ bghW¤jJ
(x, y) I¥ bghW¤jJ

x = – X – 7
2

, y = Y + 5
2

Kid (0, 0) 0 7
2

0 5
2

7
2

5
2

− +





= −





, ,

m¢R Y=0 (X-axis) y y− = =5
2

0 5
2

or  

Féa« ( , ) ,a 0 3
4

0= 





− − +





= −





3
4

7
2

0 5
2

17
4

5
2

, ,

Ïa¡Ftiu X = – a ⇒ X = −3
4

− − = − = −x x7
2

3
4

11
4

 or    mšyJ − − = − = −x x7
2

3
4

11
4

 or  

miu¢br›tfy« 2 2 3
4

3
2

a = × = 3
2

F¿¥ò

 Ïnj	fz¡if	X = x + 
7
2

, Y = y – 5
2

 v‹W	kh‰w«	brŒJ, Y2 = – 3X vd¥	bg‰W,	

mij y2 = – 4ax v‹w	rk‹gh£Ll‹	x¥Ã£L«	Ô®Î	fhzyh«.
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vL¤J¡fh£L 6

 X® cnyhf¤ij jahç¡F« ãWtd¤Â‹ khjhªÂu c‰g¤Â x »nyh»nuh«fë‹ 

ruhrç éiy y-I %. ( 1
10

x2 – 3x + 50). v‹gJ bfhL¡»wJ. ruhrç éiyæ‹ 

tistiu xU gutisa« vd fh£Lf. tistiuæ‹ Kidæš ruhrç éiy k‰W« 

c‰g¤Âia¡ fh©f.

Ô®Î :

 ruhrç	éiyæ‹	tistiu

 

y x x

y x x

y x

x y

= − +

= − +

= − +

− = −

1
10

3 50

10 30 500

10 15 275

15 10 275

2

2

2

2

( )

( )

(xx y− = −

=

15 10 27 5

1

2

2

) ( . )

X 0Y where
 

 X2 = 10Y  ÏÂš

 X = x – 15,  Y = y – 27.5

 4a = 10 ⇒ a = 2.5

 vdnt	ruhrç	éiyæ‹	tistiu	xU	gutisakhF«.

 mj‹	Kid	(X = 0, Y = 0) (m	-	J)					(x = 15, y = 27.5)

 gutisa¤Â‹	Kid¥òŸëæš,	 c‰g¤Â	 15	 ».»uh«fŸ,	 ruhrç	éiy	%.27.50	

MF«.

vL¤J¡fh£L 7

 xU é‰gid bghUë‹ éiy¡F« më¥ò¡F« cŸs bjhl®ò x = 5 2 10p --   
MF«. më¥Ã‹ tistiu xU gutisa« vd fh£Lf. mj‹ Kidia¡ fh©f. 

vªj éiy¡F¡ Ñœ më¥ò ó¢Áa« MF« ?

Ô®Î :

 éiy¡F«	më¥Ã‰F«	cŸs	bjhl®ò,

 x2 = 25 (2p – 10)  ⇒  x2 = 50 (p – 5)

⇒ X2 = 4aP ÏÂš X = x

k‰W« P = p – 5

⇒ më¥ò	tistiu	xU	gutisa«

 Ïj‹	Kid (X = 0, P = 0).

 ⇒ (x = 0, p = 5) ⇒ (0, 5)           gl«	2.6   
 vdnt	p = 5 ¡F	Ñœ	më¥ò	ó¢ÁakhF«.

x

(0,5)

O

p

gl« 2.6
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vL¤J¡fh£L 8

 xU ÏU¥ò¥ ghij mikªj ghy¤Â‹ nkš tisÎ (Girder), gutisa¤Â‹ 

toéš cŸsJ. ghy¤ÂèUªJ 15 Û£l® cau¤ÂYŸs nkš tisé‹ c¢ÁahdJ 

gutisa¤Â‹ KidahF«. nkštisé‹ bjhl¡f k‰W« KoÎ¥ òŸëfis 

Ïiz¡F« 150 Û, ÚsKŸs ne®nfh£o‹ (span) ika¥ òŸëæèUªJ 30 Û£l® 

bjhiyéš nkštisé‹ cau¤ij¡ fh©f.

Ô®Î :

 gutisa¤Â‹	rk‹ghL x2 = – 4ay v‹f.

 gutisa¤Â‹	Kidia	MÂahf¡	fUJf.

 gutisa«	A (75, – 15) têahf¢	brš»‹wJ

 ⇒ (– 4a) (– 15) =  75

 
4 75

15
375

2
a = =( )

 

 vdnt	gutisa¤Â‹

	 rk‹ghL	 x2 = – 375 y

 Ï¥bghGJ B (30, – λ) 

 gutisa¤Â‹	ÛJ	mikªJŸsJ.

⇒ (– 375) (– λ) = 302

 λ = = =900
375

12
5

2 4. Û.

 

 njitahd	cau« = 15 – 2.4 = 12.6	Û.

vL¤J¡fh£L 9

 ‘x’ khj§fëš nrU« Ïyhg« %. ‘y’ -I (Ïy£r§fëš) y = – 4x2 + 28x - 40 v‹w 

rk‹ghL bfhL¡»wJ. v¥bghGJ mªj éahghu Ka‰Áia ãW¤Â éLtJ cfªjJ 

vd¡ f©LÃo.

Ô®Î :

 

4 28 40

4 7 40

4 7 49
4

40 49

7
2

2

2

2

x x y

x x y

x x y

x

− = − −

− = − −

− +





= − − +

−


( )





= −

−





= − −

2

2

1
4

9

7
2

1
4

9

( )

( )

y

x y
 

 njitahd	fhy« = 7
2

 = 3 1
2
khj§fŸ

gl« 2.7

V (0,0)

(-75, -15) (75, -15)

(30, -l)
AA'

B

30

15
75 75

h

x

y

gl«	2.7
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gæ‰Á 2.2

1) Ã‹tU«	 Féa§fisÍ«,	 Ïa¡FtiufisÍ«	 bfh©L	 mikÍ«	

gutisa§fë‹	rk‹ghLfis¡	fh©f.

 (i) (1, 2) ; x + y – 2 = 0   (ii) (1, –1);  x – y = 0

 (iii) (0, 0) ; x – 2y + 2 = 0   (iv) (3,4);  x – y + 5 = 0

2)  Ã‹tU«	 rk‹ghLfis¡	 bfh©l	 gutisa§fë‹	 Kid,	 m¢R,	 Féa«,	

Ïa¡Ftiu	M»at‰iw¡	fh©f.

 (i) x2 = 100y   (ii) y2 = 20x  (iii) y2 = – 28x (iv) x2 = – 60y

3) Ã‹tU«	 gutisa§fë‹,	 Féa«,	 br›tfy«,	 Kid,	 Ïa¡Ftiu	

M»at‰iw¡	fh©f.

 (i) y2 + 4x – 2y + 3 = 0   (ii) y2 – 4x + 2y – 3 = 0

 (iii) y2 – 8x – 9 = 0    (iv) x2 – 3y + 3 = 0

4) X®	cnyhf¤ij	jahç¡F«	ãWtd¤Â‹	khjhªÂu	c‰g¤Â x l‹fë‹	ruhrç	

éiy	y I	%.	
1

10
x2 – 3x + 62.5 v‹gJ	bfhL¡»wJ.	ruhrç	éiyæ‹	tistiu,	

xU	 gutisa«	 vd¡	 fh£Lf.	 tistiuæ‹	Kidæš	c‰g¤Â	 k‰W«	 ruhrç	

éiyia¡	fh©f.

F¿¥ò :

 y1
2 – 4ax1 v‹gJ	ó¢Áa¤Â‰F	mÂfkhf,	rkkhf,	Fiwthf	ÏU¡F«	nghJ (x1, 

y1) v‹w	òŸë,	gutisa¤Â‰F	Kiwna	btëna,	nkš,	cŸns	mikÍ«.

2.3 ÚŸt£l«

2.3.1   ÚŸt£l¤Â‹ Â£l tot«

gl« 2.8

D¢1

Z¢

M¢

D1

A¢ S¢ C

B

y

S N

L¢

A Z

x

D

M

D¢
B¢

L

P(x,y)

gl«	2.8

 S I	Féa«	k‰W« DD’ I	Ïa¡Ftiu	v‹f.

 SZ I DD′ ¡F	 br§F¤jhf	 tiuf. A, A′ Kiwna SZ I	 c£òwkhfÎ«,	

btë¥òwkhfÎ« e:1 v‹w	 é»j¤Âš	 Ãç¡f£L«. A, A' ÚŸt£l¤Â‹	 ÛJ	 mikªj	

òŸëfshF«.	Ï§F	e MdJ	ika¤	bjhiy¤	jfÎ.



54

 C I AA′ Ï‹	ika¥òŸë	 k‰W« AA′ = 2a v‹f. CA I x m¢rhfÎ« CA ¡F	

br§F¤J¡nfhL	Cy I y m¢rhfÎ«	bfhŸf. C MÂahF«.

 

∴ =
′
′
=

∴ =
′ ′

+

SA
AZ

SA
A Z

SA AZ) ....(1)
A S = A Z

e e

e
e

,

(
( ) ....( )

( ) ( )
2

1 2 ⇒⇒ + ′ = ′
′ = − ′

=

SA A S AZ + A Z
AA CZ CA + A C + CZ

CZ CA = 

e
e

a e

( )
( )
( ) (2 2 CCA

CZ

′

⇒ =

)
a
e

      (2) – (1)  ⇒ A′S - SA  = e (A′Z – AZ)

      A′C + CS – (CA – CS)  = e (AA′)

 mšyJ  2CS = e.2a  ⇒ CS = ae

vdnt,	S (ae, 0) MF«.

P (x, y) ÚŸt£l¤Â‹	ÛJ	VnjD«	xU	òŸë	v‹f.

PM ^ DD′ k‰W« PN ^ CZ vd	tiuf.

⇒ PM = NZ = CZ – CN

  = 
a
e  – x

 SP
PM

 = e (P ÚŸt£l¤Â‹	ÛJ	xU	òŸë)

 SP2 = e2 PM2

 

( ) ( )x ae y e a
e

x a ex

x aex a e y a aex e

− + = −





= −

− + + = − +

2 2 2
2

2

2 2 2 2 2 22 2 xx

x e y a e

x
a

y
a e

b a e

2

2 2 2 2 2

2

2

2

2 2

2 2 2

1 1

1
1

1

( ) ( )

( )

( )

− + = −

+
−

=

= −Put 

Hencce x
a

y
b

a b
2

2

2

2 1+ = >( )
  

( ) ( )x ae y e a
e

x a ex

x aex a e y a aex e

− + = −





= −

− + + = − +

2 2 2
2

2

2 2 2 2 2 22 2 xx

x e y a e

x
a

y
a e

b a e

2

2 2 2 2 2

2

2

2

2 2

2 2 2

1 1

1
1

1

( ) ( )

( )

( )

− + = −

+
−

=

= −Put 

Hencce x
a

y
b

a b
2

2

2

2 1+ = >( )

 v‹f

vdnt, 

( ) ( )x ae y e a
e

x a ex

x aex a e y a aex e

− + = −





= −

− + + = − +

2 2 2
2

2

2 2 2 2 2 22 2 xx

x e y a e

x
a

y
a e

b a e

2

2 2 2 2 2

2

2

2

2 2

2 2 2

1 1

1
1

1

( ) ( )

( )

( )

− + = −

+
−

=

= −Put 

Hencce x
a

y
b

a b
2

2

2

2 1+ = >( )

 ÏJ	ÚŸt£l¤Â‹	Â£l	totkhF«.
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2.3.2  x
a

y
b

2

2

2

2 1++ ==  v‹w ÚŸt£l¤ij tiujš

(i)  tistiu	 MÂ¥òŸë	 têahf	 bršyhJ. y = 0 våš, x = ± a. ∴ ÚŸt£l«	 x 
m¢ir (+ a, 0) v‹w	òŸëfëš	rªÂ¡»‹wJ. y m¢ir (0, ± b) v‹w	òŸëfëš	

rªÂ¡»‹wJ.

(ii)  rk‹ghL	x, y fëš	Ïu£il¥goÍilaJ.	vdnt	tistiuahdJ x, y m¢Rfis¥	

bghW¤J	rk¢Ó®	cilaJ.	ÚŸt£l¤Âš	(x, y) xU	òŸë	våš (– x, y), (x, – y) k‰W« 
(– x, – y) v‹gdÎ«	mj‹	òŸëfshF«.

(iii) ÚŸt£l¤Â‹	rk‹gh£il, y b
a
a x= ± −2 2  v‹w	 toéš	 vGjyh«.	  | x | 

> a våš,	mjhtJ x > a mšyJ x < – a, våš	a2 – x2 < 0 ∴ a x2 2−  f‰gid.	

vdnt, x = a v‹w	nfh£o‹	ty¥òw¤ÂY«	x = – a v‹w	nfh£o‹	Ïl¥òw¤ÂY«	

tistiu	mikahJ.

 | x | ≤ a våš, a2 – x2 > 0. vdnt	x›bthU	x -¡F«	ÏU	rk	Mdhš	khWg£ll	 

F¿fisÍila y kÂ¥òfŸ	»il¡F«.

 tistiu, x = a k‰W« x = – a v‹w	 Ïu©L	 nfhLfS¡FŸ	ml§F«.	 x = a  
v‹gJ A (a, 0) Ïš	bjhLnfhL	v‹gijÍ«	k‰W«	x = – a v‹gJ A′ (– a, 0) Ïš  

bjhLnfhL	v‹gijÍ«	ftå¡fÎ«.

(iv) tistiuæ‹	rk‹gh£il, x a
b
b y= ± −2 2  v‹w	tot¤Âš	vGjyh«.	tis

 tiu y=b v‹w	nfh£o‰F	nk‰òwK« y= –b v‹w	nfh£o‰F	ÑœòwK«	mikahJ.	 

tistiu y = b k‰W« y = – b v‹w	 nfhLfS¡F	 Ïilæš	 KGtJkhf	 

mikªJŸsJ.	Ïªj	Ïu©L¡	nfhLfS«	Kiwna, B k‰W« B′ Ïš	tiua¥gL«	 

bjhLnfhLfshF«.

(v) x MdJ 0 Kjš a tiu	TL«	bghGJ, y MdJ b Kjš 0 tiu	Fiw»wJ.

(vi) br›tfy«	 (Latus rectum): S Ï‹	 têahf, LSL′ I  AS -¡F¢	 br§F¤jhf	 

	 tiuf. 

 x = ae våš  
a e
a

y
b

y b e b b
a

b
a

2 2

2

2

2
2 2 2 2

2

2

4

21 1+ = = − = =or ( )

 ⇒  
a e

a

y

b
y b e b

b

a

b

a

2 2

2

2

2
2 2 2 2

2

2

4

2
1 1+ = = − = =or ( )

 (m-J)	y = ± b
a

2
 ⇒ SL = SL′ = b

a

2
. 

 vdnt,	LL′ = 2 2b
a

 ÚŸt£l¤Â‹	br›tfy«.

 tistiuæ‹	tot«	g‰¿a	nk‰fhQ«	fU¤Jfis¡	bfh©L,	tistiuia	

gl«	 2.9	 Ïš	 cŸsJ	 nghš	 tiua	 KoÍ«.	 gutisa«	 nghš	 mšyhkš,	 ÚŸt£l«	 X®						
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_oa	tistiuahF«.

M1
¢

Z ¢
A¢ S¢

(-ae ,0)

B

C S
(ae ,0) A

M¢

Z x

y

B¢

P

MM1

gl« 2.9

ÚŸt£l¤Â‹ K¡»a g©ò

 S k‰W« S′ I	 Féa§fshf	 bfh©l	 ÚŸt£l¤Â‹	 ÛJ	 P VnjD«	 X®	 òŸë	

våš, SP + S′P = 2a Ï§F 2a be£l¢Á‹	Ús«	MF«.

2.3.3  
x
a

y
b

2

2

2

2 1++ ==  v‹w ÚŸt£l¤Â‹ ika«, KidfŸ, Féa§fŸ, m¢RfŸ k‰W« 

 Ïa¡F tiufŸ.

(i) ika« (Centre)

 (x , y) tistiuæ‹	 ÛJ	 xU	 òŸë	 våš (– x , – y) v‹gJ«	tistiuæ‹	

ÛJ	 xU	 òŸë	 MF«.	 nkY« (x, – y) tistiuæ‹	 ÛJ	 xU	 òŸë	 våš, (– x , y) 
v‹gJ«	 tistiuæ‹	 ÛJ	 xU	 òŸëahF«.	 ÏJ, C têahf	 	 bršY«	 x›bthU	

nfhL«	 C ÏèUªJ	 rköu¤Âš,	 tistiuia	 Ïu©L	 òŸëfëš	 rªÂ¡»wJ	

v‹gij¤	 bjëth¡F»wJ.	 vdnt C v‹w	 òŸë,	 ÚŸt£l¤Â‹	 ika¥òŸë	 vd	

miH¡f¥gL»wJ.	 C(0,0) MdJ AA′ ‹	ika¥òŸë	MF«.

(ii) KidfŸ (Vertices)

 S k‰W« S′ v‹w	 òŸëfis	 Ïiz¡F«	 nfhL	 tistiuia	 bt£L«	

òŸëfshd A k‰W« A′ v‹gd	 ÚŸt£l¤Â‹	 KidfŸ	 vd	 miH¡f¥gL»‹wd.         
A (a, 0) k‰W« A′  (– a, 0) MF«.

(iii) Féa§fŸ (Foci)

 S(ae, 0) k‰W« S′ (– ae , 0) v‹w	òŸëfŸ	ÚŸt£l¤Â‹	Féa§fshF«.

(iv) m¢RfŸ (Axes)

 tistiu	 AA′ k‰W« BB′ v‹w	 nfhLfis¥	 bghW¤J¢	 rk¢ÓUilaJ. AA′ 
k‰W« BB′ v‹gd	 ÚŸt£l¤Â‹	 be£l¢R (major axis) k‰W« F‰w¢R (minor axis) 
vd¥gL«.

 e < 1  ⇒  1 – e2 < 1

 ∴  b2 = a2 (1 – e2) < a2  ⇒ b < a.

 ∴ BB′ < AA′. 
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 vdnt	 AA′ be£l¢R	 vdÎ«, BB′ 	 F‰w¢R	 vdÎ«	miH¡f¥gL»‹wd.	miu	

be£l¢R CA = a k‰W« miu F‰w¢R CB = b MF«.

(v) Ïa¡FtiufŸ (Directrices)

 gl«	2.9	Ïš,	Ïa¡Ftiu	MZ ‹	rk‹ghL, x = 
a
e

 Ïa¡Ftiu M1‘Z’ -‹	rk‹ghL x = –
a
e

(vi) b2 = a2 (1 – e2)   ∴  \\ == --e b
a

1
2

2

vL¤J¡fh£L 10

 (-1, 1) I xU FéakhfÎ«, mijbah¤j Ïa¡Ftiu  x – y + 3 = 0 vdÎ«, ika¤ 

bjhiyÎ jfÎ 1
2

 vdÎ« bfh©l ÚŸt£l¤Â‹ rk‹gh£il¡ fh©f.

Ô®Î :

 Féa«	S(– 1,1) Ïa¡Ftiu x – y + 3 = 0, e = 1
2

 vd	bfhL¡f¥g£LŸsd.

 P(x1, y1), ÚŸt£l¤Â‹	ÛJ	VnjD«	xU	òŸë	v‹f.	vdnt SP2 = e2 PM2 Ï§F 
PM v‹gJ P æèUªJ x – y + 3 = 0 nfh£o‰F	cŸs	br§F¤J¤	bjhiyÎ	MF«.

 
( ) ( )x y

x y
1

2
1

2 1 1
2

1 1 1
4

3
1 1

+ + − =
− +

+




  

 8(x1 + 1)2 + 8 (y1 – 1)2 = (x1 – y1 + 3)2

 7x1
2 + 2x1y1 + 7y1

2 + 10x1 – 10y1 + 7 = 0

 (x1, y1) Ï‹	ãak¥ghij,	mjhtJ	ÚŸt£l¤Â‹	rk‹ghL

 7x2 + 2xy + 7y2 + 10x – 10y + 7 = 0 MF«.

vL¤J¡fh£L 11

 (2,0) k‰W« (– 2, 0) v‹w òŸëfis¡ Féa§fshfÎ« ika¤bjhiy¤ jfÎ  1
2

 
vdÎ« bfh©l ÚŸt£l¤Â‹ rk‹ghL fh©f.(a>b)

Ô®Î :

          S (ae, 0) k‰W« S’ (– ae,0) v‹w	òŸëfŸ,	ÚŸt£l« x
a

y
b

2

2

2

2 1+ =  Ï‹	Féa§fŸ 
(2,0), (–2, 0) (a > b) k‰W« e = 

1
2  bfhL¡f¥g£LŸsJ.

 ⇒ ae = 2 k‰W« e = 
1
2   ⇒  a = 4 mšyJ a2 = 16

 ika¥òŸë	C, SS′ Ï‹	eL¥òŸëahF«.

	 vdnt C (0,0) MF«. S k‰W« S′, x m¢Á‹	ÛJ	cŸsd.
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	 ÚŸt£l¤Â‹	rk‹ghL	:	
x
a

y
b

2

2

2

2 1+ = .

 Ï§F b a e2 2 21 16 1 1
4

12= − = −





=( )

	 vdnt	ÚŸt£l¤Â‹	rk‹ghL x y2 2

16 12
1+ =

vL¤J¡fh£L 12

 9x2 + 16y2 = 144 v‹w ÚŸt£l¤Â‹, ika¤ bjhiy¤jfÎ, Féa§fŸ, 

br›tfy« Kjèad fh©f.

Ô®Î :

 ÚŸt£l¤Â‹	rk‹ghL,

 
9 16 144

16 9
12 2

2 2
x y x y+ = ∴ + =

 bfhL¡f¥g£LŸs	rk‹gh£o‹	tot«	
x
a

y
b

2

2

2

2 1+ = . Ï§F a = 4 k‰W« b = 3.

 
∴ = − = − =e b

a
1 1 9

16
7

4

2

2

 S (ae, 0) k‰W« S′ (– ae, 0) Féa§fŸ

 (m-J)				S ( 7 , 0) k‰W« S′ (– 7 , 0)

 br›tfy« = 2 2 3
4

9
2

2 2b
a

= =( )

vL¤J¡fh£L 13

 3x2 + 4y2 – 6x + 8y - 5 = 0 v‹w ÚŸt£l¤Â‹ ika«, ika¤bjhiy¤ jfÎ, 

Féa§fŸ, Ïa¡FtiufŸ Kjèadt‰iw¡ fh©f.

Ô®Î :

 bfhL¡f¥g£LŸs	rk‹ghL

 (3x2 – 6x) + (4y2 + 8y)    = 5

 3 (x – 1) 2 + 4 ( y + 1)2     = 5 + 3 + 4 = 12

⇒ 
( ) ( )x y− + + =1

4
1

3
1

2 2
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ÏÂš X = x – 1 k‰W« Y = y + 1 våš,  X Y2 2

4 3
1+ =

Ïij x
a

y
b

2

2

2

2 1+ =  v‹w	rk‹gh£Ll‹	x¥Ãl,

 b2 = a2 (1 – e2) ⇒ 3 = 4(1 – e2)   e e2 1 3
4

1
4

1
2

= − = ⇒ =

 Ï¥nghJ	éilfis	g£oaèlyh«	:

(X, Y) I bghW¤J (x, y) I bghW¤J

x = X + 1, y = Y –1

ika« (0, 0) (0 + 1, 0 – 1) = (1, – 1)

Féa§fŸ (± ae, 0) = (1, 0) k‰W« (– 1, 0) (2, –1) k‰W« (0, –1)

Ïa¡F	

tiufŸ X = ± 
a
e

(m) X = ± 4

x – 1 = ± 4

(m) x = 5 k‰W« x = – 3

gæ‰Á 2.3

1)  Ã‹tU«	égu§fS¡F	ÚŸt£l¤Â‹	rk‹gh£il¡	fh©f.

 (i) Féa« (1, 2) Ïa¡Ftiu 2x – 3y + 6 = 0 k‰W«	ika¤	bjhiy¤jfÎ 2
3

 (ii) Féa« (0, 0) Ïa¡Ftiu 3x + 4y – 1 = 0 k‰W«	ika¤	bjhiy¤jfÎ 5
6

 (iii) Féa«	(1, – 2) Ïa¡Ftiu 3x – 2y + 1 = 0 k‰W« e = 1
2

.

2) Ã‹tU«	égu§fS¡F	ÚŸt£l¤Â‹	rk‹gh£il	fh©f.

 (i) Féa§fŸ (4, 0), (– 4, 0) k‰W« e = 
1
3

 (ii) Féa§fŸ (3, 0), (– 3, 0) k‰W« e = 3
8

 (iii) KidfŸ (0, ±5) k‰W«	Féa§fŸ (0, ± 4).
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3)  Ã‹tU«	 ÚŸt£l¤Â‹	 ika«,	 KidfŸ,	 ika¤bjhiy¤	 jfÎ,	 Féa§fŸ,	 

	 br›tfy«	k‰W«	Ïa¡Ftiufis¡	fh©f.

 (i) 9x2 + 4y2 = 36

 (ii) 7x2 + 4y2 – 14x + 40y + 79 = 0

 (iii) 9x2 + 16y2 + 36x – 32y – 92 = 0

2.4 mÂgutisa«

2.1 mÂgutisa¤Â‹ Â£l tot«

y

S ¢ A¢ CZ ¢ Z

M
D

B¢
D ¢

N

P(x,y)

SA

B

xx ¢

gl« 2.10

 S I	 Féa«	 k‰W« DD′ I	 Ïa¡Ftiu	 v‹f. SZ ^ DD′ vd	 tiuf. A, A′ 
v‹w	 òŸëfŸ	 Kiwna SZ I	 c£òwkhfÎ«,	 btë¥òwkhfÎ« e:1 v‹w	 é»j¤Âš	

Ãç¡f£L«.	Ï§F 'e' ika¤	bjhiy¤jfÎ	MF«.	A, A′ mÂgutisa¤Â‹	ÛJ	cŸsd. 
AA′  ‹	ika¥òŸë	C I	MÂahfÎ«, CZ I x m¢rhfÎ« CZ -¡F	br§F¤J¡nfhL	Cy 
I y m¢rhfÎ«	vL¤J¡	bfhŸf.

  AA′ = 2a v‹f.   SA
AZ

 = e, SA
A Z

′
′

= e.

                      ∴    SA = e (AZ)  ...............(1)

      k‰W«    SA′ = e (A′Z)  ...............(2)

         (1) + (2) ⇒ SA + SA′ = e (AZ + A′Z)

      CS – CA + CS + CA′ = e . AA

                                2CS = e . 2a     ⇒       CS = ae

          (2) – (1) ⇒ SA′ – SA = e (A′Z – AZ)

                AA′ = e (CZ + CA′ – CA + CZ)

    2a = e . 2CZ       ∴  CZ = 
a
e

 P(x, y) MdJ	mÂgutisa¤Âš	VnjD«	xU	òŸë	v‹f. PM ^ DD′ k‰W« PN ^ 
CA vd	tiuf.
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 ∴  Then SP
PM

or SP PM

CN CZ

2= =

⇒ − + − = −

= −


e e

x ae y e

e x a
e

,

( ) ( ) [ ]

2 2

2 2 2 2

2

0





= −

⇒ − = = −

⇒ −
−

=

2
2

2 2 2 2 2 2

2

2

2

2 2

2

1

1
1

( )

( )

( )

xe a

x e y a e a

x
a

y
a e

bPut == −

− =

a e

x
a

y
b

2 2

2

2

2

2

1

1

( )

Hence 

 mšyJ Then SP
PM

or SP PM

CN CZ

2= =

⇒ − + − = −

= −


e e

x ae y e

e x a
e

,

( ) ( ) [ ]

2 2

2 2 2 2

2

0





= −

⇒ − = = −

⇒ −
−

=

2
2

2 2 2 2 2 2

2

2

2

2 2

2

1

1
1

( )

( )

( )

xe a

x e y a e a

x
a

y
a e

bPut == −

− =

a e

x
a

y
b

2 2

2

2

2

2

1

1

( )

Hence 

CN CZÞ − + − = −

= −

x ae y e

e x
a
e

( ) ( ) [ ]2 2 2 2

2

0

= −

Þ − −

−−

=

=

−

−

−
−

=

2
2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2 2

1

1

1
1

(( ( )

(

(

)

)

(

(

)

xe a

x

x

e

e

y

y

a

a

e

e

a

1

x

a

y

a e

)

 

      

Then SP
PM

or SP PM

CN CZ

2= =

⇒ − + − = −

= −


e e

x ae y e

e x a
e

,

( ) ( ) [ ]

2 2

2 2 2 2

2

0





= −

⇒ − = = −

⇒ −
−

=

2
2

2 2 2 2 2 2

2

2

2

2 2

2

1

1
1

( )

( )

( )

xe a

x e y a e a

x
a

y
a e

bPut == −

− =

a e

x
a

y
b

2 2

2

2

2

2

1

1

( )

Hence 

 v‹f.

 ∴   

Then SP
PM

or SP PM

CN CZ

2= =

⇒ − + − = −

= −


e e

x ae y e

e x a
e

,

( ) ( ) [ ]

2 2

2 2 2 2

2

0





= −

⇒ − = = −

⇒ −
−

=

2
2

2 2 2 2 2 2

2

2

2

2 2

2

1

1
1

( )

( )

( )

xe a

x e y a e a

x
a

y
a e

bPut == −

− =

a e

x
a

y
b

2 2

2

2

2

2

1

1

( )

Hence 

 ÏJnt	mÂgutisa¤Â‹	Â£l	totkhF«.	nfhL	AA′ I FW¡f¢R (transverse 
axis) k‰W AA′ ¡F	br§F¤jhf	C Ï‹	têahf¢	bršY«	nfhL	Jiza¢R (conjugate 
axis) v‹W«	miH¡f¥gL»wJ.

2.4.2   x
a

y
b

2

2

2

2 1-- ==  v‹w mÂgutisa¤ij tiujš

(i)  tistiu	MÂòŸë	têahf	bršyéšiy. y = 0 våš x = ± a. ∴ tistiu, 
x m¢ir (± a, 0) v‹w	 òŸëfëš	 rªÂ¡»‹wJ.	 ika¤ÂèUªJ	 rk	

bjhiyÎfëš x m¢Áid,	 A k‰W« A′ òŸëfëš	 tistiu	 bt£L»‹wJ.	

vdnt	CA = CA′ = a k‰W« AA′ = 2a.

 x = 0 våš, y f‰gidah»wJ.	vdnt	tistiu		y m¢ir	rªÂ¡fhJ. y m¢Á‹	

ÛJ	B k‰W« B' v‹w	òŸëfis	CB = CB′ = b vd	vL¤J¡	bfhŸf.	vdnt BB′ = 
2b.

(ii)  rk‹gh£oš x, y fŸ	 Ïu£ilgofëš	 cŸsikahš, x k‰W« y m¢Rfis¥	

bghW¤J	tistiuahdJ	rk¢ÓUilaJ. 

(iii)  mÂgutisa¤Â‹	rk‹gh£il y
b
a
x a= ± −2 2

 v‹w	 toéš	 vGjyh«. | x | > 
a våš, x2 – a2 ≥ 0 x›bthU x ¡F«	ÏU	rk	Mdhš	vÂçilahd y kÂ¥òfŸ	

»il¡F«.	ÏÂš	x → ∞ våš, | y | → ∞.

 | x | < a våš, x2 – a2 < 0 vdnt	y f‰gidah»wJ.	mjdhš	tistiu	x = – 
a k‰W« x = a v‹W	 nfhLfS¡F	 Ïilæš	 mikaéšiy.	 tistiu x 
= – a v‹w	 nfh£o‰F	 Ïl¥òwK«,	 k‰W« x = a v‹w	 nfh£o‰F	 tyòwK«	

mikªJŸsJ.

(iv) tistiuæ‹	rk‹gh£il,	 x
a
b
y b= ± +2 2

 v‹w	toéš	vGjyh«.	ÏÂèUªJ	 

vªjéj¡	 f£L¥ghLä‹¿	 všyh	 bkŒ	 kÂ¥òfisÍ« y V‰f	 KoÍ«	 v‹W«	
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x›bthU	  y-‹	kÂ¥Ã‰F«	rkkhd	k‰W«	vÂçilahd	ÏU	kÂ¥òfŸ x -¡F	

»il¡»‹wd	 v‹W«	 eh«	 m¿»nwh«.	 Ïªj¡	 fU¤JfŸ	 tistiuæ‹	

tot¤ij	m¿tj‰F	 nghJkhditahF«.	 vdnt	 tistiuia	 gl«	 2.11	 Ïš	

fh£oago	tiua	Ko»wJ.

L

S (ae, 0)S (–ae, 0)

A

ZCZ¢

A¢

L'

y

x

gl« 2.11

(v) br›tfy«: 

 S Ï‹	têahf, LSL′ ⊥ AS vd	tiuf.

 x = ae, våš	 a e
a

y
b

y b e b b
a

b
a

2 2

2

2

2
2 2 2 2

2

2

4

21 1− = = − = =or ( )

 mšyJ	
a e

a

y

b
y b e b

b

a

b

a

2 2

2

2

2
2 2 2 2

2

2

4

2
1 1+ = = − = =or ( )

 mšyJ	 y = ± b
a

2
 ⇒ SL = SL′ = b

a

2
. 

 vdnt LL′ = 2 2b
a

 mÂgutisa¤Â‹	br›tfykhF«.

K¡»a g©ò :

 S k‰W« S' fis¡	Féa§fshf¡	 bfh©l	mÂgutisa¤Âš	 P VnjD«	 xU	

òŸë	våš, SP~S′P = 2a. Ï§F 2a MdJ	FW¡f¢Á‹	Ús«.

2.4.3 tistiuæ‹ bjhiy¤ bjhLnfhL

 xU	tistiuæ‹	bjhiy¤	bjhLnfhL	v‹gJ,	KGtJ«	fªjêæš	Ïšyhkš,	

tistiuia¡	fªjêæš	rªÂ¡F«	bjhLnfhL	MF«.

F¿¥ò 

 ax2 + bx + c = 0 v‹w	 rk‹gh£o‹	ÏU	_y§fS«	ó¢Áa«	våš, b = c = 0 
MF«.	ÏU	_y§fS«	fªjêbaåš a = b = 0 MF«.

x
a

y
b

2

2

2

2 1-- ==  v‹w mÂgu tisa¤Â‹ bjhiy¤ bjhLnfhLfŸ

 y = mx + c v‹w	nfhL«	k‰W«	mÂgutisa«	bt£L«	òŸë, x
a

mx c
b

2

2

2

2 1− + =( )

Mš	bfhL¡f¥gL»wJ. 
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(m	-J) x
a

m
b

mc
b

x c
b

x b a m ma cx a c a

2
2

2

2 2

2

2

2 2 2 2 2 2 2 2

1 2 1 0

2

−








 − − − =

− − − −( ) bb2 0=

 y = mx + c MdJ	 bjhiy¤	 bjhLnfhL	 våš,	 Ïªj	 rk‹gh£o‹	 ÏU	

Ô®ÎfSnk	fªjêahF«.

 ∴  x -‹	bfG = 0 k‰W« x2 ‹	bfG = 0.

⇒ ⇒ − = − = ∴ = = ±2 0 0 02 2 2 2ma c b a m c m b
a

and  . , k‰W« ⇒ − = − = ∴ = = ±2 0 0 02 2 2 2ma c b a m c m b
a

and  . ,

vdnt	ÏU	bjhiy¤	bjhLnfhLfŸ	cŸsd.

	mitfŸ, y b
a
x y b

a
x

or x
a

y
b

x
a

y
b

= = −

− = + =

and

and, 0 0

k‰W« y b
a
x y b

a
x

or x
a

y
b

x
a

y
b

= = −

− = + =

and

and, 0 0
	(m-J) 

y b
a
x y b

a
x

or x
a

y
b

x
a

y
b

= = −

− = + =

and

and, 0 0  k‰W« 

y b
a
x y b

a
x

or x
a

y
b

x
a

y
b

= = −

− = + =

and

and, 0 0

	bjhiy¤	bjhLnfhLfë‹	nr®¥ò¢	rk‹ghL

 x
a

y
b

x
a

y
b

x
a

y
b

−





+





= − =0 0
2

2

2

2or,   mšyJ	 x
a

y
b

x
a

y
b

x
a

y
b

−





+





= − =0 0
2

2

2

2or,  

F¿¥ò

(i)  mÂgutisa¤Â‹	bjhiy	bjhLnfhLfŸ,	ika« C(0,0) têahf	brš»‹wd	

(gl«	2.12)	v‹gJ	btë¥gil.

(ii)  bjhiy¤	 bjhLnfhLfë‹	 rhŒÎfŸ	
b
a

 , – b
a

. Mfnt,	 bjhiy¤	

bjhLnfhLfŸ	 mÂgutisa¤Â‹	 FW¡f¢Rl‹	 rkkhd	 nfhz§fis	

c©lh¡F»‹wd.	 mjhtJ	 FW¡f¢R«,	 Jiza¢R«,	 bjhiy¤	

bjhLnfhLfS¡F	 Ïil¥g£l¡	 nfhz§fis	 ÏUrk¡	 T¿L»‹wd	 (gl«	

2.12).
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(iii)  2 α v‹gJ	bjhiy¤	bjhLnfhLfS¡F	Ïil¥g£l	nfhz«	våš tan α = b
a

 ∴ bjhiy¤bjhLnfhLfS¡F	Ïil¥g£l	nfhz« = 2 tan–1 ( b
a

)

(iv)  bjhiy¤	 bjhLnfhLfë‹	 nr®¥ò	 rk‹ghlhdJ	 mÂgutisa¤Â‹	

rk‹gh£oèUªJ	kh¿è	cW¥ghš	k£Lnk	ntWgL»wJ.

vL¤J¡fh£L 14

 ika¤ bjhiy¤ jfÎ 2  k‰W« ÏU Féa§fS¡F Ïilna cŸs bjhiyÎ 

16 vd¡ bfh©LŸs mÂgutisa¤Â‹ rk‹gh£il¡ fh©f.

Ô®Î :

 bfhL¡f¥g£LŸsJ e = 2

  S k‰W« S′ Féa§fŸ	v‹f.	vdnt S′S = 16

  Mdhš		S′S = 2ae    

 ∴ 2ae = 16    ⇒ a = 4 2

nkY«     b2  = a2 (e2 – 1)

  = (4 2 )2 (2 – 1) = 32

mÂgutisa¤Â‹	rk‹ghL,

 

⇒ − = ⇒ − =

⇒ − =

x
a

y
b

x y

x y

2

2

2

2

2 2

2 2

1
32 32

1

32

 

2.4.4 br›tf mÂgutisa« (Rectangular Hyperbola)

 X®	 mÂgutisa¤Âš	 bjhiy¤	 bjhLnfhLfŸ	 x‹iwbah‹W	

br§nfhz¤Âš	bt£o¡	bfh©lhš,	mjid	br›tf	mÂgutisa«	v‹ngh«.

 bjhiy¤	 bjhLnfhLfS¡F	Ïil¥g£l	 nfhz« 2α våš	 tan α = b
a

 vdnt  
 a = 45o  ⇒  a = b.

∴ br›tf	mÂgutisa¤Â‹	rk‹ghL	x2 – y2 = a2.

⇒ xU	 gutisa¤Âš	 FW¡f¢Á‹	 ÚsK«,	 Jiza¢Á‹	 ÚsK«	 rk«	 våš	 mJ	 

	 br›tf	mÂgutisa«	vd¥gL«.

∴ b2 = a2 (e2 – 1) ⇒ a2 = a2 (e2 – 1). or e =  2

2.4.5 br›tf mÂgutisa¤Â‹ Â£l rk‹ghL

 br›tf	mÂgutisa¤Â‹	bjhiy¤	bjhLnfhLfis	x, y m¢Rfshf	vL¤J¡	

bfhŸf.	bjhiy¤bjhL	nfhLfë‹	rk‹ghLfŸ x = 0 k‰W« y = 0. 
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 mt‰¿‹	nr®¥ò¢	rk‹ghL xy = 0.

 mÂgutisa¤Â‹	 rk‹ghL,	 bjhiy¤	 bjhLnfhLfë‹	 rk‹gh£oèUªJ	

kh¿è	cW¥ghš	k£Lnk	ntWgLtjhš,	mÂgutisa¤Â‹	rk‹ghL

  xy = k   (k xU	kh¿è)    ------------- (1)

 FW¡f¢R AA′ = 2a. x m¢R¡F	br§F¤jhf	AM tiuf.	∠ACM = 45o Ï§F C 
ika«.

vdnt CM = CA cos 45o = 
a
2

    

  MA = CA sin 45o = 
a
2

 vdnt A MdJ 
a a
2 2

,





ÏJ	br›tf	mÂgutisa¤Â‹	xU	òŸë.

 
k a a

k a

=

=

2 2

2

2
or,

  

k a a

k a

=

=

2 2

2

2
or,

             

br›tf	mÂgutisa¤Â‹	rk‹ghL  xy a

c a

xy c

=

=

=

2

2
2

2

2

2
Let   

Hence  

   

ÏÂèUªJ  xy = c2,   Ï§F 

xy a

c a

xy c

=

=

=

2

2
2

2

2

2
Let   

Hence  ÏJnt	br›tf	mÂgutisa¤jÂ‹	Â£l¢	rk‹ghL.

vL¤J¡fh£L 15

 ika¤ bjhiy¤jfÎ 3 Féa« (1, 2) Ïa¡Ftiu 2x + y = 1 v‹W« bfh©l 

mÂgutisa¤Â‹ rk‹gh£il¡ fh©f.

Ô®Î :

 Féa« (1, 2), Ïa¡Ftiu 2x + y = 1, e = 3 .

 P (x1, y1) v‹gJ	mÂgutisa¤Â‹	ÛJ	xU	òŸë	våš, SP2 = e2PM2, Ï§F PM 
v‹gJ 2x + y = 1 ¡F	F¤J¡nfhL.

⇒ 
( ) ( )

( )

( ) (

x y
x y

x x y y x

1
2

1
2 1 1

2

1
2

1 1
2

1 1

1 2 3
2 1

5
5 2 1 4 4 3 2

− + − =
+ −

− + + − + = + yy

x x y y x y
1

2

1
2

1 1 1
2

1 1

1

7 12 2 2 14 22 0

−

+ − − + − =

)⇒ 

( ) ( )
( )

( ) (

x y
x y

x x y y x

1
2

1
2 1 1

2

1
2

1 1
2

1 1

1 2 3
2 1

5
5 2 1 4 4 3 2

− + − =
+ −

− + + − + = + yy

x x y y x y
1

2

1
2

1 1 1
2

1 1

1

7 12 2 2 14 22 0

−

+ − − + − =

)

⇒ 

( ) ( )
( )

( ) (

x y
x y

x x y y x

1
2

1
2 1 1

2

1
2

1 1
2

1 1

1 2 3
2 1

5
5 2 1 4 4 3 2

− + − =
+ −

− + + − + = + yy

x x y y x y
1

2

1
2

1 1 1
2

1 1

1

7 12 2 2 14 22 0

−

+ − − + − =

)

∴ (x1, y1) Ï‹	ãak¥ghij

 7x2 + 12xy – 2y2 – 2x + 14y – 22 = 0

A¢

C

y

M x

A( 2
a , 

2
a )

gl« 2.13
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vL¤J¡fh£L 16

 2x2+5xy+2y2–11x–7y–4=0 v‹w gutisa¤Â‹ bjhiy¤ bjhLnfhLfë‹ 

rk‹ghLfis¡ fh©f.

Ô®Î :

 bjhiy¤	 bjhLnfhLfë‹	 nr®¥ò	 rk‹ghL,	 mÂgutisa¤Â‹	

rk‹gh£oèUªJ	kh¿è	cW¥ghš	k£Lnk	ntWgL»wJ.

 vdnt	bjhiy¤	bjhLnfhLfë‹	nr®¥ò	rk‹ghL

  2x2 + 5xy + 2y2 – 11x – 7y + k = 0 (Ï§F k xU	kh¿è) ............... (1)

 bjhiy¤	 bjhLnfhLfŸ	 Ïu£il	 ne®nfhLfŸ,	 Ïu£ilne®nfhLfS¡fhd	

f£L¥ghL

  abc + 2fgh – af 2 – bg2 – ch2 = 0  ............... (2)

rk‹ghL	(1)	Ïš,

  
a h b f g c k= = = = − = − =2 5

2
2 7

2
11
2

, , , , ,

 (2) Ïš	ÃuÂæl, k = 5.

bjhiy¤	bjhLnfhLfë‹	nr®¥ò	rk‹ghL

  2x2 + 5xy + 2y2 – 11x – 7y + 5 = 0

 ⇒ (2x2 + 5xy + 2y2) – 11x – 7y + 5 = 0

 ⇒ (2x + y) (x + 2y) – 11x – 7y + 5 = 0

 ⇒ (2x + y + l) (x + 2y + m) = 0

 ⇒ l + 2m = – 11 (x -‹	bfG)

  2l + m = – 7 (y-‹	bfG)

 ⇒ l = – 1, m = – 5

 ∴ bjhiy	bjhLnfhLfë‹	rk‹ghLfŸ

  2x + y – 1 = 0 k‰W« x + 2y – 5 = 0.

vL¤J¡fh£L 17

 9x2 – 16y2 – 18x – 64y – 199 = 0 v‹w mÂgutisa¤Â‹ ika«, ika¤ bjhiyÎ 

jfÎ, Féa§fŸ k‰W« br›tfy« fh©f.

Ô®Î :

 bfhL¡f¥g£LŸs	rk‹gh£il

  9 (x2 – 2x) – 16 (y2 + 4y) = 199 vd	vGjyh«.

 ⇒        9 (x – 1)2 – 16 (y + 2)2 = 199 + 9 – 64 = 144

 ⇒ ( ) ( )x y− + =1

16

2

9
1

2 2

−

 X = x – 1 k‰W« Y = y + 2 våš,	 X Y

or, 

2 2

2 2 2

2

16 9
1

1
9

16
1 25

16
5
4

− =

= −

⇒ = + = =

b a e

e e

( )
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X Y

or, 

2 2

2 2 2

2

16 9
1

1
9

16
1 25

16
5
4

− =

= −

⇒ = + = =

b a e

e e

( )    

X Y

or, 

2 2

2 2 2

2

16 9
1

1
9

16
1 25

16
5
4

− =

= −

⇒ = + = =

b a e

e e

( )

 ⇒  

X Y

or, 

2 2

2 2 2

2

16 9
1

1
9

16
1 25

16
5
4

− =

= −

⇒ = + = =

b a e

e e

( )

 Ï¥nghJ	éilfis¥	g£oaèlyh«.

(X, Y) I bghW¤J
(x, y) I bghW¤J

x = X + 1, y = Y – 2

ika« (0, 0) (0 + 1, 0 – 2) = (1, – 2)

Féa§fŸ (± ae, 0)

= (5, 0) k‰W« (– 5, 0)
(5 + 1, 0 – 2) k‰W« (– 5 + 1 , (0 – 2)  
(6, – 2) k‰W« (– 4, – 2)

br›tfy«
= = × =2 2 9

4
9
2

2b
a

9
2

vL¤J¡fh£L 18

 x + 4y – 5 = 0 and 2x – 3y + 1 = 0 v‹w bjhiyÎ¤ bjhLnfhLfis¡ 

bfh©lJ« k‰W« (1, 2) v‹w òŸë tê brštJkhd mÂgutisa¤Â‹ rk‹gh£il 

fh©f.

Ô®Î :

 bjhiy¤	bjhLnfhLfë	nr®¥ò	rk‹ghL

  (x + 4y – 5) (2x – 3y + 1) = 0

 mÂgutisa¤Â‹	 rk‹ghL,	 bjhiy¤	 bjhLnfhLfë‹	 nr®¥ò	

rk‹gh£oèUªJ	kh¿è	cW¥ghš	k£Lnk	ntWgL»wJ.	mÂgutisa¤Â‹	rk‹ghL

  (x + 4y – 5) (2x – 3y + 1) = k, k xU	kh¿è

 ∴ mÂgutisa«	(1, 2) v‹w	òŸë	têahf	brštjhš

  [1 + 4(2) – 5] [2(1) – 3(2) + 1] = k ⇒   k = – 12

	 mÂgutisa¤Â‹	rk‹ghL	 (x + 4y – 5) (2x – 3y + 1) = – 12

 mšyJ 2x2 + 5xy – 12y2 – 9x + 19y + 7 = 0

vL¤J¡fh£L 19

 A k‰W« B v‹w ÏU Ïl§fS¡F Ïil¥g£l bjhiyÎ 100 ».Û. A -Ïš xU 

bghUë‹ XuyF c‰g¤Â¢ bryÎ B-Ïš mnj bghUë‹ c‰g¤Â¢ bryit él 

%. 12 Fiwthf cŸsJ. c‰g¤Â¢ brŒa¥g£l bghU£fŸ ne®¡nfh£L¥ ghijæš 

mD¥g¥g£L më¡f¥gL»‹wd v‹W«, mD¥ò« bryÎ xU myF¡F xU »nyh 

Û£lU¡F 20 igrh v‹W« bfhŸf. vªbjªj Ïl§fS¡F A -Ïš ÏUªJ mD¥Ã 

it¤jhY«, B-Ïš ÏUªJ mD¥Ã it¤jhY« bkh¤j bryÎ rkkhf ÏU¡Fnkh 

m›él§fis¡ F¿¡F« òŸëfŸ mikÍ« tistiuia¡ fh©f.
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Ô®Î :

 AB -Ï‹	ika¥òŸëia	MÂ¥òŸë O vd	bjçÎ	brŒf.

 njitahd	 tistiuæ‹	 ÛJ	 VnjD«	 xU	 òŸë P v‹f.	 vdnt A-Ïš	

ÏUªnjh	mšyJ B-Ïš	ÏUªnjh	 bghUis	 P -¡F	mD¥Ã	it¡F«	bkh¤j	 bryÎ	

rkkhf	ÏU¡F«.

 B-Ïš	Xuy»‹	éiy = C v‹f

∴ A-Ïš,	Xuy»‹	éiy = C – 12

 A-Ïš	ÏUªJ P-¡F	XuyF¡F	mD¥g¥gL«	bryÎ = 20
100

 (AP)

A O B

P(x, y)

(–50, 0) (0, 0) (50, 0)

x

y

gl«	2.14

 B -Ïš	ÏUªJ P-¡F	XuyF¡F	mD¥g¥gL«	bryÎ = 20
100

 (BP)

 A -Ïš	ÏUªJ	mD¥Ã	it¤jhY«, B -Ïš	ÏUªJ	mD¥Ã	it¤jhY«	bkh¤j¢	

bryÎ	rk«.

∴ ( ) ( ) ( )C AP C BP− + = +12 20
100

20
100

∴ AP BP i.e. AP BP = 60
5 5

12− = −

 

( ) ( )x y x y

x y x x y x

+ + − − + =

+ + + − + − + =

50 50 60

100 2500 100 2500 60

2 2 2 2

2 2 2 2

⇒ 6400x2 – 3600y2 = 5760000

∴ 16x2 – 9y2 = 14400

 

x y x y2 2 2

2

2

2900 1600
1

30 40
1− = ∴ − =

( ) ( )

 Ï›thW	eh«	bgW«	tistiu	X®	mÂgutisa«	MF«.
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vL¤J¡fh£L 20

 X® ÏaªÂu« %. p éiy¡F é‰f¥gL»wJ. mj‹ Xuh©o‰fhd njit x 

(üWfëš),  x = 
90

5p++
– 6. MF«. Ïªj njit éÂia¡ F¿¡F« njit tistiu 

ahJ ? vªj éiy mséš njitahdJ ó¢Áa¤ij mQF« ?

Ô®Î :

njit	tistiu

 
x

p
x p+ =

+
⇒ + + =6 90

5
6 5 90( ) ( )

⇒ XP = 90 Ï§F X = x + 6, P = p + 5

∴ njit	tistiu	xU	br›tf	mÂgutisa«	MF«. 

 x = 0  ⇒ 6 (p + 5) = 90

⇒ p = %.10.
gæ‰Á 2.4

1) mÂgutisa¤Â‹	rk‹ghL	fh©f.

 (i) Féa« (2, 2), ika¤	bjhiy¤jfÎ 3
2

 k‰W«	Ïa¡Ftiu 3x – 4y = 1.

 (ii) Féa« (0, 0), ika¤	bjhiy¤jfÎ	
5
4

 k‰W«	Ïa¡Ftiu x cos α + y sin α = p.

2) Féa§fŸ (6, 4), (-4, 4) k‰W«	 ika¤	 bjjhiy¤	 jfÎ	 2	 våš	

mÂgutisa¤Â‹	rk‹ghL	fh©f.

3) mÂgutisa¤Â‹	rk‹ghL	fh©f.

 (i) ika« (1, 0), xU	Féa«	(6, 0) k‰W«	FW¡f¢Á‹	Ús« 6.

 (ii) ika« (3, 2), xU	Féa«(5, 2) k‰W« xU Kid (4, 2).

 (iii) ika« (6, 2), xU	Féa«	(4, 2) k‰W« e = 2.

4)  bfhL¡f¥g£l	 mÂgutisa¤Â‹	 ika«,	 ika¤bjhiy¤	 jfÎ,	 Féa§fŸ	

k‰W«	Ïa¡Ftiufis¡	fh©f.

 (i) 9x2 – 16y2 = 144 (ii) ( ) ( )x y+ − + =2
9

4
7

1
2 2

   (iii) 12x2 – 4y2 – 24x + 32y – 127 = 0

5) bfhL¡f¥g£l	mÂgutisa¤Â‹	bjhiy¤	bjhLnfhLfë‹	rk‹ghLfis¡	

fh©f.

 (i) 3x2 – 5xy – 2y2 + 17x + y + 14 = 0  (ii) 8x2 + 10xy – 3y2 – 2x + 4y – 2 = 0

6) 4x + 3y – 7 = 0, x – 2y = 1 v‹w	 nfhLfis	 bjhiy¤	 bjhLnfhLfshf¡	

bfh©L	 k‰W«	 (2,	 3)	 v‹w	 òŸë	 tê¢	 bršY«	 mÂgutisa¤Â‹	 rk‹ghL	

fh©f.

7)  3x – 4y + 7 = 0, 4x + 3y + 1 = 0 v‹w	nfhLfis	bjhiy¤	bjhLnfhLfshf¡	

bfh©L,	k‰W«	MÂ¥òŸë	tê¢	bršY«	mÂgutisa¤Â‹	rk‹ghL	fh©f.



70

gæ‰Á 2.5

V‰òila éilia¤ bjçÎ brŒf.

1)  gutisa¤Â‹	ika¤	bjhiy¤	jfÎ

 (a) 1    (b) 0    (c)2    (d) -1

2)  xU	T«ò	bt£oæ‹	ika¤	bjhiy¤jfÎ	
1
2

 våš	m›tistiu

 (a) xU	gutisa«    (b) xU	ÚŸt£l«   

 (c) xU	t£l«		 	   (d) xU	mÂgutisa«

3)  y2 = 4ax Ï‹	br›tfy«

 (a) 2a   (b) 3a   (c) 4a   (d) a

4)  y2 = – 4ax Ï‹	Féa«

 (a) (a, 0)  (b) (0, a)  (c) (0, – a)  (d) (– a, 0)

5) x2 = 4ay Ï‹	Ïa¡Ftiu

 (a) x + a = 0  (b) x – a = 0  (c) y + a = 0  (d) y – a = 0

6) x
a

y
b

2

2

2

2 1+ =  v‹gJ	xU	ÚŸt£l¤ij¡	F¿¡F« (a > b) våš

 (a) b2 = a2 (1 – e2)  (b) b2 = – a2 (1 – e2)

 (c) b2 = a
e

2

21 −
   (d) b2 = 1 2

2
− e
a

7) x
a

y
b

2

2

2

2 1+ =  (a > b) v‹w	ÚŸt£l¤Â‹	br›tfy«

 (a) 2 2a
b

  (b) a
b

2

2
   (c) 2 2b

a
  (d) b

a

2

2
8) y2 = 16x Ï‹	Féa«

 (a)  (2, 0)  (b) (4, 0)  (c)  (8, 0)  (d) (2, 4)

9) y2 = – 8x Ï‹	Ïa¡Ftiu

 (a) x + 2 = 0  (b) x – 2 = 0  (c) y + 2 = 0  (d) y – 2 = 0

10) 3x2 + 8y = 0 Ï‹	br›tfy¤Â‹	Ús«

 (a) 8
3

   (b) 2
3

   (c) 8   (d) 3
8
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11) x2 + 16y = 0 v‹w	gutisa«	mikÍ«	gFÂ

 (a) x-m¢R¡F	nkš   (b) x-m¢R¡F	Ñœ 

 (c) y-m¢R¡F	Ïl¥òw«  (d) y-m¢R¡F	ty¥òw«

12) x y2 2

16 25
1+ =  Ï‹	miu	be£l¢R	k‰W«	miu	F‰w¢R	Ús§fŸ	Kiwna

 (a) (4, 5)   (b) (8, 10)   (c) (5, 4)   (d) (10, 8)

13)  4x2 + 9y2 = 36 Ï‹	br›tfy	Ús«

 (a) 4
3

   (b) 
8
3    (c) 

4
9    (d) 

8
9

14) xU	 ÚŸt£l¤Â‹	 e = 3
5

 vdÎ«,	 miu¡F‰w¢Á‹	 Ús«	 2	 vdÎ«	 mik»wJ.	

mj‹	be£l¢Á‹	Ús«

 (a) 4    (b) 5    (c) 8    (d) 10

15) x y2 2

4 5
1− =  v‹w	mÂgutisa¤Â‹	ika¤	bjhiy¤	jfÎ

 (a) 3
2

   (b) 9
4

   (c) 5
4

   (d) 4

16) ÚŸ	 t£l¤Â‹	 ÛJ	 VnjD«	 xU	 òŸëæ‹	 Fé¤bjhiyÎfë‹	 TLjš	 vªj	

Ús¤jÂ‰F¢	rk«

 (a) F‰w¢R     (b) miu¡	F‰w¢R 

 (c) be£l¢R	     (d) miu	be£l¢R

17) mÂgutisa¤Â‹	ÛJ	VnjD«	xU	òŸëæ‹	Fé¤bjhiyÎfë‹	é¤Âahr«	

vj‰F¢	rk«	?

 (a) FW¡f¢R     (b) miu¡FW¡f¢R

 (c) Jiza¢R    (d) miu¤	Jiza¢R

18)  mÂgutisa¤Â‹	bjhiy¤	bjhLnfhLfŸ	bršY«	òŸë,

 (a) Féa§fëš	x‹W  (b) Kidfëš	x‹W

 (c) mÂgutisa¤Â‹	ika«  (d) br›tfy¤jÂ‹	xU	Kid

19)  br›tf	mÂgutisa¤jÂ‹	ika¤	bjhiy¤jfÎ

 (a) 2   (b) 1
2

   (c) 2    (d) 
1
2

20) xy = c2 v‹w	br›tf	mÂgutisa¤Â‹	miu	FW¡f¢R	Ús« a våš c2 Ï‹	

kÂ¥ò

 (a) a2   (b) 2a2   (c) a2

2
   (d) a2

4
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tifp£o‹ ga‹ghLfŸ - I
__________________________________________________

 bghUëaš	 k‰W«	 tâféaš	 ghl§fëš	 tifp£o‹	 ga‹ghL	

Ï‹¿aikahjJ	MF«.	Ïªj	Jiwfëš	tifp£o‹	ga‹ghLfis¥	g‰¿	m¿tj‰F	

K‹	 eh«	 Ï§F	 bghUëaèš	 cŸs	 K¡»a	 brh‰bwhl®fis	 mj‹	 tH¡fkhd	

F¿p£o‹	_y«	m¿Kf¥gL¤Jnth«.

3.1  bghUëaš k‰W« tâféašfëš cŸs rh®òfŸ

3.1.1  njit¢ rh®ò (Demand Function)

 xU	bghUë‹	njit	(mšyJ	msÎ) q v‹f.	mj‹	éiyia	p v‹f.	njit¢	

rh®ghdJ q = f(p) vd	 tiuaW¡f¥gL»wJ.	 bghJthf p-Í« q-Î« äif	 v©fŸ	

k‰W«	ÏitfŸ	x‹W¡bfh‹W		vÂ®é»j¤Âš	ÏU¡F«.

	 njit¢	rh®ò q = f(p) -‹	tiugl¤ij¡	ftå¡f.

 tiugl¤ÂèUªJ	eh«	bgWtd	(gl«	3.1)	:

 (i)  p -Í« q -Î«	äif	v©fshf	ÏU¥gjhš	tiugl¤Âš	njit¢	rh®ò,	Kjš	 

	 						fhš	gFÂæš	k£L«	Ïl«	bg‰WŸsJ.

 (ii) njit¢	rh®Ã‹	rhŒÎ	xU	Fiw	v©	MF«.

3.1.2  më¥ò¢ rh®ò (Supply Function)

 rªijæš	xU	F¿¥Ã£l	bghUë‹	éiy	p v‹f.	é‰f¥gL«	bghUë‹	msÎ x 
våš,	m¥bghUë‹	më¥ò¢	rh®ò x = f(p) MF«.	Ï§F p xU	kh¿.

 bghJthf x, p ne®	é»j¤Âš	ÏU¡F«.

 më¥ò¢	rh®ò x = f (p) -‹	tiugl¤ij¡	ftå¡f.

y
q = f(p)

gl«	3.1

xx1 O

y

njit	tistiu

éiy

n
j
i
t

3
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x1 x

y

y
O

më¥ò tistiu

x = f ( p)

më¥ò

é
i

y
 (m

y
F

¡
F

)
gl« 3.2

tiugl¤ÂèUªJ	eh«	bgWtd	(gl«	3.2)	:

(i) q,  p v‹gd	 äif	 v©fŸ	 Mjyhš	 tiugl¤Âš	 më¥ò	 rh®ghdJ	 Kjš	 fhš	

gFÂæš	k£L«	Ïl«	bg‰WŸsJ.

(ii)  më¥ò	rh®Ã‹	rhŒÎ	xU	äif	v©.

3.1.3  bryÎ¢ rh®ò (Cost Function)

 bghJthf	bkh¤j	bryÎ	Ïu©L	ÃçÎfshF«.

 (i) khW«	bryÎ (ii) khwh¢	bryÎ.	khW«	bryÎ	c‰g¤Âæ‹	xU	kÂ¥ò¢	rh®ghf	

ÏU¡F«.	Mdhš	khwh¢	bryÎ	c‰g¤Âia¢	rhuhkš	ÏU¡F«.

 f (x) v‹gij	khW«	bryÎ, k v‹gij	khwh¢	bryÎ	v‹f. x v‹gJ	c‰g¤Âæ‹	

myF	våš	bkh¤j	bryÎ¢	rh®ghdJ C(x) = f (x) + k vd	tiuaW¡f¥gL»wJ.	Ï§F x 
v‹gJ	äif	v©zhF«.

 f (x) vD«	rh®Ã‰F	kh¿è	cW¥ò	»ilahJ	v‹gJ	F¿¥Ãl¤j¡fJ.

 eh«	 ruhrç	 bryÎ (Average Cost), ruhrç	 khW«	bryÎ	 (Average Variable Cost), 
ruhrç	khwh¢	bryÎ	 (Average Fixed Cost), ÏWÂ	ãiy¢	bryÎ	 (Marginal Cost), k‰W« 

ÏWÂ	ãiy¢	ruhrç	bryÎ	(Marginal Average Cost) Ïitfis	tiuaW¥ngh«.

 (i) ruhrç	bryÎ (AC)   = f x k
x

( ) +
=

Total Cost
Output

 
bkh¤j¢	bryÎ

c‰g¤Â

 (ii) ruhrç	khW«	bryÎ	(AVC)  = f x
x
( )

=
Variable Cost

Output
 
khW«	bryÎ

c‰g¤Â

 (iii) ruhrç	khwh¢	bryÎ (AFC)  = k
x

=
Fixed Cost

Output
 

khwh¢	bryÎ

c‰g¤Â

 (iv) ÏWÂ	ãiy¢	bryÎ (MC)  = 
d
dx  C(x) = C′(x)
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 (v)  ÏWÂ	ãiy¢	ruhrç	bryÎ (MAC) = 
d
dx  (AC)

F¿¥ò

 C(x) v‹gJ	 xU	 bghUis x myFfŸ	 c‰g¤Â	 brŒa	MF«	 bkh¤j¢	 bryÎ	

våš, C′(x) v‹gJ	ÏWÂ	ãiy¢	bryÎ	MF«.	mjhtJ	c‰g¤Âæ‹	msÎ	x myFfŸ	

ÏU¡F«	 bghGJ	 nkY«	 X®	myF	c‰g¤Â	 brŒa	MF«	 njhuhakhd	 brynt	ÏWÂ	

ãiy¢	brythF«.	ÏJ	gl«	3.3-š	és¡f¥g£LŸsJ.

  

x l x

y

yl

O

C(x+1)

C(x) A B

b
r

y
Î

c(x)
T

x       x+1

} }

gl« 3.3

c‰g¤Â ãiy

A = C(x + 1) – C(x)

B = C′(x) 

= ÏWÂ	ãiy¢	rh®ò

3.1.4  tUthŒ¢ rh®ò (Revenue Function)

 x myFfŸ	%. p Åj«	é‰f¥gL»‹wd	v‹f.	bkh¤j	tUthŒ	rh®ghdJ R(x) = 
px  vd	tiuaW¡f¥gL»wJ.	Ï§F p, x v‹gd	äif	v©fŸ.

 ruhrç	tUthŒ (AR) =  
bkh¤j	tUthŒ

é‰gid	msÎ

Total revenue
quantity sold

= =px
x

p

 (mjhtJ	ruhrç	tUthÍ«,	éiyÍ«	rkkhf	cŸsd.)

 ÏWÂ	ãiy	tUthŒ (MR) = d
dx

 (R) = R′(x)

F¿¥ò

 c‰g¤Â	brŒa¥g£L,	é‰f¥g£l	x myFfëèUªJ	»il¡F«	bkh¤j	tUthŒ	

R(x) v‹f.	 é‰F«	 msÎ x myFfŸ	 ÏU¡F«	 bghGJ	 nkY«	 X®	 myF	 c‰g¤Â	

brŒa¥g£L	é‰f¥g£ljhš	»il¡F«	njhuhakhd	tUthahdJ,	ÏWÂ	ãiy	tUthŒ 
R′(x) MF«.	ÏJ	gl«	3.4-š	és¡f¥g£LŸsJ.
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x x

y

y

O

R(x+1)

R(x) A B

é‰gid ãiy
t

U
t

hŒ

R(x)

T

x       x+1

} }

¢
¢

gl« 3.4

    A = R(x + 1) – R(x)

    B = R′(x) = ÏWÂ	ãiy¢	rh®ò

3.1.5  Ïyhg¢ rh®ò (Profit Function)
 bkh¤j	 tUthŒ,	 bkh¤j	 bryÎ	 Ïitfë‹	 é¤Âahr«	 Ïyhg¢	 rh®ghF«.	

mjhtJ,	Ïyhg¢	rh®ò P(x) = R(x) - C(x) MF«.

3.1.6.  be»œ¢Á (Elasticity)
 x -I	bghW¤J,	y = f(x) v‹w	rh®Ã‹	be»œ¢Á

 η = =

=

→

E
E

Lty
x

y
y
x
x

x
y
dy
dx

x∆

∆

∆0
 

η = =

=

→

E
E

Lty
x

y
y
x
x

x
y
dy
dx

x∆

∆

∆0

 vd	tiuaW¡f¥gL»wJ.

 x	I	bghW¤J y-‹	be»œ¢ÁahdJ,	 Δx → 0 vD«	bghGJ	y-‹	x¥g	khW«	Åj« 
x-‹	x¥g	khW«	Åj¤Â‰F	cŸs	é»j¤Â‹	všiyna	MF«.	(η xU	äif	v©).

3.1.7  njit be»œ¢Á (Elasticity of Demand)

 q = f(p) v‹gJ	 njit¢	 rhh®ò	 v‹f. q v‹gJ	 njit, p v‹gJ	éiy	 våš,	

njit	be»œ¢Á 

 ηd
p
q
dq
dp

=  MF«	(gl«	3.5)
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njit	be»œ¢Á = Lt
∆

∆

∆p

q
q
p
p

p
q
dq
dp→

=
0

 njit	 tistiuæ‹	 rhŒÎ	 Fiw	 v©	 k‰W«	 be»œÎ	 xU	 äif	 Mifahš	

njitæ‹	be»œ¢ÁahdJ

 ηd
p
q
dq
dp

= −  MF«.

3.1.8.  më¥ò be»œ¢Á (Elasticity of Supply)

 x = f (p) v‹gJ	 më¥ò¢	 rh®ò	 v‹f.	 Ï§F	 x v‹gJ	 njit,	  p v‹gJ	

éiyahF«.	më¥ò	be»œ¢ÁahdJ

 ηs
p
x
dx
dp

=  vd	tiuaW¡f¥gL»wJ.

3.1.9  rk‹ ãiy éiy (Equilibrium Price)

 njitæ‹	 msÎ«,	 më¥Ã‹msÎ«	 rkkhf	 ÏU¡F«	 ãiyæš	 cŸs	

éiyia¢	rk‹	ãiy	v‹W	TW»nwh«.

3.1.10  rk‹ ãiy msÎ (Equilibrium Quantity)

 rk‹	 ãiy	 éiyia,	 njit	 rh®ò	 mšyJ	 më¥ò	 rh®Ãš	 ÃuÂæl	 »il¥gJ	

rk‹	ãiy	msthF«.

3.1.11  ÏWÂ ãiy tUthŒ¡F« njitæ‹ be»œ¢Á¡F« cŸs bjhl®ò

 éiy	p Mf	ÏU¡F«	bghGJ	q myFfŸ	njit¥gL»‹wd	v‹f. ∴ p = f (q)  
( f -	MdJ	tifæl¤j¡fjhf	ÏU¡f	nt©L«)

 tUthahdJ			R(q) = qp = q f (q)     [ p = f (q)]

 q I	bghW¤J R(q) -it	tifæl	»il¥gJ	ÏWÂ	ãiy	tUthahF«. 

 

∴ ′ = ′ +

= + = ′










′ = +

R

R

( ) ( ) ( )

( )

( )

q q f q f q

q dp
dq

p here dp
dq

f q

q p q
p
d1 pp
dq

p p
q
dq
dp

p p
q
dq
dp







=
+













= + −
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  = p 
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R

R
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( )
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q q f q f q
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dq
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p
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∴ ′ = ′ +

= + = ′










′ = +

R

R

( ) ( ) ( )

( )

( )

q q f q f q

q dp
dq

p here dp
dq

f q

q p q
p
d1 pp
dq

p p
q
dq
dp

p p
q
dq
dp







=
+













= + −

−























1 1

1 1













ÏWÂ	ãiy	tUthŒ	= R' (q) = p 1 1−








ηd

    [ ηd
p
q
dq
dp

= ]

vL¤J¡fh£L 1

 xU ãWtd« x l‹fŸ c‰g¤Â brŒÍ« bghGJ mj‹ bkh¤j¢ bryÎ rh®ò  

C(x) = 
1

10
4 20 53 2x x x-- ++ ++ .

våš  (i) ruhrç bryÎ          (ii) ruhrç khW« bryÎ (iii) ruhrç khwh¢ bryÎ

 (iv) ÏWÂ ãiy¢ bryÎ    (v) ÏWÂãiy¢ ruhrç bryÎ v‹gdt‰iw¡ fh©f.

Ô®Î :

 

C( )x x x x= − + +1
10

4 20 53 2

 (i) ruhrç	bryÎ     = 
bkh¤j¢	bryÎ

c‰g¤Â

       
= − + +





1
10

4 20 52x x
x

 (ii) ruhrç	khW«	bryÎ	     = 
khW«	bryÎ

c‰g¤Â

       
= − +1

10
4 202x x

 (iii) ruhrç	khwh¢	bryÎ	    = 
khwh¢	bryÎ

c‰g¤Â
 = 5

x

 (iv) ÏWÂ	ãiy¢	bryÎ     = 
d
dx  C(x)

       

= − + +





= − +





d
dx

x x x

x x

1
10

4 20 5

3
10

8 20

3 2

2
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 (v)  ÏWÂ	ãiy	ruhrç¢	bryÎ	   = 
d
dx  (AC)

       

= − + +





= − −





d
dx

x x
x

x
x

1
10

4 20 5

1
5

4 5

2

2

vL¤J¡fh£L 2

 x myFfŸ c‰g¤Â¡fhd bkh¤j bryÎ C = 0.00005x3 - 0.06x2 + 10x + 20,000 
våš, 1000 myFfŸ c‰g¤Â¡fhd ÏWÂãiy¢ bryit¡ fh©f.

Ô®Î :

 C = 0.00005x3 – 0.06x2 + 10x + 20,000

 ÏWÂ	ãiy¢	bryÎ	 d
dx
C  = (0.00005) (3x2) – (0.06) 2x + 10

    = 0.00015 x2 – 0.12x + 10

              x = 1000 myFfŸ	våš,

   d
dx
C  = (0.00015)(1000)2 – (0.12)(1000) + 10

    = 150 - 120 + 10 = 40

    = 1000 myFfŸ	c‰g¤Â¡F	ÏWÂ	ãiy¢	bryÎ	%. 40

vL¤J¡fh£L 3

 x = 100 – p – p2 v‹w rh®Ã‹ p = 5 -š njit be»œ¢Áia¡ fh©f.

Ô®Î :

 x = 100 – p – p2

 

dx
dp

p= − −1 2 .

 njit	be»œ¢Á	        

   

Elasticity of demand ηd
p
x
dx
dp

p p
p p

p p

= −

= − − −
− −

= +( )1 2
100

2
1002

2

−− −

= = +
− −

= =

p p

p d

2

5 5 50
100 5 25

55
70

11
14

When , η p = 5 våš,	

Elasticity of demand ηd
p
x
dx
dp

p p
p p

p p

= −

= − − −
− −

= +( )1 2
100

2
1002

2

−− −

= = +
− −

= =

p p

p d

2

5 5 50
100 5 25

55
70

11
14

When , η

Elasticity of demand ηd
p
x
dx
dp

p p
p p

p p

= −

= − − −
− −

= +( )1 2
100

2
1002

2

−− −

= = +
− −

= =

p p

p d

2

5 5 50
100 5 25

55
70

11
14

When , η
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vL¤J¡fh£L 4

 x = 2p2 + 8p + 10 v‹w më¥ò¢ rh®Ã‹ më¥ò be»œ¢Áia¡ fh©f.

Ô®Î :

 x = 2p2 + 8p + 10 ⇒ dx
dp

p= +4 8

 më¥ò	be»œ¢ÁElasticity of supply ηs
p
x
dx
dp

p p
p p

p p
p p

=

= +
+ +

= +
+

4 8
2 8 10

2 4
4

2

2

2

2 ++ 5

vL¤J¡fh£L 5

 y = 4x – 8 v‹w rh®Ã‹ be»œ¢Áia¡ fh©f. nkY« x = 6 Mf ÏU¡F« 

bghGJ mj‹ kÂ¥ig¡ fh©f.

Ô®Î :

 y = 4x – 8  ⇒  dy
dx

= 4

be»œ¢Á Elasticity 

when 

η

η

η

=

=
−

=
−

= =
−

=

x
y
dy
dx
x
x

x
x

x

4 8
4

2

6 6
6 2

3
2

( )

,
x = 6 våš		 

Elasticity 

when 

η

η

η

=

=
−

=
−

= =
−

=

x
y
dy
dx
x
x

x
x

x

4 8
4

2

6 6
6 2

3
2

( )

,

vL¤J¡fh£L 6

 y = 1 2
2 3

--
++

x
x

 våš, E
E
y
x

-¡ fh©f. η -‹ kÂ¥ig x = 0 nkY« x = 2 vD« bghGJ 

fh©f.

Ô®Î :

 y = 1 2
2 3

−
+

x
x

x I	bghW¤J	tifæl

 

dy
dx

x x
x

x x
x x

= + − − −
+

= − − − +
+

= −
+

( )( ) ( )( )
( )

( ) (

2 3 2 1 2 3
2 3

4 6 3 6
2 3

7
2 3

2

2 ))

( )
( ( )

( ) ( )

2

2
2 3
1 2

7
2 3

7
1 2 2 3

η

η

= =

= +
−

× −
+

= −
− +

Ey
Ex

x
y
dy
dx

x x
x x
x

x x

⇒
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dy
dx

x x
x

x x
x x

= + − − −
+

= − − − +
+

= −
+

( )( ) ( )( )
( )

( ) (

2 3 2 1 2 3
2 3

4 6 3 6
2 3

7
2 3

2

2 ))

( )
( ( )

( ) ( )

2

2
2 3
1 2

7
2 3

7
1 2 2 3

η

η

= =

= +
−

× −
+

= −
− +

Ey
Ex

x
y
dy
dx

x x
x x
x

x x

 x = 0 våš, η = 0  x = 2 våš, η = 7
12

vL¤J¡fh£L 7

 xpn = k, v‹w njit¢ rh®Ãš n k‰W« k kh¿èfŸ våš, éiyæ‹ njit 

be»œ¢Áia¡ fh©f.

Ô®Î :

 xpn = k (bfhL¡f¥g£LŸsJ)      ⇒    x    = k p–n

 

dx
dp

nk p n= − − −1

 
 njit	be»œ¢Á		

Elasticity of demand 

which i

ηd

n
n

p
x
dx
dp
p
kp

nk p

n

= −

= − −

=

−
− −( )

,

1

ss a constant.
    = n, X®	kh¿è

vL¤J¡fh£L 8

 xy2 = c (c, kh¿è) vD« tistiuæš njit be»œ¢Á všyh òŸëfëY« 2 

v‹w v©zhf ÏU¡F« vd ãWÎf. Ï§F y v‹gJ éiyia¡ F¿¡»wJ.

Ô®Î :

                 xy2 = c vd	bfhL¡f¥g£LŸsJ

           x
c
y

= 2    ⇒ 
dx
dy

c
y

= − 2
3

	 njit	be»œ¢Á Elasticity of demand ηd
y
x
dx
dy

y
c
y

c
y

= − = − −





=

2

3
2 2

vL¤J¡fh£L 9

 xU K‰Wçikahsç‹ njit¢ rh®ò x = 100 - 4p våš,

 (i) bkh¤j tUthŒ, ruhrç tUthŒ k‰W« ÏWÂãiy tUthŒ M»adt‰iw¡  

      fh©f.

 (ii) x -‹ v«kÂ¥Ã‰F ÏWÂãiytUthŒ ó¢Áa¤Â‰F rkkhF« ?
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Ô®Î :

              x = 100 – 4p  ⇒  p
x= −100

4
        bkh¤j	tUthŒ	 R = px

       
= −





= −100
4

100
4

2x x x x

          

       ruhrç	tUthŒ	Average revenue 

Marginal revenue R

= = −

=

= −

p x

d
dx
d
dx

x x

100
4

100

( )

22

4

1
4

100 2 50
2











= − = −[ ]x x

ÏWÂ	ãiy	tUthŒ 

Average revenue 

Marginal revenue R

= = −

=

= −

p x

d
dx
d
dx

x x

100
4

100

( )

22

4

1
4

100 2 50
2











= − = −[ ]x x

(ii) ÏWÂãiy	tUthŒ	ó¢Áa«	våš,

 50
2

0 50− = ⇒ =x x  myFfŸ

vL¤J¡fh£L 10

 vªj xU c‰g¤Â ãiyæY« AR k‰W« MR v‹gd ruhrç tUthŒ k‰W« 

ÏWÂãiy tUthia¡ F¿¤jhš, njit be»œ¢ÁahdJ AR
AR - MR

-¡F¢ rk« vd 

ãWÎf. Ïij p = a + bx, v‹w njit nfhL éÂ¡F rçgh®¡f.

Ô®Î :

        bkh¤j	tUthŒ    R  =  px

 ruhrç	tUthŒ  AR =  p

          ÏWÂ	ãiy	tUthŒ			MR = d
dx

d
dx

px

p x dp
dx

( ) ( )R =

= +

 Ï¥bghGJ

 

AR
(AR  MR)

Elasticity of demand 

−
=

− +





= −

=

p

p p x dp
dx

p
x
dx
dp

ηη

η

d

d∴
−

=AR
(AR MR)

           = njit	be»œ¢Á	ηd

 

AR
(AR  MR)

Elasticity of demand 

−
=

− +





= −

=

p

p p x dp
dx

p
x
dx
dp

ηη

η

d

d∴
−

=AR
(AR MR)
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 p = a + bx (bfhL¡f¥g£LŸsJ)	

  

dp
dx

b

px ax bx
a bx
d
dx
ax bx

a bx

=

= = +
= +

= +

= +

R
AR AR = price

MR

2

2

2

( )

( )

 
∴

−
= +

+ − −
= − +AR

AR MR( )
( ) .......( )a bx

a bx a bx
a bx
bx2

1

 

ηd
p
x
dx
dp

a bx
x b

a bx
bx

= −

= − + = − +( ) ( ) ......( )1 2

 

 (1)	k‰W«	(2)	èUªJ	 AR
AR MR( )−

= ηd  vd	m¿a	Ko»wJ.

vL¤J¡fh£L 11

 ÑœtU« njit k‰W« më¥ò¢ rh®òfë‹ rk‹ãiy éiyiaÍ« rk‹ãiy 

njitaÍ« fh©f. Qd = 4-0.06p nkY« Qs = 0.6 + 0.11p.

Ô®Î :

 rk‹	ãiy	éiyæš,

  Qd = Qs

 ⇒  4 – 0.06p = 0.6 + 0.11p

 ⇒ 0.17p = 3.4

 ⇒       p = 3 4
0 17

.
.

  p = 20

 p  = 20 våš, Qd = 4 – (0.06) (20)  = 4 – 1.2 = 2.8

∴ rk‹ãiy	éiy   = 20 k‰W«

	 rk‹ãiy	njit	 = 2.8 myFfŸ

vL¤J¡fh£L 12

 xU bghUë‹ njit¢ rh®ò q
p
p

==
--5  (p > 5), p v‹gJ X® myF bghUë‹ 

éiy v‹f. p = 7 våš, njit be»œ¢Áia¡ fh©f. éil¡F és¡f« TWf.

   (AR = éiy) 
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Ô®Î :

 njit¢	rh®ò q = p
p − 5

 p -I	bghW¤J	tifæl,

 

dq
dp

p p
p p

= − −
−

= −
−

( )( ) ( )
( ) ( )
5 1 1

5
5
52 2

 njit	be»œ¢Á	Elasticity of demand ηd
p
q
dq
dp

p p
p p

= − = − − −
−












( )

( )
5 5

5 2

==
−

= =
−

=

5
5

7 5
7 5

2 5

p

p dwhen , .η

 

Elasticity of demand ηd
p
q
dq
dp

p p
p p

= − = − − −
−












( )

( )
5 5

5 2

==
−

= =
−

=

5
5

7 5
7 5

2 5

p

p dwhen , .η
 p = 7 våš  

Elasticity of demand ηd
p
q
dq
dp

p p
p p

= − = − − −
−












( )

( )
5 5

5 2

==
−

= =
−

=

5
5

7 5
7 5

2 5

p

p dwhen , .η

 mjhtJ	 p = 7 våš	 éiyahdJ	 1% mÂfç¤jhš	 njitæ‹	 msÎ	

njhuhakhf 2.5% Fiw»wJ. m›thnw p = 7 våš	 éiyahdJ1% Fiwªjhš,	

njitæ‹	msÎ	njhuhakhf 2.5% mÂfç¡»wJ.

vL¤J¡fh£L 13

 xU bghUë‹ njit q = – 60p + 480, (0 < p < 7) vd bfhL¡f¥g£LŸsJ. Ï§F 
p v‹gJ éiyia¡ Fiw¡»wJ.  p = 6 Mf ÏU¡F« bghGJ njit be»œ¢Á k‰W« 

ÏWÂ ãiy tUthŒ M»adt‰iw¡ fh©f.

Ô®Î :

	 njit¢rh®ò q  = – 60p + 480

 p-I	bghW¤J	tifæl,	 
dq
dp

= −60

 njit	be»œ¢Á		Elasticity of demand 

when 

ηd
p
q
dq
dp

p
p

p
p

= − = −
− +

− = −
−60 480

60
8

( )

pp d= = −
−

=6 6
6 8

3, η
 p = 6 våš,	

Elasticity of demand 

when 

ηd
p
q
dq
dp

p
p

p
p

= − = −
− +

− = −
−60 480

60
8

( )

pp d= = −
−

=6 6
6 8

3, η

      ÏWÂ	ãiy	tUthŒ	 = p
d

1 1 6 1 1
3

4−






= −





=
η

 ∴ ÏWÂ	ãiy	tUthŒ	 = %. 4 
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gæ‰Á 3.1

1)  x -l‹fŸ	c‰g¤Â	brŒa	xU	ãWtd¤Â‹	bkh¤j	c‰g¤Â¢	bryÎ C(x) =%.  

(
1
2

x3 – 4x2 + 25x + 8) våš (i) ruhrç	bryÎ, (ii) ruhrç	khW«	bryÎ (iii) ruhrç	

khwh¢	 bryÎ	 M»aitfis¡	 fh©f.	 nkY«	 c‰g¤Â	 ãiy	 10	 l‹fshf	

ÏU¡F«	bghGJ	Ït‰¿‹	kÂ¥òfis¡	fh©f.

2)  x -myFfŸ	 c‰g¤Â¡fhd	 bkh¤j	 bryÎ	  C(x) = 25 + 3x2 + x  våš	 100	

myFfë‹	c‰g¤Â¡fhd	ÏWÂ	ãiy¢	bryéid¡	fh©f.

3)  x - myFfŸ	c‰g¤Â¡fhd	 bkh¤j	 bryÎ C(x) = 50 + 5x  + 2 x  våš, 100	
myFfŸ	c‰g¤Â¡fhd	ÏWÂ	ãiy¢	bryÎ	ahJ	?

4)  x -myFfŸ	 c‰g¤Â¡fhd	 bryÎ C = 
1
2

x + 26 x + 4 	 våš,	 96	 myFfë‹	

c‰g¤Â¡fhd	ÏWÂ	ãiy¢	bryéid¡	fh©f.

5)  x -	l‹fŸ	c‰g¤Â	brŒÍ«	bghGJ	c‰g¤Â¡fhd	bryÎ C = 10 + 30 x våš	

100	l‹fŸ	c‰g¤Â¡fhd	ÏWÂãiy¢	bryit¡	fh©f.	nkY«	xU	l‹D¡F	

%.0.40	vd	ÏWÂ	ãiy	bryÎ	ÏU¡F«	bghGJ	mj‹	c‰g¤Âia¡	fh©f.

6)  x myFfŸ	c‰g¤Â¡fhd	bryÎ¢	rh®ò C = 1
10

x3 – 4x2 + 8x + 4 våš (i) ruhrç	

bryÎ (ii) ÏWÂ	ãiy¢	 bryÎ (iii) ÏWÂ	ãiy¢	 ruhrç	 bryÎ	M»at‰iw¡	

fh©f.

7)  x myFfŸ	c‰g¤Â¡fhd	bkh¤j	bryÎ C = 50 + 10x + 5x2 våš x = 1.3 v‹w	

òŸëæš	ruhrç	k‰W«	ÏWÂãiy¢	bryÎ	M»at‰iw¡	fh©f.

8)  x myFfŸ	bfh©l	bghUë‹	c‰g¤Â¡fhd	bkh¤j¢	bryÎ C = 0.00004x3 – 
0.002x2 + 3x + 10,000 våš	1000	myFfŸ	c‰g¤Â¡fhd	ÏWÂãiy¢	bryit¡	

fh©f.

9)  xy = c2 vD«	 tistiuæš	 njit	 be»œ¢Á	 mid¤J	 òŸëfëY«	 1	 v‹w	

v©zhf	ÏU¡F«	vd	ãWÎf.	y v‹gJ	éiyia¡	F¿¡»wJ (c, kh¿è)

10)  njit	 éÂ q = 20
1p +

,  p = 3 våš	 njit	 be»œ¢Áia¡	 fh©f.	 éil¡F	

és¡f«	jUf.

11)  njit¢	 rh®ò q = 165 – 3p – 2p2 vd	 ÏU¥Ã‹	 éiy p = 5 våš	 njit	

be»œ¢Ária¡	fh©f.	éil¡F	és¡f«	jUf.

12)  q -‹	 v«kÂ¥Ã‰F«,	 njit¢	 rh®ò p = 100
q

 Ï‹	 be»œ¢ÁahdJ	 x‹W	 v‹w	

v©zhf	ÏU¡F«	vd	ãWÎf.

13)  ÑœtU«	 njit¢	 rh®òfë‹	 njit	 be»œ¢Áia	 mj‹	 éiyia¥	 bghW¤J	

fh©f.

 (i) p a bx= − , a k‰W« b v‹gd	kh¿èfŸ  (ii) x = 
8
3 2p
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14)  njit	 tistiu	 xpm = b, m, b Kiwna	 kh¿èfŸ	 våš,	 éiyæ‹	 njit	

be»œ¢Áia¡	fh©f.

15)  më¥ò¢	rh®ò	x = 2p2 +5 våš	më¥ò	be»œ¢Áia¡	fh©f.

16)  xU	F¿¥Ã£l	cU¥gofë‹	më¥ò¢	rh®ghdJ x = a p b− , p v‹gJ	éiy, 
a, b v‹gd	äif	kh¿èfŸ (p > b) våš,	më¥ò	be»œ¢Á ηs -ia¡	fh©f.	

éiyahdJ 2b Mf	ÏU¡F«	bghGJ	më¥ò	be»œ¢Á	x‹W	v‹w	v©zhF«	

vd	ãWÎf.

17)  njit¢	rh®ò	p = 550 – 3x – 6x2 Ï§F x MdJ	njitæ‹	msitÍ« p -MdJ	

X®	my»‹	éiyiaÍ«	F¿¡»wJ.	ruhrç	tUthŒ	k‰W«	ÏWÂ	ãiy	tUthŒ	

Ïitfis¡	fh©f.

18)  S v‹gJ	 xU	 bghUë‹	 é‰gidiaÍ«, x mj‹	 éiyiaÍ«	 F¿¡»wJ.	 

S = 20,000 e-0.6x våš,

 (i) bkh¤j	é‰gid	tUthŒ (R = xS) 

 (ii) ÏWÂãiy	tUthŒ,	Ïitfis¡	fh©f.

19)  xU	bghUë‹	njit x k‰W«	mj‹	éiy p Ïitfis	Ïiz¡F«	rk‹ghL	 

x = 30 – 4p – p2. njit	 be»œ¢Á	 k‰W«	 ÏWÂ	 ãiy	 tUthŒ	 Ïitfis¡	

fh©f.

20)  ÑœtU«	 njit	 k‰W«	më¥ò¢	 rh®òfë‹	 rk‹ãiy	éiyiaÍ«,	 rk‹ãiy	

njitiaÍ«	fh©f. 

 qd = 4 – 0.05p, qs = 0.8 + 0.11p

21)  tUthŒ¢	rh®ò R(x) = 100x + x2

2
-¡F x = 10 Ïš	ÏWÂ	ãiy	tUthia¡	fh©f.

22) xU	 bghUë‹	 njit q k‰W«	 éiy	 Ïitfis	 Ïiz¡F«	 rk‹ghL q 
= 32 – 4p – p2 våš, p = 3 -Ïš	njit	be»œ¢Á	k‰W«	ÏWÂ	ãiy	tUthŒ	

Ïitfis¡	fh©f.

3.2  tifpL - khWÅj«

 y = f(x) v‹w	 rh®ò, x k‰W« y v‹w	Ïu©L	 kh¿fŸ	 thæyhf	 cŸsJ	 v‹f. 
x-Ïš	ÁW	kh‰w«	∆x vD«	bghGJ, y-š	ÁW	kh‰w« ∆y v‹f.

 x I¥	bghW¤J	y-Ï‹	ruhrç	khW	ÅjkhdJ ∆
∆
y
x
vd	tiuaW¡f¥gL»wJ.	Ï§F 

∆y = f (x + ∆x) – f (x) nkY« Lt
∆

∆
∆x

y
x

dy
dx→

=
0

 Lt
∆

∆
∆x

y
x

dy
dx→

=
0

MdJ,	 x I¥	 bghW¤J y -š	 V‰gl¡	 Toa	 cldo	 khWÅj«	 vd	

tiuaW¡f¥gL»wJ.
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3.2.1  xU msé‹ khW Åj«

 x k‰W« y v‹w	 Ïu©L	 msÎfŸ y = f (x) v‹w	 cwÎ	 Kiw¥go	

Ïiz¡f¥g£LŸsd	 v‹f. f ′(xo)  v‹gJ x -I	 bghW¤J x = x0 -Ïš	 y -Ï‹	 khW	

ÅjkhF«	v‹gij¡	F¿¡»wJ.

3.2.2  bjhl®òŸs khWÅj§fŸ

 Ïu©L	 mšyJ	 mj‰F	 nkš t-‹	 kh¿fëš	 cŸs	 cŸsh®ªj	 (implicit) 
rh®òfis¡	 bfh©l	 rk‹ghLfë‹	 _y«	 fz¡Ffë‹	 Ô®Îfis¡	 fh©ngh«.	

tH¡fkhf	 Ïªj	 kh¿fŸ	 neu¤Â‹	 cW¥òfshf	 btë¥gil¢	 rh®òfshf	

tiuaW¡f¥gLtÂšiy.	 Mfnt	 eh«	 cŸsh®ªj	 rh®òfis	 neu« ‘t’ -I	 bghW¤J	

tifæ£L	neu«	-	khW	Åj«	Ïitfis¤	bjhl®ògL¤Â	Ô®khå¡f	nt©L«.

vL¤J¡fh£L 14

 y = 300
x

 x -I bghW¤J, x -MdJ 10 -èUªJ 10.5 -¡F TL« bghGJ y -‹ 

ruhrç khWÅj« fh©f. nkY« x = 10 -Ïš y-‹ cldo khWÅj« ahJ ?

Ô®Î :

(i)  x -I	bghW¤J	y-‹	ruhrç	khW	ÅjkhdJ	x = x0 -Ïš 

 ∆
∆

∆
∆

y
x

f x x f x
x

=
+ −( ) ( )0 0

 

 Ï§F f x
x

( ) = 300 , x = 10, ∆x = 0.5

  x = 10-Ïš	y -Ï‹	ruhrç	khW	Åj«

 
f f( . ) ( )

.
.

.
.
.

10 5 10
0 5

28 57 30
0 5

1 43
0 5

− = − = −

 = – 2.86 myFfŸ	/ x -‹	X®	myF	kh‰w«

 Ï§F	Fiw	F¿ahdJ	 x TL«	bghGJ  y -	x›bthU	myF¡F«	Fiw»wJ	

v‹gij	cz®¤J»wJ.

(ii) y -Ï‹	cldo	kh‰wkhdJ 
dy
dx

 
y

x
= 300

 
∴ = −

= = − = −

dy
dx x

x dy
dx

300

10 300
10

3

2

2At ,
( )
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 x = 10 -Ïš,  

∴ = −

= = − = −

dy
dx x

x dy
dx

300

10 300
10

3

2

2At ,
( )

⇒  x = 10 -Ïš	 cldo	 kh‰wkhdJ – 3 myFfŸ	 Fiw	 F¿ahdJ x-Ï‹	 kh‰W	 

	 Åj¤ij¥	bghW¤J,	y Fiw»wJ	v‹gij	cz®¤J»wJ.

vL¤J¡fh£L 15

 xy = 35 vD« tistiuæš xU òŸëahdJ efU»wJ. òŸë (5, 7) -Ïš x Ma¤ 

bjhiythdJ 3 myFfŸ/édho v‹w Åj¤Âš TL»wJ våš mªãiyæš  y Ma¤ 

bjhiyÎ k‰W« Åj¤ij¡ fh©f.

Ô®Î :

 x y = 35 (bfhL¡f¥g£LŸsJ)

 Ï§F x, y -fŸ t -š	cŸs	rh®òfshF«.

 ‘t’ -I	bghW¤J	tifæl

 

d
dt
xy d

dt

x dy
dt

y dx
dt
dy
dt

y
x
dx
dt

( ) ( )=

⇒ + =

⇒ = −

35

0

 x = 5, y = 7 k‰W« dx
dt

= 3 vD«	bghGJ,

 ∴ = − ×dy
dt

7
5

3  = – 4.2 myFfŸ	/	édho

 mjhtJ  y -Ma¤	bjhiythdJ	4.2	myFfŸ/édho	Åj«	khW»wJ.

vL¤J¡fh£L 16

 xU bghUë‹ X® myF éiyiaÍ«, myFfë‹ é‰gid v©â¡if x iaÍ« 

bjhl®ògL¤J« njit¢ rh®ò p = 400 – x
1000

,  Ïªj bghUë‹ x myFfŸ c‰g¤Â 

brŒa MF« bryÎ C(x) = 50x + 16,000. c‰g¤Â brŒa¥g£l myFfŸ é‰f¥g£ld. 

x - MdJ thu¤Â‰F 200 myFfŸ Åj« TL»‹wd. 10000 v©â¡if¡ bfh©l 

myFfŸ c‰g¤Â brŒa¥g£L é‰f¥gL« bghGJ fhy« t -I (thu§fëš) bghW¤J  

(i) tUthŒ (ii) bryÎ (iii) Ïyhg«, Ït‰¿š V‰gL« cldo kh‰w§fis¡ fh©f.
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Ô®Î :

(i)  tUthŒ     R  = px

 

= −





= −

= −




400
1000

400
1000

400
1000

2

2

x x

x x

d
dt

d
dt

x d
dt

x

R

R( ) ( ) 





= −





dR
dt

x dx
dt

400
500    

 when and x dx
dt

dR
dt

= =

= −





10 000 200

400 10 000
500

200

, ,

, ( )

våš

 

when and x dx
dt

dR
dt

= =

= −





10 000 200

400 10 000
500

200

, ,

, ( )

  = %.	76,000 / thu«

 tUthŒ	thu¤Â‰F	%.76,000 Åj«	mÂfç¡»wJ.

(ii)  C(x)  = 50x + 16,000.

 

d
dt

d
dt

x d
dt

d
dt

dx
dt
dx
dt

dx
dt

( ) ( ) ( , )C

C

when 

= +

= +

=

=

50 16 000

50 0

50

2000 50 200, d
dt
C

Rs. 10,000 per week.

= ×

=
        

d
dt

d
dt

x d
dt

d
dt

dx
dt
dx
dt

dx
dt

( ) ( ) ( , )C

C

when 

= +

= +

=

=

50 16 000

50 0

50

2000 50 200, d
dt
C

Rs. 10,000 per week.

= ×

=

 våš, 

d
dt

d
dt

x d
dt

d
dt

dx
dt
dx
dt

dx
dt

( ) ( ) ( , )C

C

when 

= +

= +

=

=

50 16 000

50 0

50

2000 50 200, d
dt
C

Rs. 10,000 per week.

= ×

=  =	%.	10,000	/	thu«

(iii)  Ïyhg« P = R – C

 

d
dt

d
dt

d
dt

P R C

Rs.66,000 per week.

= −

= −
=

76 000 10 000, ,        

  = %.	66,000	/	thu«

 (m-J)	ÏyhgkhdJ	thu¤Â‰F	%.66,000	Åj«	mÂfç¡»wJ.

vL¤J¡fh£L 17

 xU t£l¤Â‹ R‰wsthdJ khwh Åj¤Âš TL»wJ. mj‹ gu¥gsÎ TL« 

ÅjkhdJ mj‹ Mu¤Â‰F ne® é»j¤Âš ÏU¡F« vd ãWÎf.



89

Ô®Î :

 r myF	MuKŸs	xU	t£l¤Â‹	R‰wsÎ	P k‰W«	gu¥gsÎ A fh©f.

 P = 2πr k‰W« A = πr2

 

Then P and   A 
P

A

= =

=

=

2

2 1

2

2π π

π

π

r r
d
dt

dr
dt

d
dt

r dr
dt

........( )

.........( )2

(1)	k‰W«	(2)	-I	ga‹gL¤j,

 
d
dt

r d
dt

A P=

R‰wsÎ P MdJ	khwh	Åj¤Âš		TLtjhš d
dt
P  X®	kh¿è.

 ∴ d
dt

rA ∝  (m-J) A Ï‹	 TL«	 ÅjkhdJ	 mj‹	 Mu¤Â‹	 ne®	 é»j¤ij¥	

bghW¤JŸsJ.

vL¤J¡fh£L 18

 X® cnyhf cUisia bt¥g¥gL¤J« bghGJ, Mu« (mj‹ tot« khwhkš) 0.4 

brÛ/ãäl« k‰W« mj‹ cau« 0.3 br.Û/ãäl« vD« Åj¤Âš TL»‹wd. våš Mu« 

20 br.Û cau« 40 br.Û vd ÏU¡F« bghGJ mj‹ tisgu¥Ãš V‰gL« khWÅj« 

ahJ?

Ô®Î :

 cUisæ‹	tisgu¥ò

 A = 2πrh.

‘t’ -I	bghW¤J	tifæl,

 

d
dt

r dh
dt

h dr
dt

r h dr
dt

dh
dt

A

Given   

= +





= = = =

2

20 40 0 4 0

π

, , . , .33
 

 

d
dt

r dh
dt

h dr
dt

r h dr
dt

dh
dt

A

Given   

= +





= = = =

2

20 40 0 4 0

π

, , . , .33  våš

 
∴ = × + ×

= +

=

d
dt
A

cm minute

2 20 0 30 40 0 40

2 6 16

44 2

π

π

π

[ . . ]

[ ]

/
  = 2π [6 + 16] = 44π brÛ	2	/	ãäl«
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vL¤J¡fh£L 19

 x -Ï‹ v«kÂ¥òfS¡F, y = x3 + 21 vD« rh®Ãš x - mÂfç¡F« bghGJ y 
MdJ mij nghš 75 kl§F mÂfç¡F« ?

Ô®Î :

 y = x3 + 21

 ‘t’ I	bghW¤J	tifæl

 

dy
dt

x dx
dt

dy
dt

x dx
dt

dy
dt

dx
dt

x dx
dt

dx
dt

= +

=

=

=

3 0

3

75

3 75

2

2

2

Given

 

 nkY«	

dy
dt

x dx
dt

dy
dt

x dx
dt

dy
dt

dx
dt

x dx
dt

dx
dt

= +

=

=

=

3 0

3

75

3 75

2

2

2

Given (bfhL¡f¥g£LŸsJ)

 

dy
dt

x dx
dt

dy
dt

x dx
dt

dy
dt

dx
dt

x dx
dt

dx
dt

= +

=

=

=

3 0

3

75

3 75

2

2

2

Given

    ⇒   3x2  = 75

            ⇒   x2  = 25      ⇒   x  =   ± 5

vL¤J¡fh£L 20

 xU bghUë‹ njit y = 12
x

, (Ï§F x MdJ éiy) éiy %. 4 vd ÏU¡F« 

bghGJ njit khW Åj« ahJ ?

Ô®Î :

 éiyia¥	bghW¤J,	njit y -‹	khW	Åj«	= dy
dx

.

 y = 
12
x  (bfhL¡f¥g£LŸsJ)

 ∴  x -I	bghW¤J,	njitæ‹	khW	ÅjkhdJ  dy
dx

 = – 12
2x

 éiy	%.4	våš,	njitæ‹	khWÅj«  
−12
16

 = – 3
4

 (m-J)	 éiy	 %.	 4-Mf	 ÏU¡F«	 bghGJ,	 éiyæš	 1% -I	T£L«	 bghGJ	

njit 0.75% Mf	Fiw»wJ.

gæ‰Á 3.2

1) y = 
500

x  -Ïš x -I	bghW¤J x MdJ	20	èUªJ	20.5-¡F	TL«	bghGJ, y -‹	

ruhrç	khWÅj«	fh©f.	nkY« x = 20 -š	y -‹	cldo	khW	Åj«	ahJ	?

2) xy = 8 v‹w	 tistiuæš	 xU	 òŸë	 efU«	 bghGJ,	 2	 myF/édho	 vD«	

Åj¤Âš y-Ma¤	 bjhiyÎ	 TL»wJ.	 mªãiyæš x-Ma¤	 bjhiyÎ	 khW«	

Åj¤ij	òŸë	(2,	4)-š	fh©f.
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3)  4x2 + 2y2 = 18 vD«	tistiuæš	xU	òŸëahdJ	efU«	bghGJ	3	myFfŸ/

édho	 vD«	 Åj¤Âš x	 -	 Ma¤	 bjhiyÎ	 Fiw»wJ.	 mªãiyæš y-Ma¤	

bjhiyÎ	khW«	Åj¤ij	òŸë	(2,	1)-Ïš	fh©f.

4)  y2 = 12x vD«	 tistiuæy	 xU	 òŸë	 efU»‹wJ.	 m¥òŸë x -Ma¤	

bjhiythdJ 5 2  myFfŸ/édho	vD«	Åj¤Âš	khW»wJ	våš	(3,	6)	-Ïš	

y -Ma¤	bjhiyé‹	khWÅj«,	x -Ma¤	bjhiyé‹	khWÅj¤Â‰F	rk«	vd¡	

fh£Lf.

5) tUthŒ,	bryÎ	k‰W«	Ïyhg¢	rk‹ghLfŸ	Kiwna	R = 800x – x2

10
, C = 40x + 

5,000, P = R – C, Ï§F	x›bthU	khj¤ÂY«	c‰g¤Â	brŒa¥g£l x myFfŸ	

é‰f¥gL»‹wd.	 c‰g¤Â,	 khj¤Â‰F	 100	 myFfŸ	 Åj«	 TL»wJ.	 2000	

myFfŸ	c‰g¤Â¡F, (i) tUthŒ (ii) bryÎ (iii) Ïyhg«	M»adt‰¿‹	khjhªÂ	

khW	Åj§fis¡	fh©f.

6)  xU	bghUë‹	X®	myF	éiy p -iaÍ«,	myFfë‹	é‰gid	 v©â¡if	 
x-iaÍ«	 bjhl®ògL¤J«	 njit¢	 rh®ò p = 200 – x

1000
 Ïªj¥	 bghUis x 

myFfŸ	c‰g¤Â	 brŒa	MF«	 bryÎ C = 40x + 12,000. c‰g¤Â	 brŒa¥g£l	

myFfŸ	é‰f¥g£ld. x -MdJ	 thu¤Â‰F	 300	 myFfŸ	 Åj«	TL»‹wJ.	

20000	v©â¡if	bfh©l	myFfŸ	c‰g¤Â	brŒa¥g£L	é‰f¥gL«	bghGJ	

fhy« ‘t’ I	 (thu§fëš)	bghW¤J	cldo	kh‰w¤ij	 (i) tUthŒ	 (ii) bryÎ (iii) 
Ïyhg«	M»adt‰iw¡	fh©f.

7)  tifæLjiy	 khWÅj	 msthf¥	 ga‹gL¤Â	 ÑœtU«	 T‰iw	 ãWÎf.	 ‘‘xU	

t£l¤Â‹	 gu¥gsÎ	 Óuhf	 TL«	 bghGJ	 mj‹	 R‰wséš	 TL«	 kh‰wkhdJ	

t£l¤Â‹	Mu¤Â‰F	vÂ®	é»j¤Âš	ÏU¡F«.’’

8)  xU	 t£l	 tot¤	 j£o‹	 MukhdJ	 0.2	 br.Û/éeho	 v‹w	 Åj¤Âš	 TL»wJ.	

mj‹	MukhdJ	25	br.Û	ÏU¡F«	bghGJ	gu¥gséš	V‰gl¡	Toa	khW	Åj«	

fh©f.

9)  xU	cnyhf	cUisia	bt¥g¥gL¤J«	bghGJ	 (mj‹	tot«	 khwhkš)	mj‹	

Mu«	0.2	br.Û/	ãäl«,	cau«	0.15	br.Û/ãäl«	vD«	Åj¤Âš	TL»‹wd	våš,	

Mu«	10	br.Û,	cau«	25	br.Û	Mf	ÏU¡F«	bghGJ,	mj‹	fdmséš	V‰gL«	

khW	Åj¤ij	fz¡»Lf.

10)  x -Ï‹	v«kÂ¥òfS¡F, x3 – 5x2 + 5x + 8 Ï‹	TL«	ÅjkhdJ x Ï‹	TL«	

Åj¤ij¥	nghš	ÏU	kl§fhF« ?
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3.3  tifæLjè‹ thæyhf rçit (rhŒit) mséLjš

3.3.1  bjhLnfh£o‹ rhŒÎ

 
dy
dx

 MdJ, y = f (x) v‹w	tistiuæš P(x, y) -Ïš	tiua¥g£l	bjhLnfh£o‹	

rhŒÎ	mšyJ	rçÎ	v‹W	tot	fâj	és¡f¤Â‹	_y«	m¿ayh«.	 x m¢Á‹	äif	

Âiræš	bjhLnfh£o‰F«,	 x -m¢R¡F«	Ïil¥g£l	nfhz«		θ våš,	bjhLnfh£o‹	

rhŒthdJ	(gl«	3.6).

 P (x, y) -Ïš m = tan θ = m dy
dx

x y= =tan ( , ).θ at P  MF«.

T

q

y=f(x)N

P(x, y)

x1
1

x

y

y
gl« 3.6

F¿¥ò

(i) tistiuæ‹	bjhLnfhlhdJ x-m¢R¡F	Ïizahf	ÏUªjhš θ = 0 MF«.	 

	 mjhtJ tan θ = 0 ∴ mªj	òŸëæš	m dy
dx

x y= =tan ( , ).θ at P  = 0	MF«.

(ii) tistiuæ‹	bjhLnfhlhdJ y-m¢R¡F	Ïizahf	ÏUªjhš θ = 90o MF«	 

	 mjhtJ tan θ=∞.

 ∴ mªj¥	òŸëæš m dy
dx

x y= =tan ( , ).θ at P  = ∞ mšyJ	∴ = ∞ =dy
dx

dx
dy

or  at that point.0 = 0 MF«.

3.3.2  bjhLnfh£o‹ rk‹ghL

 gFKiw	 tot	 fâj¤Â‹	 go y = f (x) v‹w	 tistiu¡F P(x1, y1) -Ïš	

tiua¥g£l	bjhLnfh£o‹	rk‹ghlhdJ

 y – y1 = 
dy
dx

 = (x – x1) ,	Ï§F 
dy
dx

 v‹gJ

 P-š	tiua¥g£l	bjhLnfhL	nfh£o‹	rhŒthF«.

(m-J)  y – y1 = m (x – x1) Ï§F m = 
dy
dx

 

 P -MdJ	bjhL«òŸë	vd¥gL«.
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F¿¥ò :

  y = f (x) v‹w	tistiu¡F	ÏU	bjhLnfhLfŸ

 (i) Ïizahf	ÏU¡Fkhdhš	mj‹	rhŒÎfŸ	rkkhF«.

 (ii)  x‹W¡bfh‹W	 br§F¤jhf	 ÏUªjhš	 mt‰¿‹	 rhŒÎfë‹	 bgU¡fš	 

	 	 gy‹	-1	Mf	ÏU¡F«.

3.3.3  br§nfh£o‹ rk‹ghL

 bjhL«òŸë	 P(x, y) -èUªJ	 bjhLnfh£o‰F	 br§F¤jhf	 tiua¥g£l	 nfhL	

br§nfhlhF«.

 ∴ br§nfh£o‹	rk‹ghL (x1, y1) -Ïš

  y y dy
dx

x x dy
dx

x y

y y
m
x

− = − − ≠

− = − −

1 1 1 1

1

1 0

1

( ), ( , )

(

provided  at 

or xx m dy
dx

x y1 1 1) ( , ). where  at = 





 Ï§F y y dy
dx

x x dy
dx

x y

y y
m
x

− = − − ≠

− = − −

1 1 1 1

1

1 0

1

( ), ( , )

(

provided  at 

or xx m dy
dx

x y1 1 1) ( , ). where  at = 



(m-J)	 

y y dy
dx

x x dy
dx

x y

y y
m
x

− = − − ≠

− = − −

1 1 1 1

1

1 0

1

( ), ( , )

(

provided  at 

or xx m dy
dx

x y1 1 1) ( , ). where  at = 





 Ï§F m	MdJ,

	 	 òŸë	(x1, y1) -š 

y y dy
dx

x x dy
dx

x y

y y
m
x

− = − − ≠

− = − −

1 1 1 1

1

1 0

1

( ), ( , )

(

provided  at 

or xx m dy
dx

x y1 1 1) ( , ). where  at = 




 I¡	F¿¡F«

vL¤J¡fh£L 21

 y = 
x
x

2 12
4

--
-- v‹w tistiu¡F (0, 3) -Ïš rhŒit¡ fh©f. nkY« vªj 

òŸëæš bjhLnfhlhdJ x -m¢R¡F Ïizahf ÏU¡F« vd¡ fh©f.

Ô®Î :

 y = 
x
x

2 12
4

−
−

 x -I	bghW¤J	tifæl

 

dy
dx

x x x
x

x x
x

= − − −
−

= − +
−

( )( ) ( )( )
( )

( )

4 2 12 1
4

8 12
4

2

2

2

2
 

 ∴ (0, 3) -Ïš	tistiuæ‹	rhŒÎ	 = 
dy
dx

 at (0, 3) -Ïš = 3
4

 bjhLnfhL	x-m¢R¡F	Ïizahf	cŸsJ.

 ∴  
dy
dx

= 0      ⇒ x2 – 8x + 12 = 0

            ⇒ (x – 2) (x – 6) = 0  ∴ x = 2, 6

 x = 2     våš  y = 4 		nkY«   x = 6 våš	   y = 12

 ∴ (2, 4), (6, 12) vD«	òŸëfëèUªJ	tiua¥g£l	bjhLnfhLfŸ x -m¢R¡F	

Ïizahf	ÏU¡F«.													
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vL¤J¡fh£L 22

 y = lx2 + 3x + m v‹w tistiuahdJ (0, 1) v‹w òŸë têahf brš»wJ 

nkY« x = 0.75 -Ïš mj‹ bjhLnfhlhdJ x -m¢R¡F Ïizahf cŸsJ våš l, m 
Ï‹ kÂ¥òfis¡ fh©f.

Ô®Î :

 y = l x2 + 3x + m vd	bfhL¡f¥g£LŸsJ

 x -I	bghW¤J	tifæl

 
dy
dx

= 2lx + 3.

 x = 0.75 -Ïš	 
dy
dx

= 2l (0.75) + 3

   = 1.5l + 3.

 x = 0.75 Ïš	bjhLnfhL x -m¢R¡F	Ïizahf	cŸsJ.

 x = 0.75 -Ïš 
dy
dx

 = 0

 ⇒    1.5l + 3 = 0

 ⇒    l = – 3
1 5.

 = – 2.

 tistiuahdJ	(0,	1)-‹	têahf	bršYtjhš,	»il¥gJ

 1 = l(0)2 + 3(0) + m ⇒ m = 1.

 l = – 2 and m = 1.

vL¤J¡fh£L 23

 bryÎ¢ rh®ò y = 2x 
x
x

++
++

ÊÊ
ËËÁÁ

ˆ̂
¯̃̃̄

4
3

+ 3, ¡F ÏWÂ ãiy¢ brythdJ, c‰g¤Â x 

mÂfç¡F« bghGJ bjhl®¢Áahf Fiw»wJ vd ãWÎf.

Ô®Î :

 y = 2x x
x

+
+







4
3

 + 3 vd	bfhL¡f¥g£LŸsJ

 
y x x

x
= +

+
+2 8

3
3 1

2
........( )

 ÏWÂ	ãiy¢	bryÎ 
dy
dx

∴ x -I	bghW¤J,	(1)	-I	tifæl

 

dy
dx

x x x x
x

x x
x

x

= + + − +
+

+

= + +
+

=

( )( ) ( )( )
( )

( )
( )

(

3 4 8 2 8 1
3

0

2 6 12
3

2

2

2

2

2

22

2

2

2 2

6 9 3
3

2 3 3
3

2 1 3
3

+ + +
+

= + +
+









 = +

+







x
x

x
x x

)
( )

( )
( ) ( )
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dy
dx

x x x x
x

x x
x

x

= + + − +
+

+

= + +
+

=

( )( ) ( )( )
( )

( )
( )

(

3 4 8 2 8 1
3

0

2 6 12
3

2

2

2

2

2

22

2

2

2 2

6 9 3
3

2 3 3
3

2 1 3
3

+ + +
+

= + +
+









 = +

+







x
x

x
x x

)
( )

( )
( ) ( )  

ÏÂèUªJ	c‰g¤Â x mÂfç¡F«	bghGJ	ÏWÂ	ãiy¢	bryÎ 
dy
dx

 MdJ	Fiw»wJ	

vd	m¿ayh«.

vL¤J¡fh£L 24

 bryÎ¢ rh®ò C = 100 + x + 2x2 -¡F, Ï§F x v‹gJ c‰g¤Âia¡ F¿¤jhš, AC 
¡fhd tistiuæ‹ rhŒÎ = 1

x
 (MC-AC) vd ãWÎf.

 (MC ÏWÂãiy¢ rh®ò, AC ruhrç¢ bryÎ)

Ô®Î :

     bryÎ¢	rh®ò C   = 100 + x + 2x2

      ruhrç	bryÎ (AC)  = 100 2 2+ +x x
x

 

                
= + +100 1 2

x
x

  AC-‹	rhŒÎ                   Slope of AC AC

Ma

=

= + +





= − +

d
dx
d
dx x

x
x

( )

......( )100 1 2 100 2 12

rrginal cost MC C

MC AC

=

= + + = +

− = + −

d
dx
d
dx

x x x

x

( )

( )

( )

100 2 1 4

1 4 100

2

xx
x

x
x

x x x
x

x

+ +





= − +

− = − +





= − +

1 2

100 2

1 1 100 2

100 22

( )

.

MC AC

........( )2

 ÏWÂãiy¢	bryÎ	MC  

Slope of AC AC

Ma

=

= + +





= − +

d
dx
d
dx x

x
x

( )

......( )100 1 2 100 2 12

rrginal cost MC C

MC AC

=

= + + = +

− = + −

d
dx
d
dx

x x x

x

( )

( )

( )

100 2 1 4

1 4 100

2

xx
x

x
x

x x x
x

x

+ +





= − +

− = − +





= − +

1 2

100 2

1 1 100 2

100 22

( )

.

MC AC

........( )2

           

Slope of AC AC

Ma

=

= + +





= − +

d
dx
d
dx x

x
x

( )

......( )100 1 2 100 2 12

rrginal cost MC C

MC AC

=

= + + = +

− = + −

d
dx
d
dx

x x x

x

( )

( )

( )

100 2 1 4

1 4 100

2

xx
x

x
x

x x x
x

x

+ +





= − +

− = − +





= − +

1 2

100 2

1 1 100 2

100 22

( )

.

MC AC

........( )2

	 (1)	k‰W«	(2)	fëèUªJ

   AC-‹	rhŒÎ = 1
x

 (MC – AC)
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vL¤J¡fh£L 25

 x
a

y
b

2

2

2

2++  = 1 v‹w ÚŸt£l¤Â‰F òŸë  (acosθ, bsinθ) Ïš bjhLnfhL, 

br§nfhL Ït‰¿‹ rk‹ghLfis¡ fh©f.

Ô®Î :

 x
a

y
b

2

2

2

2 1+ =  vd	bfhL¡f¥g£LŸsJ

 x-I	bghW¤J	tifæl

 

1 2 1 2 02 2

2

2

a
x

b
y dy
dx

dy
dx

b x
a y

a b dy
dx

b
a

( )

( cos , sin ) cos

+ =

= −

= −At θ θ θ
ssin

.
θ

= m

 
 

1 2 1 2 02 2

2

2

a
x

b
y dy
dx

dy
dx

b x
a y

a b dy
dx

b
a

( )

( cos , sin ) cos

+ =

= −

= −At θ θ θ
ssin

.
θ

= m Ïš 

1 2 1 2 02 2

2

2

a
x

b
y dy
dx

dy
dx

b x
a y

a b dy
dx

b
a

( )

( cos , sin ) cos

+ =

= −

= −At θ θ θ
ssin

.
θ

= m

 bjhLnfh£o‹	rk‹ghL,

  y – y1 = m (x – x1)

 

⇒ − = − −

⇒ − = − +

y b b
a

x a

ay ab bx ab

sin cos
sin

( cos )

sin sin cos cos

θ θ
θ

θ

θ θ θ2 22

2 2

θ

θ θ θ θ⇒ + = + =bx ay ab abcos sin (sin cos )  

ÏUòwK« ‘ab’ Mš	tF¡f	»il¥gJ,

 
x
a

y
b

cos sinθ θ+ = 1

∴ bjhLnfh£o‹	rk‹ghL x
a

y
b

cos sinθ θ+ = 1

 br§nfh£o‹	rk‹ghL

 
y y

m
x x− = − −1 1

1 ( )

 

⇒ − = − −

⇒ − = −

y b a
b

x a

by b ax a

sin sin
cos

( cos )

cos sin cos sin s

θ θ
θ

θ

θ θ θ θ2 2 iin cos

sin cos sin cos ( )

θ θ

θ θ θ θ⇒ + = −ax by a b2 2

 ÏUòwK« sin θ cos θ  (sin θ cos θ ≠ 0) Mš	tF¡f	»il¥gJ, 

 
ax by a b

cos sinθ θ
− = −2 2

 

∴ br§nfh£o‹	rk‹ghL ax by a b
cos sinθ θ

− = −2 2
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vL¤J¡fh£L 26

 njit¢ rh®ò y = 10 – 3x2 ¡F(1, 7) Ïš bjhLnfhL, br§nfh£o‹ 

rk‹ghLfis¡ fh©f.

Ô®Î :

 njit	tistiu y = 10 – 3x2

 x -I	bghW¤J	tifæl

 dy
dx

x

dy
dx

m

= −

= − =

6

1 7 6At ( , ) .

òŸë	(1,	7)	Ïš 

dy
dx

x

dy
dx

m

= −

= − =

6

1 7 6At ( , ) .

 bjhLnfh£o‹	rk‹ghlhdJ

  y – y1  =  m (x – x1)

 ⇒ y – 7 = – 6 (x – 1)

 ⇒ 6x + y – 13 = 0

br§nfh£o‹	rk‹ghlhdJ

  y – y1  = y y
m
x x− = − −1 1

1 ( ) (x – x1)

 ⇒ y – 7   = – 1
6−

 (x – 1)

  y – 7 = 1
6

 (x – 1)

          6y – 42  = x – 1

 ⇒ x – 6y + 41 = 0

vL¤J¡fh£L 27

 y = (x – 1) (x – 2) v‹w tistiuæ‹ v¥òŸëæš tiua¥gL« bjhLnfhL x 
-m¢Rl‹ 135o nfhz¤ij V‰gL¤J« ?

Ô®Î :

 y = (x – 1) (x – 2) bfhL¡f¥g£LŸsJ.

x -I	bghW¤J	tifæl

    
dy
dx

 = (x – 1) (1) + (x – 2) (1)

  = 2x – 3   ............ (1)

 bjhLnfhlhdJ	x -m¢Rl‹	135o -ia	V‰gL¤J»wJ.
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m dy
dx

o o o

o

= = = −

=
= −

= −

tan tan tan( )

tan
.......( )

tan

θ 135 180 45

135
1 2

445
1

o

= −  

(1)	k‰W«	(2)	I	rk¥gL¤j	»il¥gJ

 2x – 3 = – 1 mšyJ 2x = 2  ⇒  x = 1

 x = 1 våš, y = (1 – 1) (1 – 2) = 0 ∴ òŸë (1, 0) MF«.

gæ‰Á  3.3

1) y = 
1
3

(x2 + 10x – 15) v‹w	tistiuæ‹	bjhLnfh£o‹	 rhŒit	 (0,	 5)	 v‹w	

òŸëæš	 fh©f.	 tistiuæš	 vªj	 òŸëæš	 bjhLnfhL	 tiuªjhš,	 mªj	

bjhLnfh£o‹	rhŒÎ 8
5

 Mf	ÏU¡F«	?

2)  y = ax2 – 6x + b vD«	 tistiuahdJ	 (0,	 2)	 v‹w	 òŸë	 têahf	 brš»wJ.	

nkY«	x = 1.5 Ïš	mj‹	bjhLnfhlhdJ x -m¢R¡F	Ïizahf	cŸsJ	våš,	

a k‰W« b -‹	kÂ¥òfis¡	fh©f.

3)  bryÎ¢	 rh®ò	 y = 3x x
x

+
+







7
5

+ 5 -¡F	 c‰g¤Â x mÂfç¡F«	 bghGJ	 mj‹	

ÏWÂãiy¢	bryÎ	bjhl®¢Áahf	Åœ¢Á	mil»wJ	vd	ãWÎf.

4)  ÑœfhQ«	tistiufS¡F	bjhLnfhL	k‰W«	br§nfh£o‹	rk‹ghLfis¡	

fh©f.

 (i) y2 = 4x ¡F	òŸë (1, 2) Ïš  (ii) y = sin 2x ¡F x = 
π
6

 Ïš

 (iii) x2 + y2 = 13 ¡F	òŸë (-3, -2) Ïš        (iv) xy = 9 ¡F	òŸë x = 4 Ïš

 (v) y = x2 log x ¡F	òŸë x = e Ïš            (vi) x = a cos θ, y = b sin θ ¡F θ = 
π
4

 Ïš

5)  y = x2 + x + 2 ¡F x = 6 vD«	òŸëæš	bjhLnfhL	k‰W«	br§nfhL	Ït‰¿‹	

rk‹ghLfis¡	fh©f.

6)  njit¢	 rh®ò y = 36 – x2 ¡F  y = 11 vD«	 òŸëæš	 bjhLnfhL	 k‰W«	

br§nfh£o‹	rk‹ghLfis¡	fh©f.

7)  3y = x3 vD«	tistiuæ‹	ÛJ	vªj	òŸëfëš	bjhLnfhL	tiuªjhš	mJ x 
-m¢Rl‹	45o nfhz¤ij	V‰gL¤J«	?

8)  y = b e–x/a v‹w	 tistiu	 y -m¢ir	 bt£L«	 òŸëæl¤J	
x
a

y
b

+ = 1 vD«	

nfh£il	bjhL»wJ	vd	ãWÎf.

9)  y(x – 2) (x – 3) – x + 7 = 0 vD«	tistiu¡F, x -m¢ir	bt£L«	òŸëæl¤J	

bjhLnfhL,	br§nfh£o‹	rk‹ghLfis¡	fh©f.



99

10)  y = x2 – 3x + 1 k‰W« x (y + 3) = 4 vD«	tistiufŸ (2, –1) v‹w	òŸëæš	

br§F¤jhf	bt£o¡	bfhŸ»‹wd	v‹W	ãWÎf.

11)  x
a

y
b

2

2

2

2− = 1 v‹w	 mÂ	 gutisa¤Â‰F	 bjhLnfhL	 k‰W«	 br§nfh£o‹	

rk‹ghLfis	(a sec θ, b tan θ) v‹w	òŸëæš	fh©f.

12) x2 + y2 – 2x – 4y + 1 = 0 vD«	t£l¤Â‰F	v¥òŸëæš	bjhLnfhL	mikªjhš	

mJ (i) x-m¢R¡F (ii) y-m¢R¡F	Ïizahf	ÏU¡F«	?

gæ‰Á  3.4

V‰òila éilia¤ bjçÎ brŒf.

1)  C = 2x3 – 3x2 + 4x + 8 vD«	rh®Ã‹	ruhrç	khwh¢	brythdJ

 a) 
2
x    b) 

4
x

   c) −3
x

   d) 
8
x

2)  xU	ãWtd«	xU	bghUë‹	mséš	60	k‰W«	40	myFfŸ	jah®	brŒa	MF«	

bryÎ	 Kiwna	 %.1400	 k‰W«	 %.	 1200	 våš	 x›bthU	 myF¡F«	 khW«	

brythdJ

 a) %.	100   b) %. 2600   c) %. 10   d) %. 5

3) xU	 bghUë‹	 mséš	 20	 myFfŸ	 c‰g¤Â	 brŒa	 MF«	 bryÎ	 %.	 2500	

k‰W«	50	myFfŸ	c‰g¤Â	brŒa	MF«	bryÎ	%.	3400	våš	mj‹	bryÎ¢	

rh®ghdJ

 a) y = 30x +1900   b) y = 20x + 5900

 c) y = 50x + 3400   d) y = 10x + 900

4) khW«	bryÎ	X®	myF¡F	%.	40,	khwh¢	bryÎ	%.	900	k‰W«	X®	myF	é‰gid	

éiy	%.	70	våš	Ïyhg¢	rh®ghdJ

 a) P = 30x – 900   b) P = 15x – 70

 c) P = 40x – 900   d) P = 70x + 3600

5) bryÎ¢	rh®ò	 c e x= 1
10

2  Ï‹	ÏWÂ	ãiy¢	brythdJ

 a) 1
10

   b) 1
5

2e x   c) 1
10

2e x   d) 
1

10
ex

6) njit¢	rh®ò	p = – x + 10 ; (0 ≤ x ≤ 10) Ï§F p v‹gJ	X®	myF	é‰gid	éiy.	

mªj	bghUë‹	njit¥gL«	myFfë‹	v©â¡if x v‹f. x = 3 myFfŸ	

våš,	mj‹	ÏWÂ	ãiy	tUthahdJ

 a) %. 5   b) %. 10   c) %. 4   d) %. 30
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7)  xU	bghUë‹	njit¢	rh®ò	q = – 3p + 15 (0 < p < 5) Ï§F p v‹gJ	X®	myF	

é‰gid	éiyia¡	F¿¡»wJ	våš	njit	be»œ¢ÁahdJ

 a) 9 152p
p
+   b) 9 45p

p
−   c) 

15 9p
p
−

  d) 
p

p− + 5

8)  y = 3x + 2 v‹w	 rh®ò¡F x-MdJ	 1.5	 èUªJ	 1.6¡F	mÂfç¡F«	 nghJ	 y-‹	

ruhrç	khW	ÅjkhdJ

 a) 1    b) 0.5    c) 0.6    d) 3

9)  y = 2x2 + 3x v‹w	rh®Ãš x = 4 våš, y -‹	cldo	khW	ÅjkhdJ

 a) 16    b) 19    c) 30    d) 4

10)  x -I	 bghW¤J	 y-Ï‹	 khW	Åj«	 6	MF«. x -MdJ	 4	myFfŸ/édho	 v‹w	

Åj¤Âš	khW»wJ	våš y MdJ	1	édho¡F	khW«	ÅjkhdJ

 a) 24    b) 10    c) 2     d) 22

11)  r£il	 jahç¡F«	 xU	 ãWtd¤Â‹	 thuhªÂu	 Ïyhg«	 (%ghŒfëš) P MdJ,	

r£il	thu¤Âš	jahç¡F« x r£ilfis¥	bghW¤jJ. P = 2000x – 0.03x2 – 1000 
v‹w	mo¥gilæš	ÏyhgkhdJ	fz¡»l¥gL»wJ.	c‰g¤Âæ‹	msÎ x MdJ	

xU	thu¤Â‰F	1000	r£ilfŸ	våš,	Ïyhg¤Âš	V‰gl¡Toa	kh‰w¤Â‹	khW«	

ÅjkhdJ.

 a) %.	140   b) %. 2000  c) %.1500   d) %. 1940

12)  br›tf	tot	Ú¢rš	Fs¤Â‹	moghfkhdJ 25Û × 40Û msÎ	bfh©LŸsJ.	

j©ÙuhdJ	 500	 Û	 3/ãäl«	 v‹w	 Åj¤Âš	 Fs¤Âš	 C‰w¥gL»wJ	 våš	

Fs¤Âš	vªj	msÎ¡F	j©Ùç‹	k£l«	caU»wJ	?

 a) 0.5Û/ãäl«  b) 0.2Û/ãäl« c) 0.05Û/ãäl« d) 0.1Û/ãäl«

13)  y = x3 v‹w	tistiu¡F	(2, 8) vD«	òŸëæš	bjhLnfh£o‹	rhŒthdJ

 a) 3    b)12    c) 6    d) 8

14) x y+ = 5 v‹w	tistiu¡F (9, 4) -Ïš	br§nfh£o‹	rhŒÎ

 a) 
2
3    b) – 

2
3    c) 

3
2

   d) – 
3
2

15) y = 1 + ax – x2 v‹w	 tistiuæš (1, – 2) v‹w	 òŸëæš	 tiuªj	

bjhLnfhlhdJ x-m¢R¡F	Ïiz	våš ‘a’ -‹	kÂ¥ghdJ

 a) – 2    b) 2    c) 1    d) –1
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16) y = cos t nkY« x = sin t vD«	 tistiu¡F t = 
π
4  æl¤J	 bjhLnfh£o‹	

rhŒthdJ

 a) 1   b) 0   c) 1
2

   d) – 1

17) y2 = x v‹w	tistiuæ‹	bjhLnfhL x -	m¢Rl‹	
π
4  nfhz¤ij	cUth¡F«	

òŸëahdJ

 a) 1
2

1
4

,





  b) 1
2

1
2

,



   c) 

1
4

1
2

,



   d) (1, – 1)

18) y = 2x2 – x + 1 v‹w	tistiu¡F (1,2 ) v‹w	òŸëæš	tiua¥g£l	bjhLnfhL,	

vªj	nfh£o‰F	Ïizahf	ÏU¡F«.

 a) y = 3x  b) y = 2x + 4  c) 2x + y + 7 = 0 d) y = 5x – 7

19)  y = x2 – log x v‹w	tistiu¡F x = 2 š	bjhLnfh£o‹	rhŒÎ

 a) 
7
2    b) 2

7
   c) – 

7
2    d) – 2

7

20)  x = y2 – 6y v‹w	tistiu y -m¢ir	fl¡F«	Ïl¤Âš	mj‹	rhŒthdJ

 a) 5   b) – 5   c) 1
6

   d) – 1
16
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tifp£o‹ ga‹ghLfŸ - II
__________________________________________________

 

 Ïyhg¤ij	 bgUk	 mséš	 mÂfç¥gJ (Profit maximisation) ru¡F	 ãiy	

f£LghL (Inventory control) k‰W«	äF	Mjha	nfhUjš	msÎ (Economic order quantity) 
M»adt‰¿id	bgUk	k‰W«	ÁWk	fU¤JUé‹	mo¥gilæš	fh©ngh«.

 gFÂtifæliyÍ«,	mjid¡	fz¡»L«	KiwæidÍ«	fh©ngh«.	c‰g¤Â¢	

rh®ò,	bjhêyhs®	k‰W«	_yjd¤Â‹	ÏWÂ	ãiy	c‰g¤ÂfŸ	nkY«	njitæ‹	gFÂ	

be»œ¢Á	M»adt‰iw	gFÂ	tifælš	_y«	m¿nth«.

4.1  bgUk« k‰W« ÁWk« (Maximum and Minimum)
4.1.1  TL« k‰W« FiwÍ« rh®òfŸ

 Ïilbtë a ≤ x ≤ b Ïš x ‹	kÂ¥ò	mÂfç¡F«	bghGJ	y = f (x) v‹w	rh®Ã‹	

kÂ¥ò	mÂfç¤jhš	rh®ò	f (x) MdJ [a, b] Ïš	xU	TL«	rh®ò	vd¥gL«.	

	 (m-J)					a ≤ x1 <  x2 < b   ⇒   f (x1) ≤  f (x2) våš

 f (x) MdJ	xU	TL«	rh®ghF«.

	 Ïilbtë	a ≤ x ≤ b -Ïš x -‹	kÂ¥ò	mÂfç¡F«	bghGJ y = f (x) v‹w	rh®Ã‹	

kÂ¥ò	FiwÍkhdhš	rh®ò f (x) MdJ [a, b] -Ïš	xU	FiwÍ«	rh®ò	vd¥gL«. 

 (m-J)	a ≤ x1 < x2  ≤ b  ⇒  f (x1) ≥ f (x2) våš	f (x) MdJ	xU	FiwÍ«	rh®ghF«.

4.1.2  tif¡bfGé‹ F¿

 [a, b] v‹w	_oa	Ïilbtëæš	 f MdJ	xU	TL«	rh®ò	v‹f. [a, b] -Ïš	vªj	

ÏU	bkŒba©fŸ	x1, x2 fS¡F« x1 < x2 våš f (x1) ≤ f (x2) MF«.

 (m-J)	 f (x1) ≤ f (x2), x2 – x1 > 0

 ∴ ⇒
−
−

≥

⇒
−
−

≥
→

f x f x
x x

f x f x
x xx x

( ) ( )

( ) ( )
,

2 1

2 1

2 1

2 1

0

0
2 1

Lt if this limitt exists.

 for all ⇒ ′ ≥ ∈f x x a b( ) [ , ]0
 vdnt			

⇒
−
−

≥

⇒
−
−

≥
→

f x f x
x x

f x f x
x xx x

( ) ( )

( ) ( )
,

2 1

2 1

2 1

2 1

0

0
2 1

Lt if this limitt exists.

 for all ⇒ ′ ≥ ∈f x x a b( ) [ , ]0

 (všiy	c©L	våš)

 

⇒
−
−

≥

⇒
−
−

≥
→

f x f x
x x

f x f x
x xx x

( ) ( )

( ) ( )
,

2 1

2 1

2 1

2 1

0

0
2 1

Lt if this limitt exists.

 for all ⇒ ′ ≥ ∈f x x a b( ) [ , ]0  -Ïš	cŸs	mid¤J	x -fS¡F«.

 Ïnj	nghš,	 f MdJ [a, b] -š	FiwÍkhdhš f ′(x) ≤ 0 Mf	ÏU¡F«	(tifgL¤j	

KoÍkhdhš).	  f 	 MdJ [a, b] -š	 bjhl®¢ÁÍilaJ	 v‹whš	 Ïj‹	 kWjiyÍ«	

c©ikahF«.

4
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F¿¥ò

 [a, b] -š	rh®ò f bjhl®¢Áahf	ÏUªJ	(a, b) -š	tifpL	fhzj¡fjhæ‹,

(i) Âwªj	Ïilbtë (a, b) -š	cŸs	x›bthU	 x -¡F«	f ′(x) > 0 Mf	ÏUªjhš,	

rh®ò  f MdJ [a, b] -Ïš	f©o¥ghf¡	TL«	rh®ghF«.

(ii) [a, b] -Ïš	cŸs	mid¤J x-¡F«  f ′(x) < 0 Mf	ÏUªjhš	rh®ò f MdJ	[a, b]  
 -Ïš	f©o¥ghf¡	FiwÍ«	rh®ghF«.

(iii) [a, b] -Ïš	cŸs	x›bthU	x-¡F«  f ′(x) = 0 Mf	ÏUªjhš	[a, b] -Ïš	rh®ò f, xU 

kh¿è	MF«.

(iv) [a, b] -Ïš	cŸs	x›bthU	x-¡F«  f ′(x) ≥ 0 Mf	ÏU¡F«	bghGJ	rh®ò f, [a, b],  
 -Ïš	TL«	rh®ghF«.

(v) [a, b] -Ïš	cŸs	x›bthU x-¡F«  f ′(x) ≤ 0 Mf	ÏU¡F«	bghGJ	rh®ò f, [a, b]  
 -Ïš	FiwÍ«	rh®ghF«. 

 xU	 rh®ò	 TL«	 rh®gh	 mšyJ	 FiwÍ«	 rh®gh	 vd	 m¿a	 nk‰bfh©l	

KoÎfis¥	ga‹gL¤jyh«.

4.1.3  rh®Ã‹ nj¡f ãiy kÂ¥ò

 [a, b] v‹w	Ïilbtëæš	VnjD«	xU	òŸë	x-Ïš	y = f(x) v‹w	rh®ò,	TL«	

rh®ghfnth	mšyJ	FiwÍ«	rh®ghfnth	Ïšyhkš	ÏU¡fyh«.	mªj	ãiyæš	y = f (x) 
-	ia	mªj	 òŸë	 x-Ïš	 nj¡f	ãiyia¥	bgW»wJ	vdyh«.	 nj¡f	ãiy¥	 òŸëæš 

 f ′(x) = 0 thfÎ«	k‰W«	bjhLnfhlhdJ x-m¢R¡F	ÏizahfÎ«	ÏU¡F«.

vL¤J¡fh£L 1

 y = x
x

-- 1
 våš, x -‹ všyh bkŒ v© kÂ¥òfS¡F«  (x ≠ 0) y MdJ xU 

f©o¥ghf¡ TL« rh®ghF« vd ãWÎf.

Ô®Î :

 y = x
x

− 1
 bfhL¡f¥g£LŸsJ

 x I	bghW¤J	tifæl

 dy
dx x

= + >1 1 02 , x Ï‹	všyh	bkŒ	v©	kÂ¥òfS¡F« (x ≠ 0)

∴ y xU	f©o¥ghf	TL«	rh®ghf	mik»wJ.

vL¤J¡fh£L 2

 y = 1 + 1
x

  våš x ‹ všyh bkŒ v© kÂ¥òfS¡F« (x ≠ 0) y - MdJ xU 

f©o¥ghf FiwÍ« rh®ghF« vd ãWÎf.
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Ô®Î :

 y = 1 + 1
x

 bfhL¡f¥g£LŸsJ

 dy
dx x

= − <0 1 02  x, Ï‹	všyh	bkŒ	v©	kÂ¥òfS¡F« (x ≠ 0)

∴ y xU	f©o¥ghf	FiwÍ«	rh®ghf	mik»wJ.

vL¤J¡fh£L 3

 vªbjªj Ïilbtëfëš 2x3 – 9x2 + 12x + 4 vD« rh®ò f©o¥ghf¡ TL« 

rh®ghfÎ« k‰W« f©o¥ghf¡ FiwÍ« rh®ghfÎ« ÏU¡F« vd¡ fh©f.

Ô®Î :

 y = 2x3 – 9x2 + 12x + 4 v‹f

 dy
dx

 = 6x2 – 18x + 12

  = 6 (x2 – 3x + 2)

  = 6 (x – 2) (x – 1)

  x < 1 mšyJ x > 2 våš dy
dx

 >  0

 x MdJ (1, 2) v‹w	Ïilbtë¡F	btëæš	cŸsJ.

 nkY«	1 < x < 2 vD«	bghGJ  dy
dx

< 0

 ∴ bfhL¡f¥g£LŸs	 rh®ò [1, 2] Ïilbtë¡F	 btëna	 f©o¥ghf¡	 TL«	

rh®ghfÎ«, (1, 2) v‹w	Ïilbtëæš	f©o¥ghf¡	FiwÍ«	rh®ghfÎ«	cŸsJ.

vL¤J¡fh£L 4

 f(x) = x3 – 3x2 – 9x + 5 vD« rh®ò¡F nj¡f ãiy¥ òŸëfisÍ« nj¡f ãiy 

kÂ¥òfisÍ« fh©f.

Ô®Î :

  y = x3 – 3x2 – 9x + 5 v‹f

 dy
dx

 = 3x2 – 6x – 9

 

 nj¡f	ãiy¥	òŸëæš, dy
dx

 = 0

 ⇒ 3x2 – 6x – 9 = 0

 ⇒  x2 – 2x – 3 = 0

 ⇒  (x + 1) (x – 3) = 0
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x = – 1 k‰W« x = 3 fëš	nj¡f	ãiy¥	òŸëfŸ	»il¡»‹wd.

 x = –1 våš, y = (–1)3 – 3(–1)2 – 9(–1) + 5 = 10

 x = 3 våš, y = (3)3 – 3(3)2 – 9(3) + 5 = – 22

 ∴ nj¡f	ãiy	kÂ¥òfŸ 10 k‰W« – 22

 nj¡f	ãiy¥	òŸëfŸ (– 1, 10) k‰W« (3, –22)

vL¤J¡fh£L 5

 bryÎ¢ rh®ò C = 2000 + 1800x – 75x2 + x3 ¡F v¥bghGJ mj‹ bkh¤j bryÎ 

TL»wJ k‰W« v¥bghGJ Fiw»wJ v‹gjid¡ fh©f. ÏWÂ ãiy bryé‹ (MC) 
j‹ikia¥ g‰¿Í« nrhÂ¡f.

Ô®Î :

 C     = 2000 + 1800x – 75x2 + x3

 d
dx
C  = 1800 –150x + 3x2

 d
dx
C  = 0 ⇒  1800 –150x + 3x2 = 0 

   ⇒  3x2 – 150x + 1800 = 0

   ⇒  x2 – 50x + 600 = 0

   ⇒  (x – 20) (x – 30) = 0

   ⇒   x = 20 or x = 30

0 20 30

(i) 0 < x < 20, d
dx
C  > 0 (i) x = 10 våš d

dx
C   = 600 > 0

(ii) 20 < x < 30, d
dx
C  < 0 (ii) x = 25 våš d

dx
C  = – 75 < 0

(iii) x > 30 ; d
dx
C  > 0 (iii) x = 40 våš d

dx
C  = 600 > 0

     ∴ 0 < x< 20 k‰W« x > 30 vD«	Ïilbtëfëš C TL»wJ.

 20 < x < 30 -š	C Fiw»wJ.

 MC = 
d
dx

 (C)

∴ MC = 1800 – 150x + 3x2



106

 
d
dx

(MC) = – 150 + 6x

 
d
dx

(MC) = 0 ⇒ 6x = 150

   ⇒   x = 25.

0 25

(i) 0 < x < 25, 
d
dx

 (MC) < 0 (i) x = 10 våš 
d
dx

 (MC) = – 90 < 0

(ii) x > 25, 
d
dx

(MC) > 0 (ii) x = 30 våš 
d
dx

 (MC) = 30 > 0

 ∴ x < 25 -Ïš MC Fiw»wJ.

      k‰W« x > 25 -Ïš MC TL»wJ.

4.1.4  bgUk kÂ¥ò« ÁWk kÂ¥ò«

 [a, b] Ïš	rh®ò  f  tiuaW¡f¥g£LŸsJ. (a, b) -š c xU	òŸë	v‹f.

(i)  c -Ï‹	m©ikaf«	(c – δ , c + δ) -Ïš	 c jéu	x -Ï‹	mid¤J	kÂ¥òfS¡F«  
f (c) > f (x) vd	ÏUªjhš	 f (c) v‹gJ x = c Ïš f Ï‹	rh®ªj	bgUk«	mšyJ	

bgUk«	v‹»nwh«.

(ii)  òŸë	 c Ï‹	 m©ikaf«	  (c – δ , c + δ) -Ïš	  c jéu	 x-Ï‹	 mid¤J	

kÂ¥òfS¡F« f (c) < f (x) vd	ÏUªjhš	 x = c v‹w	Ïl¤Âš f Ï‹	rh®ªj	ÁWk«	

mšyJ	ÁWk«	v‹ngh«.

(iii)  rh®ò	f MdJ	òŸë c -Ïš	ÁWk	kÂ¥ig	mšyJ	bgUk	kÂ¥ig	milªjhš, f (c) 
xU	mWÂ	kÂ¥ò (extremum value) vd¥gL«.

4.1.5  Ïl« rh®ªj k‰W« KGjshéa (jå¤j) bgUk« k‰W« KGjshéa ÁWk« 
(Local and Global Maxima and Minima)

 y = f (x) v‹w	rh®Ã‹	tiugl¤ij	(gl«	4.1)	ftå¡f.

O

y

V1

V3

V4

V5

V6

V7

V8

B

A V2
x

gl« 4.1
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 y = f (x) ¡F	gy	bgUk	k‰W«	ÁWk	òŸëfŸ	cŸsd.	òŸëfŸ V1, V2, ........ V8 
Ïl¤J dy

dx
= 0. c©ikæš	Ïªj	rh®ghdJ, V1, V3, V5, V7 vD«	Ïl¤Âš	bgUkkhfÎ«	

nkY« V2, V4, V6, V8 -Ïš	ÁWkkhfÎ«	cŸsJ. V5 -Ïš	ÏU¡F«	bgUk	kÂ¥ghdJ 

V8-Ïš	 ÏU¡F«	 ÁWk	 kÂ¥ig	 él	 Fiwthf	 cŸsJ	 v‹gij	 ftå¡f.	 Ïªj	

bgUk§fŸ	 k‰W«	 ÁWk§fŸ	 ÏlŠrh®ªj	 bgUk§fŸ	 mšyJ	 ÁWk§fŸ	 v‹W	

miH¡f¥gL«. A, B  -fS¡F	 Ïilæš	 tistiuia	 neh¡F§fhš,	 rh®ghdJ	 V7 
-Ïš	 jå¤j	 bgUk«	 mšyJ	 KGjshéa	 bgUk¤ij¥	 bgW»wJ. V2 -Ïš	 jå¤j	

ÁWk«	mšyJ	KGjshéa	ÁWk¤ij¥	bgW»wJ.

F¿¥ò

 ÏlŠrh®ªj	bgUk«	mšyJ	ÏlŠrh®ªj	ÁWk«	 v‹gij	 eh«	 bgUk«	mšyJ	

ÁWk«	v‹W	miH¡»nwh«.

4.1.6  bgUk§fŸ k‰W« ÁWk§fS¡fhd ãgªjidfŸ

bgUk« ÁWk«

njitahd	ãgªjid dy
dx  = 0

dy
dx  = 0

nghJkhd	ãgªjid dy
dx  = 0 ; 

d y
dx

2

2  < 0
dy
dx  = 0 ; 

d y
dx

2

2  > 0

4.1.7  FêÎ k‰W« FéÎ (Concavity and Convexity)

 y = f (x) v‹w	rh®Ã‹	tiugl¤ij	(gl«	4.2)	ftå¡f.

 y = f (x) v‹w	tistiu¡F	P-èUªJ	tiua¥g£l	bjhLnfh£il PT v‹f.

	 tistiuahdJ	 (mšyJ	 tistiuæ‹	éš) PTv‹w	 bjhLnfh£o‰F	 nkny	

ÏUªjhš y = f (x) nkšneh¡»	FêÎ	mšyJ	Ñœneh¡»	FéÎ	MF«.

xO

y

P

y = f(x)

T gl« 4.2

 tistiuahdJ	 (mšyJ	tistiuæ‹	éš)	PT v‹w	bjhLnfh£o‰F	ÑHhf	

ÏUªjhš y = f (x)	nkšneh¡»	FéÎ	mšyJ	Ñœneh¡»	FêÎ	MF«.	(gl«	4.3).
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xO

y

P y = f(x)

T gl« 4.3

4.1.8  FêÎ k‰W« FéÎ¡fhd ãgªjidfŸ

  f (x) ÏUKiw	tifæl¤j¡fJ	v‹f.	VnjD«	X®	Ïilbtëæš,

(i) f ′′(x) > 0 våš,	tistiu	f (x)	MdJ	nkšneh¡»	FêthF«.

(ii)  f ′′(x) < 0 våš,	tistiu	f (x)	MdJ	nkšneh¡»	FéthF«.

4.1.9  tisÎ kh‰w¥ òŸë (Point of Inflection)

 y = f (x) vD«	tistiuæ‹	ÛJŸs	xU	òŸëæš	tistiuahdJ	nkšneh¡»	

FêéèUªJ	nkšneh¡»	Féthfnth	mšyJ	nkšneh¡» FéÎæèUªJ nkšneh¡»	

FêÎthfnth khWkhdhš	 m¥òŸëia	 tistiuæ‹	 tisÎ	 kh‰w¥	 òŸë	 vd	

miH¡»nwh«.

 

O

y
y = 3

1

x

x

gl« 4.4

4.1.10  tisÎ kh‰w¥òŸëfS¡fhd ãgªjidfŸ

 tistiu y = f (x) mjDila	xU	òŸë	x = c -æš 

(i)  f ′′(c) = 0 mšyJ	tiuaW¡f¥gléšiy	k‰W«

(ii) x MdJ	c têna	bgUf,	f ′′(x) - F¿	khW»wJ	(mjhtJ	 f ′′′(x) csjhF«	bghGJ	 
f ′′′(c) ≠ 0)våš	x = c xU	tisÎ	kh‰w¥òŸë	MF«.

vL¤J¡fh£L 6

 2x3 + 3x2 – 36x + 10 v‹w rh®Ã‹ bgUk k‰W« ÁWk kÂ¥ò¡fis¡ fh©f.

Ô®Î :

 y = 2x3 + 3x2 – 36x + 10     v‹f
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x -I	bghW¤J	tifæl,

 dy
dx

 = 6x2 + 6x –36    .............(1)

 dy
dx

       = 0 ⇒ 6x2 + 6x –36 = 0

   ⇒  x2 + x – 6 = 0

   ⇒  (x + 3) (x – 2) = 0

   ⇒   x = – 3, 2

x-I	bghW¤J	kWgoÍ«	tifæl,

 

d y
dx

x
2

2 12 6= +

x = – 3 våš
d y
dx

2

2 = 12 (– 3) + 6 = – 30 < 0

∴ mªj	rh®ò	x = – 3 š	bgUk	kÂ¥ig¥	bgW»wJ.

∴ bgUk	kÂ¥ò	y = 2 (– 3)3 + 3(–3)2 – 36 (– 3) + 10 = 91

 x = 2 våš 
d y
dx

2

2  = 12(2) + 6 = 30 > 0

∴ mªj	rh®ò	x = 2 -š	ÁWk	kÂ¥ig¥	bgW»wJ.

∴ ÁWk	kÂ¥ò	y = 2(2)3 + 3(2)2 – 36(2) + 10 = – 34

vL¤J¡fh£L 7

 f(x) = 3x5 – 25x3 + 60x + 1 v‹w rh®ò¡F [–2, 1] v‹w Ïilbtëæš jå¤j 

(KGjshéa) bgUk k‰W« ÁWk kÂ¥òfis¡ fh©f.

Ô®Î :

  f (x) = 3x5 – 25x3 + 60x + 1

  f ′(x) = 15x4 – 75x2 + 60

bgUk	kÂ¥ig	k‰W«	ÁWk	kÂ¥ig	mila¤	njitahd	ãgªjid

 f ′(x) = 0

 ⇒ 15x4 – 75x2 + 60 = 0

 ⇒ x4 – 5x2 + 4 = 0

 ⇒ x4 – 4x2 – x2 + 4 = 0

 ⇒ (x2 – 1) (x2 – 4) = 0

∴ x = ± 1, – 2,   (2 ∉ [– 2, 1])
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 f ′′(x) = 60x3 – 150x

 f ′′(– 2) = 60(– 2)3 – 150 (– 2) = – 180 < 0

 ∴ x = –2 -Ïš	f(x) bgUk	kÂ¥ig¥	bgW»wJ.

 f ′′(1) = 60(1)3 – 150 (1) = – 90 < 0

 ∴ x = –1 -Ïš	f(x) ÁWk	kÂ¥ig¥	bgW»wJ.

 f ′′(1) = 60(1)3 – 150 (1) = – 90 < 0

 ∴ x = 1 -Ïš	f(x) bgUk	kÂ¥ig¥	bgW»wJ.

x = – 2 -š	bgUk	kÂ¥ò

 f (– 2) = 3 (– 2)5 – 25 (– 2)3 + 60 (–2) + 1 = – 15

x = – 1 -š	ÁWk	kÂ¥ò

 f (– 1) = 3 (– 1)5 – 25 (– 1)3 + 60 (–1) + 1 = – 37

x = 1 -š	bgUk	kÂ¥ò

 f (1) = 3 (1)5 – 25 (1)3 + 60 (1) + 1 = 39

 ∴ jå¤j	(KGjshéa)	bgUk	kÂ¥ò = 39

 k‰W«	jå¤j	(KGjshéa)	ÁWk	kÂ¥ò	=	–37

vL¤J¡fh£L 8

 y = – x3 + 3x2 + 9x –27 vD« tistiuæ‹ bgUk rhŒÎ v‹d ? v¥òŸëæš 

ÏU¡F« ?

Ô®Î :

 y = – x3 + 3x2 + 9x –27

x-I	bghW¤J	tif¡	fhz,

 
dy
dx

x x= − + +3 6 92

 bjhLnfh£o‹	rhŒÎ – 3x2 + 6x + 9 MF«.

 Let M = – 3x2 + 6x + 9

x-I	bghW¤J	tif¡	fhz,

 
d
dx

xM = − +6 6 1..........( )
 

rhŒÎ,	bgUk	kÂ¥ig¥	bgw d
dx
M = 0 k‰W« d

dx

2

2
M  < 0



111

 

d
dx

x

x

M = ⇒ − + =

⇒ =

0 6 6 0

1

(1) -I	kWgoÍ« x-I¥	bghW¤J	tif¡	fhz,

 d
dx

2

2
M  = – 6 < 0,    ∴  x = 1 -š	M bgUk	kÂ¥ig	mil»wJ.

∴ x = 1 -š M -‹	bgUk	kÂ¥ò

 M = – 3(1)2 + 6(1) + 9 = 12

x = 1 vD«	bghGJ ; y = – (1)3 + 3(1)2 + 9 (1) – 27 = – 16

∴ bgUk	rhŒÎ = 12

 vdnt	njitahd	òŸë (1, – 16)

vL¤J¡fh£L 9

 y = 2x4 – 4x3 + 3 vD« tistiuæ‹ tisÎ kh‰w¥ òŸëfis¡ fh©f.

Ô®Î :

 y = 2x4 – 4x3 + 3

x-I	bghW¤J	tifæl,

 

dy
dx

x x

d y
dx

x x

d y
dx

x x

x

d y
dx

= −

= −

= ⇒ − =

⇒ =

8 12

24 24

0 24 1 0

0 1

3 2

2

2
2

2

2

3

( )

,

33

3

3

48 24

0 1 0

= −

= ≠

x

x d y
dx

when , . x = 0 , 1 -š	

dy
dx

x x

d y
dx

x x

d y
dx

x x

x

d y
dx

= −

= −

= ⇒ − =

⇒ =

8 12

24 24

0 24 1 0

0 1

3 2

2

2
2

2

2

3

( )

,

33

3

3

48 24

0 1 0

= −

= ≠

x

x d y
dx

when , .

∴ tisÎ	kh‰w	òŸëfŸ	f (x)	-¡F	ÏU¡»‹wd.

 x = 0 våš, y = 2(0)4 – 4(0)3 + 3 = 3

 x = 1 våš, y = 2(1)4 – 4(1)3 + 3 = 1

∴ tisÎ	kh‰w	òŸëfŸ	(0, 3) k‰W« (1, 1).
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vL¤J¡fh£L 10

 f(x) = x3 – 6x2 + 9x – 8 v‹w tistiu vªbjªj Ïilbtëfëš nkšneh¡» 

FéthfÎ« k‰W« Ñœneh¡» FéthfÎ« cŸsJ vd¡ fh©f.

Ô®Î :

 f (x)  = x3 – 6x2 + 9x – 8 (bfhL¡f¥g£LŸsJ)

x -I	bghW¤J	tifæl,

 f ′(x) = 3x2 – 12x + 9

 f ′′(x)  = 6x – 12

 f ′′(x) = 0 ⇒  6 (x – 2) = 0 ∴ x = 2

2– ∞ ∞

(i) – ∞ < x < 2, f ′′(x) < 0 (i) x = 0 våš	 f ′′(x) = – 12 < 0
(ii) 2 < x < ∞, f ′′(x) > 0 (ii) x = 3 våš	 f ′′(x) = 6 > 0

∴  (– ∞, 2) vD«	Ïilbtëæš	bfhL¡f¥g£LŸs	tistiuahdJ	 nkšneh¡»	 

	 Féthf	cŸsJ.

 (2, ∞) vD«	 Ïilbtëæš	 bfhL¡f¥g£LŸs	 tistiuahdJ	 Ñœneh¡»	 

	 Féthf	cŸsJ.

gæ‰Á 4.1

1) x3 + 3x2 + 3x + 7 v‹w	rh®ò x -Ï‹	mid¤J	kÂ¥òfS¡F«	TL«	rh®gh»wJ	

vd	ãWÎf.

2)  x mÂfç¡F«	 nghJ	 75 – 12x + 6x2 – x3 v‹gJ	 v¥bghGJ«	 Fiw»wJ	 vd	

ãWÎf.

3)  x3 + 8x2 + 5x – 2 v‹w	 rh®ò	 vªbjªj	Ïilbtëfëš	TL«	 rh®ghf	mšyJ	

FiwÍ«	rh®ghf	cŸsJ	v‹gij¡	fh£Lf.

4)  f(x) = 2x3 + 3x2 – 12x + 7 v‹w	rh®ò¡F	nj¡f	ãiy	òŸëfisÍ«,	nj¡f	ãiy	

kÂ¥òfisÍ«	fh©f.

5)  ÑœtU«	 bkh¤j	 tUthŒ	 rh®òfS¡F	 v¥bghGJ	 mj‹	 bkh¤j	 tUthŒ 
(R) TL»wJ.	 k‰W«	 v¥nghJ	 Fiw»wJ	 v‹gjid¡	 fh©f.	 ÏWÂ	 ãiy	

tUthæ‹	(MR) j‹ikia¥	g‰¿Í«	éthÂ¡f.

 (i) R = – 90 + 6x2 – x3  (ii) R = – 105x + 60x2  – 5x3

6)  ÑœtU«	 bryÎ	 rh®òfS¡F	 v¥bghGJ	 mj‹	 bkh¤j	 bryÎ (C) TL»wJ	

k‰W«	 v¥bghGJ	 Fiw»wJ	 v‹gjid¡	 fh©f.	 ÏWÂãiy	 bryé‹ (MC) 
j‹ikia¥	g‰¿Í«	éthÂ¡f.

 (i) C = 2000 + 600x – 45x2 + x3  (ii) C = 200 + 40x – 1
2

x2.
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7)  ÑœtU«	rh®òfS¡F	bgUk	k‰W«	ÁWk	kÂ¥òfis¡	fh©f.

 (i) x3 – 6x2 + 7    (ii) 2x3 – 15x2 + 24x – 15 (iii) x2 + 16
x

 (iv) x3 – 6x2 + 9x + 15

8)  f (x) = 3x5 – 25x3 + 60x + 15 v‹w	tistiu¡F −





3
2

3,  v‹w	Ïilbtëæš	

jå¤j	(KGjshéa)	bgUk	k‰W«	ÁWk	kÂ¥òfis¡	fh©f.

9)  y = x4 – 4x3 + 2x + 3 v‹w	tistiuæ‹	tisÎ	kh‰w¥	òŸëfis¡	fh©f.

10)  f (x) = x3 – 27x + 108 v‹w	rh®Ã‹	bgUk	kÂ¥ghdJ	mj‹	ÁWk	kÂ¥ig	él	108	

TLjyhf	cŸsJ	vd	ãWÎf.

11)  y = x4 – 3x3 + 3x2 + 5x + 1 vD«	tistiu	vªj	Ïilbtëfëš	nkšneh¡»,	

Ñœneh¡»	FéÎilaJ	v‹gij¡	fh©f.

12)  c‰g¤Â q -‹	v«kÂ¥Ã‰F	bryÎ	rh®ò	C = q2 – 6q + 120 MdJ	ÁWk	kÂ¥ig	

bgW»wJ	v‹gjid¡	fh©f.

13)  x5 – 5x4 + 5x3 – 1 vD«	rh®Ã‹	bgUk	nkY«	ÁWk	kÂ¥òfis¡	fh©f. x = 0 
Ïl¤J	mj‹	j‹ikia	éthÂ¡f.

14)  f (x) = x2 + 250
x

 vD«	 rh®ò x = 5 vD«	 nghJ	Û¢ÁW	kÂ¥ig¥	bgW»wJ	vd	

ãWÎf.

15)  x vD«	xU	bghUë‹	bkh¤j	tUthŒ (TR) MdJ TR = 12
2 3

2 3
x x x+ −  våš,	

ruhrç	tUthæ‹ (AR) -‹	c¢r	 òŸëæš AR = MR (MR v‹gJ	ÏWÂ	ãiy	

tUthŒ) vd	ãWÎf.

4.2  bgUk§fŸ k‰W« ÁWk§fë‹ ga‹ghLfŸ

 Ïyhg¤ij	 bgUkkh¡fš,	 bryit¡	 Fiw¤jš	 ngh‹wt‰iwfis¤	

Ô®khå¡f	‘ó¢Áa	rhŒé‹’	fU¤JU	ek¡F	äfÎ«	cjéahf	cŸsJ.	Ïªj	gFÂæš	

tâféaèš	bgUk«	k‰W«	ÁWk§fë‹	ga‹ghLfis¡	fh©ngh«.

vL¤J¡fh£L 11

 xU ãWtd« x l‹fŸ c‰g¤Â brŒa MF« bkh¤j bryÎ  C = ( 1
10

x3 – 5x2 

+ 10x +5). ÏWÂ ãiy¢  bryÎ k‰W« ruhrç khW« bryÎ M»ad ÁWk kÂ¥ig¥ 

bgWtj‰fhd c‰g¤Âæ‹ msit¡ fh©f.

Ô®Î :

 bkh¤j	bryÎ	C(x) = Rs.(
1

10 x3 – 5x2 + 10x + 5)
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 ÏWÂãiy¢	bryÎ = 
d
dx

 (C)

 (m-J)	 MC = 3
10

x2 – 10x + 10

 

 ruhrç	khW«	bryÎ	= 
khW«	bryÎ

x

 (m-J)	 AVC = (
1

10 x2 – 5x + 10) 

(i) y = MC = 3
10

x2 – 10x + 10 v‹f.

 x -I	bghW¤J	tifæl,  dy
dx

x= −3
5

10

 ÏWÂãiy	bryÎ	ÁWk	kÂ¥ig¥	bgw,

 
dy
dx

 = 0 k‰W« d y
dx

2

2  > 0

 

dy

dx
x x= Þ − = =0

3

5
10 0

50

3
Þ

 x = 
50
3

3
5

0
2

2, d y
dx

= > våš,
50
3

3
5

0
2

2, d y
dx

= >  

 ∴ MC MdJ	ÁWk	kÂ¥ig¥	bgW»wJ.

 (m-J)		x = 50
3

 myFfŸ	våš,	ÏWÂãiy¢	bryÎ	ÁWk	kÂ¥ig¥	bgW»wJ.

(ii) z = AVC = 
1

10 x2 – 5x + 10 v‹f.

 x	-I	bghW¤J	tiæl, dz
dx

x= −1
5

5
.

 AVC ÁWk	kÂ¥ig¥	bgw dz
dx

 = 0 k‰W« d z
dx

2

2
 > 0

 
dz
dx
dz
dz

x x= ⇒ − = ⇒ =0 1
5

5 0 25

 x = 25 våš, 

 d z
dx

2

2
 = 1

5
> 0    

∴  AVC ÁWk	kÂ¥ig¥	bgW»wJ.	 vdnt	  x = 25 myFfŸ	vD«	bghGJ	ruhrç	

khW«	bryÎ	ÁWk	kÂ¥ig¥	bgW»wJ.

vL¤J¡fh£L 12

 xU bjhêš ãWtd¤Â‹ bkh¤j bryÎ¢ rh®ò C = 15 + 9x – 6x2 + x3 våš 

v¥bghGJ bkh¤j bryÎ ÁWk kÂ¥ig¥ bgW« ?
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Ô®Î :

 bryÎ	C = 15 + 9x – 6x2 + x3

 x-I	bghW¤J	tifæl,	

 
dC
dx

x x= − +9 12 3 12 .............( )
 

 bryÎ	ÁWk	kÂ¥ig¥	bgW«	bghGJ	Cost is minimum when C  and Cd
dx

d
dx

= >0 0
2

2 k‰W« Cost is minimum when C  and Cd
dx

d
dx

= >0 0
2

2

 

d
dx

x x

x x
x x

C = ⇒ − + =

− + =
⇒ = =

0 3 12 9 0

4 3 0
3 1

2

2

,  

 (1) -x I	bghW¤J	tifæl,

 

d C
dx

x

x d
dx

x

2

2

2

2

12 6

1 12 6 6 0

= − +

= = − + = − < ∴when C C is maximum

when 

;

== = − + = > ∴3 12 18 6 0
2

2; d
dx

C C is maximum

 x = 1  våš, 

d C
dx

x

x d
dx

x

2

2

2

2

12 6

1 12 6 6 0

= − +

= = − + = − < ∴when C C is maximum

when 

;

== = − + = > ∴3 12 18 6 0
2

2; d
dx

C C is maximum
 ∴ x = 1 -Ïš C bgUk	kÂ¥ig¥	bgW»wJ.

  x = 3 våš,  

d C
dx

x

x d
dx

x

2

2

2

2

12 6

1 12 6 6 0

= − +

= = − + = − < ∴when C C is maximum

when 

;

== = − + = > ∴3 12 18 6 0
2

2; d
dx

C C is maximum

 ∴ x = 3 -Ïš C ÁWk	kÂ¥ig¥	bgW»wJ.

 x = 3 myFfŸ	våš,	bkh¤j	bryÎ,	ÁWk	kÂ¥ig¥	bgW»wJ.

vL¤J¡fh£L 13

 P = 
4000
500

x
x++ – x v‹gJ Ïyhg« k‰W« és«gu bryit¡ F¿¡F« rk‹ghlhF«. 

ÏÂš x-‹ v«kÂ¥Ã‰F P MdJ bgUk« milÍ« ?

Ô®Î :

 Ïyhg«	Profit P =
+

−4000
500

x
x

x

 x-I	bghW¤J	tifæl,

 

dP
dx

x x
x

x

= + −
+

−

=
+

−

( ) ( )( )
( )

( )
...

500 4000 4000 1
500

1

2000000
500

1

2

2 .............( )1 

dP
dx

x x
x

x

= + −
+

−

=
+

−

( ) ( )( )
( )

( )
...

500 4000 4000 1
500

1

2000000
500

1

2

2 .............( )1

 Ïyhg«	bgUk«	våš,Profit is maximum when and dP
dx

d P
dx

= <0 0
2

2 k‰W« Profit is maximum when and dP
dx

d P
dx

= <0 0
2

2
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d

dx x

x

x

P = Þ
+

− =

Þ = +

Þ = +

0
2000000

500
1 0

2000000 500

1000 2 500

1

2

2

( )

( )

0000 1 414 500

914

= +
=

. x

x

x -I¥	bghW¤J	(1)-I	tifæl,

 

d P
dx x

x d P
dx

2

2 3

2

2

4000000
500

914 0

= −
+

∴ = < ∴

( )

;when Profit is maximmum.

 

 x = 914 våš	

d P
dx x

x d P
dx

2

2 3

2

2

4000000
500

914 0

= −
+

∴ = < ∴

( )

;when Profit is maximmum.   ∴  Ïyhg«	bgUk«	mil»wJ.

vL¤J¡fh£L 14

 xU ãWtd¤Â‹ bkh¤j c‰g¤Â bryÎ k‰W« tUthŒ M»ad C = x3 – 12x2 
+ 48x + 11 k‰W« R = 83x – 4x2 – 21 vd cŸsd. (i) tUthŒ bgUk kÂ¥ig milÍ« 

bghGJ (ii) Ïyhg« bgUk kÂ¥ig bgW« bghGJ« mj‹ c‰g¤Â v‹d ?

Ô®Î :

(i) tUthŒ R = 83x – 4x2 – 21

 x -I	bghW¤J	tifæl,

 

dR
dx

x

d R
dx

= −

= −

83 8

8
2

2  

 tUthŒ	bgUk	kÂ¥ig	milÍ«	bghGJ dR
dx

 = 0 k‰W« d R
dx

2

2 < 0

 

 
dR
dx

x x= ⇒ − = ∴ =0 83 8 0 83
8

 nkY« d R
dx

2

2  = – 8 < 0. ∴ tUthŒ	bgUk	kÂ¥ig	mil»wJ.

 ∴ x = 
83
8  våš,	tUthŒ	bgUk	kÂ¥ig	mil»wJ.

(ii) Ïyhg«      P = R – C

   = (83x – 4x2 – 21) – (x3 – 12x2 + 48x + 11)

   = – x3 + 8x2 + 35x – 32

 x -I	bghW¤J	tifæl,
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dP
dx  = – 3x + 16x + 35

 
d
dx

2

2
P

 = – 6x + 16

 Ïyhg«	bgUk	kÂ¥ig	bgW«	bghGJ 
dP
dx  = 0 k‰W« 

d
dx

2

2
P

 < 0

 ∴ 
dP
dx = 0 ⇒  – 3x + 16x + 35 = 0

   ⇒ 3x2 – 16x – 35 = 0

   ⇒ (3x + 5) (x – 7)  = 0

   
⇒ = − =x x5

3
7 or 

 when P P is minimum

when 

x d
dx

x

= − = − −





+ = > ∴

=

5
3

6 5
3

16 26 0

7

2

2,

,, ( )d
dx

2

2 6 7 16 26 0P P is maximum= − + = > ∴

 våš, when P P is minimum

when 

x d
dx

x

= − = − −





+ = > ∴

=

5
3

6 5
3

16 26 0

7

2

2,

,, ( )d
dx

2

2 6 7 16 26 0P P is maximum= − + = > ∴ when P P is minimum

when 

x d
dx

x

= − = − −





+ = > ∴

=

5
3

6 5
3

16 26 0

7

2

2,

,, ( )d
dx

2

2 6 7 16 26 0P P is maximum= − + = > ∴

 -š		P Û¢ÁW	kÂ¥ig	bgW»wJ.

 x = 7 våš,  d p

dx

2

2
6 (7) 16= =− + - 26 > 0

 ∴ x = 7 våš, P bgUk	kÂ¥ig	bgW»wJ.

 ∴ x = 7 myFfŸ	våš,	Ïyhg«	bgUk	kÂ¥ig	bgW»wJ.

vL¤J¡fh£L 15

 xU ãWtd¤Â‹ bkh¤j bryÎ rh®ghdJ C = 1
3

x3 – 5x2 + 28x + 10 Ï§F x 
MdJ c‰g¤Â MF«. c‰g¤Âæ‹ x›bthU my»‰F« %.2 Åj« éÂ¡f¥g£l tçia 

c‰g¤Âahs® j‹ bryÎl‹ nr®¤J¡ bfhŸ»wh®. éahghu rªijæ‹ njit¢ rh®ò p 
= 2530 – 5x vd¡ bfhL¡f¥g£lhš, bgUk Ïyhg¤ij <£L« c‰g¤Âæ‹ msitÍ«, 

éiyÍ« fh©f. Ï§F p v‹gJ c‰g¤Âæ‹ x›bthU my»‹ éiyia¡ F¿¡»wJ.

Ô®Î :

 x myFfŸ	c‰g¤Â¡fhd	bkh¤j	tUthŒ (R) = px

   = (2530 – 5x)x = 2530x – 5x2

tç	éÂ¡f¥g£l	Ã‹	bkh¤j	bryÎ	rh®

 C + 2x  = 
1
3 x3 – 5x2 + 28x + 10 + 2x

  = 
1
3 x3 – 5x2 + 30x + 10

 Ïyhg«		 =	tUthŒ	-	bryÎ

   = (2530x – 5x2) – (
1
3 x3 – 5x2 + 30x + 10)

        P   = - 1
3

x3 + 2500x – 10
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 x -I	bghW¤J	tifæl,

      
dP
dx  = – x2 + 2500      ----------(1)

bgUk	Ïyhg¤Â‰fhd	ãgªjidfŸ

 
dP
dx = 0 and 

d
dx

2

2
P

 < 0

 
dP
dx = 0  ⇒ 2500 – x2 = 0

   ⇒  x2 = 2500 mšyJ x = 500

kWgoÍ«	(1)-I,	x -I	bghW¤J	tifæl,

 
d
dx

2

2
P

= – 2x

x = 50 våš, 
d
dx

2

2
P

= – 100 < 0  ∴  P -ahdJ x = 50 bgUk	kÂ¥ig	bgW»‹wJ.

∴ bgUk	Ïyhg¤ij	<£L«	c‰g¤Âæ‹	msÎ	x = 50 myFfŸ

x = 50 våš,	éiy   p  = 2530 – (5 × 50)

    = 2530 – 250 

    = %.	2280

4.2.1  ru¡F ãiy f£L¥ghL (Inventory Control)

 ru¡F	ãiy	f£L¥ghL	 v‹gJ	vÂ®fhy	 njit¡nf‰g	 bghUŸfis	ifæU¥ò	

brŒjš	 MF«.	 tâf¤ij	 R_fkhfÎ«,	 ÏyhgfukhfÎ«	 el¤Â	 bršy	 f¢rh¥	

bghU£fis¢	nrä¤J	it¤jš	Ï‹¿aikahjjhF«.

4.2.2  ru¡F ãiy fz¡»š éiy¡ fhuâfë‹ g§F 

 (Costs Involved in Inventory Problems)

(i)  ru¡F nj¡f bryÎ (Inventory carrying cost) C1

 bghUŸfis	 ifæU¥ò	 brŒtÂ‹	 bjhl®ghf	 MF«	 brynt	 ru¡F	 nj¡f	

brythF«.	Ïªj	bryÎ	X®	myF¡F	xU	fhy	msé‰F	vd	F¿¡f¥gL«.

(ii)  FiwghL éiy (Shortage cost) C2

 ru¡F	ãiy	mik¥Ãš	 bfhŸKjš	brŒa¥gL«	xU	 bghUshdJ	Ô®ªJ	 nghd	

Ã‹dU«	V‰gL«	njitæ‹	msédhš	Ï¤jifa	éiyfŸ	V‰gL»‹wd.

(iii)  nfhUjš bryÎ (Ordering cost) C3

 bghUŸfis	 th§F«	 bghGJ	 bgW«	 éiyfŸ	 mšyJ	 xU	 bjhêyf¤Â‰F	

V‰gL«	xU	bghUë‹	njitahdJ	m¤bjhêyf¤jhnyna	ó®¤Â	brŒa¥gL«	bghGJ	

V‰gL«	bryÎfŸ,	nfhUjš	bryÎ	v‹W	miH¡f¥gL«.
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4.2.3  äF Mjha nfhUjš msÎ (Economic Order Quantity)

 tUlhªÂu	 ru¡F¤	 nj¡f	 bryÎ	 k‰W«	 ãiy¤j	 Nœãiyæš	 tUlhªÂu	

njit¡nf‰g	 ãWtd	 mik¥ò¢	 bryÎ	 Ïitfis	 Fiw¥gj‰F¤	 jFªjh‰nghš,	

nfhUjš	msit,	Ó®gL¤Jtnj	äF Mjha nfhUjš msÎ	MF«.	

4.2.4  éšrå‹ äF Mjha nfhUjš msÎ thŒghL

F¿¥ò :

 N¤Âu¤ij jUé¡F« Kiw f‰wš Âwid nk«gL¤Jtj‰fhf 

bfhL¡f¥g£LŸsJ. jUé¡F« Kiw nj®éš nf£f¥glkh£lhJ.

 njit	bjçªJ«,	FiwghLfë‹¿Í«,	 ÓuhdjhfÎ«	cs	bghGJ,	 bghUshjhu	

neh¡»‹	 Ñœ	 mikªj	 nfhUjš	msitÍ«,	 mL¤jL¤j	 rhjfkhd	 Ïilbtëfëš	

nfhUjš	msit¤	Ô®khå¥gj‰F«	Ïªj	thŒghL	ga‹gL»wJ.

 EOQ -I¥	bgw	Ã‹tUtdt‰iw¡	fUJnth«.

(i)  xU	fhy	msé‰F¢	Óuhd	njit R v‹f.

(ii)  ru¡F	ãiy	cUgofë‹	më¥ò	mšyJ	c‰g¤Â	cldoahf¥	bgw¥gL»wJ.

(iii)  ru¡F¤	nj¡f¢	bryÎ	%.	C1

(iv)  X®	 M©oš	 nfhu¥gL«	 v©â¡if n v‹f.	 x›bthU	 KiwÍ«	 q myFfŸ	

nfhu¥gL»‹wd	(c‰g¤Â	brŒa¥gL»‹wd).

(v)  x›bthU	 nfhUjY¡F«	 nfhUjš	 bryÎ	 %. C3 mL¤jL¤j	 ÏU	

nfhUjšfS¡F	Ïil¥g£l	fhy	msÎ t v‹f.

	 Ïªj	f£lik¥Ã‹	és¡f	glkhdJ	ÑnH	bfhL¡f¥g£LŸsJ	(Model)

O xA® t         ®   t    t  

P q q

q 
=

 R
t

t

y

gl« 4.5

®        ®®        ®

 X®	 c‰g¤Â	 X£lkhdJ t Ïilbtëfëš	 mik»wJ	 våš,	 xU	 njitæ‹	

msÎ q = Rt -ahdJ	x›bthU	X£l¤Â‰F«	c‰g¤Â	brŒa	nt©L«.	Á¿a	fhy	msÎ 
dt -Ïš	ifæU¥ghdJ Rt dt.	vdnt,	t fhy	mséš	ifæU¥ò

 

Rt dt Rt

qt Rt q

t

0

21
2

1
2

∫ =

= =( )
 (Ï§F	Rt = q) 
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 = ru¡F	ãiy	K¡nfhz«	OAP-‹	gu¥gsÎ	(gl«	4.5)

 x›bthU	c‰g¤Â	X£l¤Â‹	ru¡F¤	nj¡f	bryÎ  = 
1
2

 C1Rt2.

 x›bthU	c‰g¤Â	X£l¤Â‹	nfhUjš	bryÎ  = C3.

 x›bthU	c‰g¤Â	X£l¤Â‹	bkh¤j	bryÎ	 	 = 
1
2

 C1Rt2 + C3

 xU	fhy	msé‰fhd	bkh¤j	ruhrç	bryÎ

 
C t C Rt

C
t

( ) ..............( )= +1
2

11
3

  

 C(t) -MdJ	ÁWk	kÂ¥ig¥	bgw,

  d
dt

C(t) = 0,  
d
dt

2

2  C(t) > 0

(1) -I	t -ia¥	bghW¤J	tifæl,

 

d
dt
C t C R

C
t

d
dt
C t C R

C
t

t

( ) ............( )

( )

= −

= ⇒ − =

⇒ =

1
2

2

0 1
2

0

1
3
2

1
3
2

22 3

1

C
C R  

(2)-I	t -ia¥	bghW¤J	tifæl,

 

d
dt
C t

C
t

t
C
C R

2

2
3

3
3

1

2
0

2
( ) ,= > =when 

 

 cfk« (optimum) fhy	Ïilbtë t C
C R0

3

1

2
=  -Ïš

 C(t) -MdJ	ÁWk	kÂ¥ig¥	bgW»wJ.

 ∴ x›bthU	c‰g¤Â	X£l¤ÂY«	cfk«	msÎ q0 -I	c‰g¤Â	brŒa	nt©L«.

 vdnt	EOQ = = =q Rt
C R
C0 0

3

1

2

 ∴  äF	Mjha	nfhUjš	msÎ	(EOQ) = q0 = R EOQ = = =q Rt
C R
C0 0

3

1

2

 

 ÏJnt	éšrå‹	äF	Mjha	nfhUjš	msÎ	thŒghlhF«.

F¿¥ò

(i) X®	M©o‰F	cfk	nfhUjè‹	v©â¡if

  n0 =  
njit

EOQ
n

C
C R

RC
C t0

1

3

1

3 02 2
1= = = =demand

EOQ
R
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(ii)  X®	myF	fhy¤Âš	ruhrç	ÁWk	bryÎ C0 = 2 1 3C C R

(iii) ru¡F¤	nj¡f¢	bryÎ = q0
2

× C1

 nfhUjš	bryÎ = R
q0

× C3

(iv) EOQ -Ïš	nfhUjš	bryÎ«,	ru¡F	nj¡f¢	bryÎ«	rkkhf	ÏU¡F«. 

vL¤J¡fh£L 16

 xU ãWtd¤jh® j‹ Ef®nthU¡F xU bghUis M©L¡F 12,000 

myFfŸ më¥ò brŒ»wh®. njit bjçªjJ k‰W« khwhjJ MF«. FiwghLfŸ 

mDkÂ¡f¥gLtÂšiy. nj¡f¢ bryÎ xU khj¤Â‰F xU myF¡F 20 igrh¡fŸ, 

nfhUjš bryÎ xU X£l¤Â‰F %.350 våš (i) äF Mjha¡ nfhUjš msÎ q0 (ii) 
cfk fhy msÎ t0 (iii) tUlhªÂu ÁWk khW« bryÎ M»adt‰iw¡ fh©f.

Ô®Î	:

 më¥ò	Åj«		R  = 12 000
12
,  = 1,000 myFfŸ	/	khj«

         C1  = 20 igrh¡fŸ	/	myF	/	khj«

         C3 = Rs.350 / X£l«

 
( )

.
,

i
C R
C

units / run.

(ii) t
C

C R

q0
3

1

0
3

1

2 2 350 1000
0 20

1 870

2

= = × ×

=

= == ×
×

=

= = × × × × ×

2 350
0 20 1000

56

2 2 0 20 12 350 10000 1 3

.

. (

days

(iii) C C C R 112)

           = 1, 870 myFfŸ	/	X£l«

 

( )
.

,

i
C R
C

units / run.

(ii) t
C

C R

q0
3

1

0
3

1

2 2 350 1000
0 20

1 870

2

= = × ×

=

= == ×
×

=

= = × × × × ×

2 350
0 20 1000

56

2 2 0 20 12 350 10000 1 3

.

. (

days

(iii) C C C R 112)

56	eh£fŸ

 

( )
.

,

i
C R
C

units / run.

(ii) t
C

C R

q0
3

1

0
3

1

2 2 350 1000
0 20

1 870

2

= = × ×

=

= == ×
×

=

= = × × × × ×

2 350
0 20 1000

56

2 2 0 20 12 350 10000 1 3

.

. (

days

(iii) C C C R 112)

    = %.	4,490	/	M©L

vL¤J¡fh£L 17

 xU ãWtd« tUl¤Â‰F 24,000 myFfŸ f¢rh¥ bghUŸfis¥ 

ga‹gL¤J»wJ. mitfëš X® my»‹ éiy %. 1.25. xU nfhUjY¡fhd nfhUjš 

bryÎ %. 22.50 X® M©o‰F nj¡f bryÎ ifæU¥Ã‹ ruhrçæš 5.4% MF« 

våš, EOQ, x›bthU nfhUjY¡F« Ïil¥g£l fhy msÎ, tUlhªÂu nfhUjè‹ 

v©â¡if Ïitfis¡ fh©f. nkY« EOQ-Ïš ru¡F¤ nj¡f¢ bryÎ«, nfhUjš, 

bryÎ« rk« v‹gjid¢ rçgh®¡f.
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Ô®Î :

 njit	   = 24,000 myFfŸ	/	tUl«

 nfhUjš	bryÎ	(C3)  = %.	22.50

 ru¡F¤	nj¡f	bryÎ(C1)  = 5.4% X®	my»‹	éiy	kÂ¥Ãš

     = 5 4
100

.  × 1.25

     = 0.0675 /	myF	/	tUl«

                 EOQ
RC
C

 units.= = × × =
2 2 2400 22 5

0 0675
40003

1

.
.

 myFfŸ

x›bthU	nfhUjY¡F«	Ïil¥g£l	fhy	msÎ			Time between each order year

Number of o

= = = =t
q
R0
0 4000

24000
1
6

rrder per year

At EOQ carrying cost C

= = =

= × =

R
q

q
0

0
1

24000
4000

6

2
44000

2
0 0675

24000
4000

22 50
0

3

× =

= × = × =

.

.

Rs.135

Ordering cost R C R
q

ss.135

tUl«	x‹W¡F	nfhu¥gL«	v©â¡if		

Time between each order year

Number of o

= = = =t
q
R0
0 4000

24000
1
6

rrder per year

At EOQ carrying cost C

= = =

= × =

R
q

q
0

0
1

24000
4000

6

2
44000

2
0 0675

24000
4000

22 50
0

3

× =

= × = × =

.

.

Rs.135

Ordering cost R C R
q

ss.135
EOQ -Ïš	ru¡F¤	nj¡f	bryÎ	

Time between each order year

Number of o

= = = =t
q
R0
0 4000

24000
1
6

rrder per year

At EOQ carrying cost C

= = =

= × =

R
q

q
0

0
1

24000
4000

6

2
44000

2
0 0675

24000
4000

22 50
0

3

× =

= × = × =

.

.

Rs.135

Ordering cost R C R
q

ss.135

 %.135

nfhUjš	bryÎ	 	 	 	

Time between each order year

Number of o

= = = =t
q
R0
0 4000

24000
1
6

rrder per year

At EOQ carrying cost C

= = =

= × =

R
q

q
0

0
1

24000
4000

6

2
44000

2
0 0675

24000
4000

22 50
0

3

× =

= × = × =

.

.

Rs.135

Ordering cost R C R
q

ss.135 %.135

EOQ -Ïš	nfhUjš	bryÎ	=	ru¡F¤	nj¡f¢	bryÎ

vL¤J¡fh£L 18

 xU jahç¥ò ãWtd« j‹Dila tUlhªÂu njit¡fhf xU ÏaªÂu¤Â‰F 

9000 cÂç ghf§fis th§F»wJ. x›bthU cÂç ghf¤Â‹ éiy %. 20. x›bthU  

nfhUjè‹ nfhUjš bryÎ %.15 X® M©o‰F nj¡f brythdJ ifæU¥Ã‹ 

ruhrçæš 15% MF« våš,

 (i) EOQ

 (ii) x›bthU nfhUjY¡F« Ïil¥g£l fhy msÎ

 (iii) tUlhªÂu FWk ruhrç bryÎ M»adt‰iw¡ fh©f.

Ô®Î :

          njit R = 9,000 cÂç	ghf§fŸ	/	M©L

       C1  = 15% my»‹	éiy	kÂ¥Ãš

    = 15
100

 × 20 = %.	3	x›bthU	cÂçghf«	/	M©L
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        C3 = Rs.15 /	nfhUjš

                 EOQ
C R
C
 units.

 year

= = × ×

=

= = =

=

2 2 15 9000
3

300
300
9000

1
30

36

3

1

0
0t
q
R

55
30

= 12 days (approximately).

 = 300	myFfŸ

        

EOQ
C R
C
 units.

 year

= = × ×

=

= = =

=

2 2 15 9000
3

300
300
9000

1
30

36

3

1

0
0t
q
R

55
30

= 12 days (approximately).

 M©L

            

EOQ
C R
C
 units.

 year

= = × ×

=

= = =

=

2 2 15 9000
3

300
300
9000

1
30

36

3

1

0
0t
q
R

55
30

= 12 days (approximately). eh£fŸ

	 	 	ÁWk	ruhrç	         Minimum Average cost C C R

Rs.900
1 3=

= × × × =

2

2 3 15 9000

     = %.900

gæ‰Á 4.2

1) xU	F¿¥Ã£l	c‰g¤Â	ãWtd¤Â‹	bkh¤j	bryÎ¢	rh®ò C = 1
5

 x2 – 6x + 100 
våš	bkh¤j	bryÎ	v¥bghGJ	ÁWk	kÂ¥ig¥	bgW«	?

2)  xU	ãWtd«	xU	F¿¥Ã£l	bghUis x -l‹fŸ	c‰g¤Â¢	brŒa	MF«	bkh¤j	

bryÎ C = 300x – 10x2 + 1
3

x3	 våš,	 vªj	 c‰g¤Âæš	 ruhrç	 bryÎ	 ÁWk«	

milÍ«	v‹gijÍ«	mªj	ãiyæš	ruhrç	bryitÍ«	fh©f.

3)  x myFfŸ	 c‰g¤Â	 brŒtj‰fhd	 bryÎ¢	 rh®ò C = x (2ex +e-x) våš,	 ÁWk	

ruhrç	bryÎ 2 2  vd¡	fh©f.

4)  xU	kÂ¥òä¡f	cnyhf¤ij	xU	ãWtd«	khj¤Â‰F x l‹fŸ	c‰g¤Â	brŒÍ«	

bghGJ	mj‹	bkh¤j	bryÎ¢	rh®ò C = %.( 1
3

x3 - 5x2 + 75x + 10) Mf	cŸsJ.	

c‰g¤Âæ‹	vªj	msé‰F,	mj‹	ÏWÂãiy¢	bryÎ	ÁWk«	milÍ«	?

5)  xU	ãWtd«	xU	thu¤Â‰F x myFfŸ	c‰g¤Â	brŒa	MF«	bkh¤j	bryÎ	%. 

( 1
3

x3 – x2 + 5x + 3) våš,	ÏWÂ	ãiy¢	bryÎ	k‰W«	ruhrç	khW«	bryÎ	v‹gd	

c‰g¤Âæ‹	vªj	ãiyæš	ÁWkkhf	ÏU¡F«	?

6)  bjhêyhs®	 v©â¡if x -«,	 bkh¤j	c‰g¤Â	bryÎ C-« C = 3
2 4

3
32( )x

x
−

+  

v‹wthW	bjhl®òilad. x -‹	v«kÂ¥Ã‰F	bryÎ	ÁWk	kÂ¥ig¥	bgW«	?

7)  xU	ãWtd¤Â‹	bkh¤j	tUthŒ	R = 21x – x2 k‰W«	mj‹	bkh¤j	bryÎ¢	rh®ò 

C = x3

3
– 3x2 + 9x + 16. ÏÂš	c‰g¤Â x myFfŸ	é‰f¥gL»wJ	våš,
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 (i) tUthŒ	 bgUk	 kÂ¥ig¥	 bgWtj‰fhd	 c‰g¤Â	 ahJ	 ?	 mªj	 òŸëæš	

bkh¤j		tUthŒ	ahJ	?

 (ii) ÁWk	ÏWÂ	ãiy¢	bryÎ	v‹d	?

 (iii) bgUk	Ïyhg«	<£l	c‰g¤Â	v‹d	?

8)  xU	 ãWtd¤Â‹	 tUthŒ	 rh®ò R = 8x k‰W«	 c‰g¤Âæ‹	 bryÎ	 rh®ò C = 

150000 + 60 x2

900








 . bkh¤j	Ïyhg	rh®igÍ«,	bgUk	Ïyhg«	»il¡f	v¤jid	

c‰g¤Â	myFfŸ	é‰f	nt©L«	v‹gijÍ«	fh©f.

9)  xU	 thbdhè	 jahç¥ghs®	 xU	 thu¤Â‰F	 x thbdhèfis	 x›bth‹W«	

%. p Åj«	 é‰»wh®. p = 2(100 – x
4

) vd	 fz¡»l¥gL»wJ.	 thuªnjhW« x  

thbdhèfis	 c‰g¤Â	 brŒa	 MF«	 c‰g¤Â	 bryÎ	 %. (120x +
x2

2
) MF«.	

thuªnjhW«	 40	 thbdhèfŸ	c‰g¤Â	 brŒjhš	 bgUk	Ïyhg¤ij	milayh«	

vd	fh©f.	nkY«	thuhªÂu	bgUk	Ïyhg¤ijÍ«	fz¡»Lf.

10)  xU	 jahç¥ghs®	 thuªnjhW« x cU¥gofis p = 600 – 4x vd	 é‰»wh®. x 
cUgofis	c‰g¤Â	 brŒa	MF«	 bryÎ C = 40x + 2000 c‰g¤ÂahdJ	 vªj	

mséš	ÏUªjhš	bgUk	Ïyhg¤ij	<£lyh«	?

11)  xU	ãWtd¤Â‹	bkh¤j	tUthŒ,	 bkh¤j	 bryÎ	 rh®òfŸ	Kiwna R = 30x – 
x2 k‰W« C = 20 + 4x. Ï§F x v‹gJ	c‰g¤Â	våš,	Û¥bgU	Ïyhg«	»il¡f	

c‰g¤Âæ‹	msÎ	v‹d	?

12)  Ã‹tU«	 étu§fS¡F, EOQ-it¡	 fh©f. EOQ -Ïš	 nfhUjš	 bryÎ	 =	

nj¡f¢	bryÎ	v‹gid¢	rçgh®.

cUgofŸ khjhªÂu 

g©l¤Â‹	msÎ

xU	nfhUjY¡F	

nfhUjš	bryÎ

xU	my»‰F	

nj¡f¢	bryÎ

A 9000 %.	200 %.	3.60

B 25000 %.	648 %.	10.00

C 8000 %.	100 %.	 0.60

13) Ñœ¡f©l	étu§fS¡F EOQ -iaÍ«	k‰W«	bkh¤j	khW«	bryitÍ«	fh©f.	

nfhUjš	bryÎ	%.5	k‰W«	nj¡f¢	bryÎ	10% vd¡	bfhŸf.

cUgofŸ tUlhªÂu	njit X®	my»‹	éiy	(%.	)

A 460 myFfŸ 1.00
B 392 myFfŸ 8.60
C 800 myFfŸ 0.02
D 1500 myFfŸ 0.52
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14)  xU	jahç¥ghs®	j‹Dila	Ef®nthU¡F	M©LnjhW«	j‹Dila	jahç¥Ãš	

600	 myFfŸ	 më¥ò	 brŒ»wh®.	 FiwghLfŸ	 vJÎ«	 mDkÂ¡f¥gléšiy.	

ru¡F	 nj¡f¢	 bryÎ	 x›bthU	myF¡F«	 x›bthU	M©L«	 60	igrh¡fŸ,	

mik¥ò¢	bryÎ	%.	80	våš	ÑœtUtdt‰iw¡	fh©f.

 (i) EOQ
 (ii) ÁWk	tUlhªÂu	ruhrç	bryÎ

 (iii) x›bthU	tUl¤Â‰F«	cfªj	nfhUjè‹	v©â¡if

 (iv) x›bthU	cfªj	nfhUjY¡F«	cfªj	më¥ò	fhy«	

15)  xU	 cU¥goæ‹	 tUlhªÂu	 njit	 3200	 myFfŸ.	 X®	 my»‹	 éiy	 %.6	

k‰W«	x›bthU	tUl¤Â‰F«	ru¡F¤	nj¡f¢	bryÎ	25% .	xU	bfhŸKjè‹	

éiy	%.150	 våš, (i) EOQ (ii) mL¤jL¤j	 nfhUjšfS¡F	Ïil¥g£l	 fhy	

msÎ (iii) tUlhªÂu	 nfhUjè‹	v©â¡if	tUlhªÂu	 ÁWk	 ruhrç	 bryÎ	

M»adt‰iw¡	fh©f.

4.3  gFÂ tifpLfŸ

 ÏJtiu	tif¡bfG	fhQ«	bghGJ y = f (x) v‹w	toéš	xU	kh¿¢	rh®ig	

k£L«	 vL¤J¡	 bfh©nlh«.	 Mdhš,	 xU	 rh®Ãid	 gy	 kh¿fë‹	 rh®ghf	 mik¡f	

KoÍ«.	cjhuzkhf	c‰g¤Â	rh®ig	bjhêyhs®	bryÎ,	_yjd«	thæyhfÎ«,	éiy¢	

rh®ig	 më¥ò,	 njit	 thæyhfÎ«	 btë¥gL¤jyh«.	 bghJthf	 bryÎ,	 Ïyhg¢	

rh®òfŸ	 gy	 rhuh	 kh¿fis¥	 bghU¤nj	 kÂ¥òfis¥	 bgW»‹wd.	cjhuzkhf	 f¢rh	

bghUŸfë‹	 éiy,	 bjhêyhs®fë‹	 CÂa«,	 rªijæ‹	 ãytu«	 v‹gJ	 nghy	

gy	rhuhkh¿fis¥	bg‰W	mik»wJ.	vdnt y v‹w	rh®ªj	kh¿ahdJ x1, x2, x3 .. xn 
v‹w	rhuh	kh¿fis	bghU¤nj	kÂ¥òfis¥	bg‰¿U¡F«.	Ïjid y = f (x1, x2, x3 .. xn) 
vd¡	F¿¥ngh«.	ÏUªj	nghÂY«	rhuh	kh¿fis	Ïu©L	mšyJ	_‹whf¡	Fiw¤J	

mikªj	 rh®òfis	 k£L«	 vL¤J¡	 bfhŸnth«.	 mj‹	 tifpL	 brŒÍ«	 Kiwia¥	

g‰¿¡	fh©ngh«.

4.3.1  tiuaiw

 u = f (x, y) v‹gJ x, y vD«	Ïu©L	rhuh	kh¿fis¡	bfh©l	rh®ò	v‹f. y-I	

kh¿èahf¡	bfh©L x -I	bghW¤J	u = f (x, y) -I	tifpL	brŒJ	»il¥gJ x -I	

bghW¤j	u-‹	gFÂ	

tif¡bfG	MF«.	Ïij ∂
∂
u
x

, 
∂
∂
f
x ,  fx ,  ux vD«	F¿p£oš	F¿¥gJ	tH¡f«.	Ïnj	nghš 

y-I	bghW¤J	f -‹	gFÂ	tifpliyÍ«	tiuaW¡fyh«.

 
∂
∂

= = + −
→

f
x

f x x y f x y
xx

Lt
∆

∆
∆0

( , ) ( , )
 Ïªj	všiy	ÏUªjhš

 (Ï§F y v‹gJ	khwhjJ, ∆x v‹gJ x-š	V‰gL«	ÁW	kh‰wkhF«)

  Ïnj	nghš	 Lt
¶
¶ =

+ −

�

f

y

f x y y f x y

yy∆

∆

∆0

( , ) ( , )
 Ïªj	všiy	ÏUªjhš	(Ï§F	x v‹gJ	

khwhjJ, ∆y v‹gJ y-Ïš	V‰gL«	ÁW kh‰wkhF«)
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4.3.2  bjhl® gFÂ tif¡ bfG¡fŸ

 bghJthf, ∂
∂
f
x

 nkY« ∂
∂
f
y

 v‹gd x, y -‹ rh®òfshf	ÏU¡F«.	Mifahš	eh« 
∂
∂
f
x

 k‰W« ∂
∂
f
y

 vD«	 rh®òfS¡F	 x, y -ia¥	 bghW¤J	 gFÂ	 tif¡	 bfG¡fis¡	

fhzyh«.	 Ïªj	 gFÂ	 tif¡	 bfG¡fŸ f(x, y) -Ï‹	Ïu©lh«	 tçir	 gFÂ	 tif¡	

bfG¡fŸ	MF«.	Ïu©lh«	tçir	gFÂ	tif¡	bfG¡fis

 

by  ∂
∂

∂
∂







= ∂
∂

=

∂
∂

∂
∂







= ∂
∂

=

∂
∂

∂
∂

x
f
x

f
x

f

y
f
y

f
y

f

x
f

xx

yy

2

2

2

2

yy
f

x y
f

y
f
x

f
y x

f

xy

yx







= ∂
∂ ∂

=

∂
∂

∂
∂







= ∂
∂ ∂

=

2

2

 vd¡	F¿¥gJ	tH¡f«.

F¿¥ò

  f, fx, fy v‹gd	bjhl®¢Áahf	ÏUªjhš,	 fxy = fyx MF«.

4.3.3  rkgo¤jhd rh®òfŸ (Homogeneous Function)

 f (tx, ty)=tn f (x, y), t > 0 våš f (x, y) v‹gij x, y -Ïš	mikªj n goÍŸs	

rkgo¤jhd	rh®ò	v‹»nwh«.

4.3.4  rkgo¤jhd rh®Ã‰F Mæyç‹ nj‰w«

nj‰w« : f v‹gJ x, y -Ïš	mikªj n goÍŸs	rkgo¤jhd	rh®ò	våš,

 
x f
x

y f
y

n f∂
∂

+ ∂
∂

= .
 

»is¤ nj‰w« : bghJthf f (x1, x2, x3 .. xm) v‹gJ x1, x2, x3 .. xm, v‹w m kh¿fshš	

mikªj n goÍŸs	rkgo¤jhd	rh®ò	våš,

 
x f
x

x f
x

x f
x

x f
x

n fm
m

1
1

2
2

3
3

∂
∂

+ ∂
∂

+ ∂
∂

+ + ∂
∂

=...... .
 

vL¤J¡fh£L 19

 u(x, y) = 1000 – x3 – y2 + 4x3y6 + 8y, våš ÑœtUtdt‰iw¡ fh©f.

 (i) ∂
∂
u
x

       (ii) ∂
∂
u
y

       (iii) ∂
∂

2

2
u
x

       (iv) ∂
∂

2

2
u
y

       (v) ∂
∂ ∂

2u
x y

      (vi) ∂
∂ ∂

2u
y x
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Ô®Î :

 u (x, y) = 1000 – x3 – y2 + 4x3y6 + 8y

 

∂
∂

= ∂
∂

− − + +

= − − + +

= − +

u
x x

x y x y y

x x y

x x

( )

( )

1000 4 8

0 3 0 4 3 0

3 12

3 2 3 6

2 2 6

2 2 yy6

 

∂
∂

= ∂
∂

− − + +

= − − + +

= − +

u
y y

x y x y y

y x y

y x y

( )

( )

1000 4 8

0 0 2 4 6 8

2 24

3 2 3 6

3 5

3 5 ++ 8

 

∂
∂

= ∂
∂

∂
∂







= ∂
∂

− +

= − +

= − +

2

2

2 2 6

6

3 12

6 12 2

6 24

u
x x

u
x

x
x x y

x x y

x x

( )

( )

yy6
 

 

− + +

− + +

− +

3 5

3 4

2 24 8

2 24 5 0

2 1

y
y

y y

x y

x y

( )

( )

220 3 4x y

y

uu

 

x

y

y

y

y

y

x

x
x

x

x   

 

x x

xx

x x
u

y

y

y

y

yy

 

(i)

(ii)

(iii)

(iv)

(v)

(vi)
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vL¤J¡fh£L 20

 f (x, y) = 3x2 + 4y3 + 6xy – x2y3 + 5 våš, (i) fx(1, –1) (ii) fyy(1, 1) (iii) fxy(2, 1)  
Ïitfis¡ fh©f.

Ô®Î :

(i) f (x, y) = 3x2 + 4y3 + 6xy – x2y3 + 5

 

f
x
f

x
x y xy x y

x y x y

x

x = ∂
∂

= ∂
∂

+ + − +

= + + − +

= +

( ) ( )

( ) ( )

3 4 6 5

6 0 6 1 2 0

6 6

2 3 2 3

3

yy xy

fx

−

− = + − − − =

2

1 1 6 1 6 1 2 1 1 2

3

3( , ) ( ) ( ) ( )( )  

 

( ) ( ) ( )ii f
y
f

y
x y xy x y

y x x y
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y

y

yy

= ∂
∂

= ∂
∂
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= + −

= ∂
∂

3 4 6 5

12 6 3

2 3 2 3

2 2 2

∂∂
∂
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y

y
y x x y

y x y
f yy
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24 6
1 1 18

2 2 2
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( ) ( ) ( )ii f
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y
x y xy x y

y x x y

f
y

y

yy

= ∂
∂

= ∂
∂

+ + − +

= + −

= ∂
∂

3 4 6 5

12 6 3

2 3 2 3

2 2 2

∂∂
∂
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∂
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= −
=

f
y

y
y x x y

y x y
f yy
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( , )

12 6 3

24 6
1 1 18

2 2 2
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( ) ( )

( , )

iii f
x

f

y x
y x x y

xy

f

xy

xy

= ¶ ¶ ¶
¶

= + −

= −

= −

12 6 3

6 6

2 1

2 2 2

2

66

¶ ¶

vL¤J¡fh£L 21

 u = log x y z2 2 2++ ++ våš  
∂
∂

+ ∂
∂

+ ∂
∂

=
+ +

2

2

2

2

2

2 2 2 2
1u

x
u
y

u
z x y z

 vd ãWÎf.

Ô®Î :

 
u x y z= + +1

2
12 2 2log( ) .......( )

 

x -I	bghW¤J	gFÂ	tifæl,
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+ +

=
+ +
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∂ + +

u
x

x
x y z
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x
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x y
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2
2 2 2 2 2 2

2

2

2 2 zz
x y z x x

x y z

x y z x
x y

2

2 2 2

2 2 2 2

2 2 2 2

2

1 2

2
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y -I	bghW¤J	gFÂ	tifæl
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 Mæyç‹ nj‰w¤ij ga‹gL¤Â u = log x y
x y

4 4++
--

 våš x u
x

y u
y

∂∂
∂∂

++ ∂∂
∂∂

== 3. ãWÎf.

 

u x y
x y

e x y
x y

u

= +
−

⇒ = +
−

log
4 4

4 4

 Ï§F x, y	-š	cŸs	3-«	go	rh®ghF«.

Ô®Î :

 ∴ Mæyç‹	nj‰w¤Â‹	go,
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x
x
e y

y
e e

x e u
x

ye u
y

e

e

u u u

u u u

u

∂
∂

+ ∂
∂

=

∂
∂

+ ∂
∂

=

( ) ( ) 3

3

dividing by we geet x u
x

y u
y

∂
∂

+ ∂
∂

= 3

 eu Mš	tF¡f	»il¥gJ	

x
x
e y

y
e e

x e u
x

ye u
y

e

e

u u u

u u u

u

∂
∂

+ ∂
∂

=

∂
∂

+ ∂
∂

=

( ) ( ) 3

3

dividing by we geet x u
x

y u
y

∂
∂

+ ∂
∂

= 3

vL¤J¡fh£L 23

 x fâ¥gh‹, y T£L« rhjd§fŸ, é‰gid brŒtj‹ _y« »il¡F« 

tUthahdJ R(x, y) = – x2 + 8x – 2y2 + 6y + 2xy + 50 vd¡ bfhL¡f¥g£LŸsJ. 

j‰bghGJ 4 fâ¥gh‹fS«, 3 T£L« rhjd§fS« é‰f¥g£lhš, (i) mÂf¥goahf 

xU fâ¥ghid é‰gjhY« (ii) mÂf¥goahf xU T£lš rhjd¤ij é‰gjhY« 

»il¡F« ÏWÂ ãiy tUthia¡ fh©f.

Ô®Î :

(i) mÂf¥goahf	 xU	 fâ¥ghid	é‰gjhš	 »il¡F«	ÏWÂ	 ãiy	 tUthahdJ	 Rx 
MF«.

 

R R

R

x

x

x x
x x y y xy

x y

= ∂
∂

= ∂
∂

− + − + + +

= − + − + +

( ) ( )

( )( )
( ,

2 28 2 6 2 50

2 8 0 0 2 1
4 33 2 4 8 2 3 6) ( ) ( )= − + + =  

 ∴ (4,3) -Ïš	tUthahdJ	x›bthU	fâ¥ghD¡F«	%.6	Åj«	TL»wJ.

 ∴ ÏWÂ	ãiy	tUthŒ	=	%.	6.

(ii) mÂf¥goahf	xU	T£lš	rhjd«	é‰gjhš	»il¡F«	ÏWÂ	ãiy	tUthahdJ Ry 
MF«.

 

x

x

x

y

y

y
y

y
x xy y

y

y

 

 (4, 3) -Ïš	tUthahdJ	x›bthU	T£lš	rhjd¤Â‰F«	%.	2	Åj«	TL»wJ.

 ÏWÂãiy	tUthŒ	=	%.	2.
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gæ‰Á 4.3

1) u = 4x2 – 3y2 + 6xy, våš, ∂
∂
u
x

 k‰W« ∂
∂
u
y

 M»at‰iw¡	fh©f.

2)  u = x3 + y3 + z3 – 3xyz våš x ∂
∂
u
x

+ y ∂
∂
u
y

+ z ∂
∂
u
z

= 3u vd	ãWÎf.

3)  z = 4x6 – 8x3 – 7x + 6xy + 8y + x3y5 våš,	ÑœtUtdt‰iw¡	fh©f.

 (i) ∂
∂
u
x

       (ii) ∂
∂
u
y

       (iii) ∂
∂

2

2
z
x

       (iv) ∂
∂

2

2
z
y

       (v) ∂
∂ ∂

2z
x y

      (vi) ∂
∂ ∂

2z
y x

4) f (x, y) = 4x2 – 8y3 + 6x5y2 + 4x + 6y + 9 våš,	ÑœtUtdt‰iw¡	fh©f.

 (i) fx   (ii) fx (2, 1)   (iii) fy   (iv) fy (0, 2)  (v) fxx

 (vi) fxx (2, 1)  (vii) fyy   (viii) fyy (1, 0)  (ix) fxy   (x) fxy(2, 3) 

 (xi) fyx(2, 3)

5) u = x2y + y2z + z2x våš ∂
∂
u
x

+ ∂
∂
u
y

+ ∂
∂
u
z

= (x + y + z)2 vd	ãWÎf.

6) u = log x y2 2+  våš 
∂
∂







+ ∂
∂







=
+

u
x

u
y x y

2 2

2 2
1

 vd	ãWÎf.

7)  u = x3 + 3xy2 + y3 våš ∂
∂ ∂

= ∂
∂ ∂

2 2u
x y

u
y x

 vd	ãWÎf.

8) u = log (x2 + y2 + z2) våš x ∂
∂ ∂

2u
y z

= y ∂
∂ ∂

2u
z x

 = z ∂
∂ ∂

2u
x y

 vd	ãWÎf.

9) Mæyç‹	nj‰w¤ij¥	ga‹gL¤Â

 (i) u = x y
x y

2 2+
+

 våš x ∂
∂
u
x

+ y ∂
∂
u
y

 = 3
2

u vd	ãWÎf.

 (ii) z ex y= +3 3

våš x ∂
∂
z
x

+ y ∂
∂
z
y

= 3z log z vd	ãWÎf.

 (iii)  f = log x y
x y

2 2+
+









  våš	x ∂

∂
f
x

+ y ∂
∂
f
y

= 1 vd	ãWÎf.

 (iv) u = tan–1 x y
x y

2 2+
−









  våš	x ∂

∂
u
x

+ y ∂
∂
u
y

 = 1
2

sin 2u vd	ãWÎf.
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10) x thõ®fŸ, y cy®¤J«	gh©l§fis	jahç¡F«	bghGJ	bryÎ C(x, y) = 40x 
+ 200y + 10xy + 500. j‰bghGJ	 50	 thõ®fS«	 90	 cy®¤J«	 gh©l§fS«	

jahç¡f¥gL»‹wd. (i) TLjyhf	 xU	 thõ®	 (ii) TLjyhf	 X®	 cy®¤J«	

gh©l«	jahç¡f	MF«	ÏWÂãiy¢	bryit¡	fh©f.

11)  x -ngdh¡fŸ,	 y neh£L	 ò¤jf§fŸ	 é‰gjhš	 »il¡F«	 tUthahdJ	

R(x, y) = 2x2 + y2 + 4x + 5y + 800 j‰bghGJ	 30	 ngdh¡fisÍ«,	 50	 neh£L	

ò¤jf§fisÍ«	 xU	 Ášyiw	 éahghç	 é‰»wh®.	 j‹Dila	 tUthia	

mÂfç¡f	Ïªj	Ïu©oš	vªj	t®¤jf¤ij	mÃéU¤Â	brŒa	nt©L«	?

12)  xU	czÎ	éLÂæ‹	tUlhªÂu	ÏyhgkhdJ

 P(x, y) = 100x2 + 4y2 + 2x + 5y + 10000 vd	bfhL¡f¥g£LŸsJ. Ï§F x v‹gJ	

thlif¡F	 »il¡F«	 miwfë‹	 v©â¡ifiaÍ«	 y v‹gJ	 khjhªÂu	

és«gu	 bryitÍ«	 F¿¡»‹wd.	 j‰bghGJ	 czÎ	 éLÂæš	 90	 miwfŸ	

cŸsd.	és«gu¤Â‰fhf	khj«	%.1000	bryél¥gL»wJ.

 (i) TLjyhf	 xU	 miw	 f£l¥g£lhš,	 tUlhªÂu	 Ïyhg¤Âš	 V‰gL«	 kh‰w«	 

						v‹d		?

 (ii) és«gu¤Â‰fhf	 khj«	 xU	 %ghŒ	 TLjyhf	 brytê¤jhš	 tUlhªÂu	 

								Ïyhg¤Âš	V‰gL«	kh‰w«	v‹d	?

4.4  gFÂ tifælè‹ ga‹ghLfŸ

 gFÂ	 tifælš	 v‹w	 fU¤JU	 v›thW	 tâféaš	 k‰W«	 bghUëaèš	

ga‹gL»wJ	v‹gij¥	g‰¿	Ïªj	gFÂæš	eh«	fhzyh«.

4.4.1  c‰g¤Â¢ rh®ò (Production Function)

 xU	ãWtd¤Â‹	c‰g¤Â P -MdJ	gy	bghUshjhu	fhuâfis¢	rh®ªjjhf	

cŸsJ.	 cjhuzkhf	 KjÄL	 mšyJ	 _yjd« (K), bjhêyhs®	 r«gs«	 (L), f¢rh 

bghU£fŸ	 (R) v‹gd	ngh‹w	gy	fhuâfŸ.	Mfnt	c‰g¤Â¢	rh®ig	P = f (K, L, R, 
...) vd¡	 bfhŸsyh«. P -MdJ	 bjhêyhs®	 r«gs«	 (L) k‰W«	 _yjd«	 (K) v‹w	

fhuâfis	k£L«	rh®ªÂUªjhš,	mij	P = f(L, K) vd	vGjyh«.

4.4.2  ÏWÂ ãiy c‰g¤ÂfŸ

 c‰g¤Â¢	rh®ò	P = f(L, K) v‹gJ L k‰W« K vD«	Ïu©L	kh¿fis¢	rh®ªj	

rh®ò	v‹f.

 ∂
∂

P
L

 -I	 bjhêyhsç‹	 r«gs¤ij¥	 bghW¤j	ÏWÂ	ãiy	c‰g¤Â	 rh®ò	 nkY« 
∂
∂

P
K

 -I	_yjd¤ij¥	bghW¤j	ÏWÂãiy	c‰g¤Â	rh®ò	vd	miH¡fyh«.
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4.4.3  gFÂ njit be»œ¢ÁfŸ (Partial Elasticity of Demand)

 A, B M»a	bghUŸfë‹	éiyfŸ	Kiwna	p1 k‰W« p2 .	  p1 ,	p2	M»at‰iw¥	

bghW¤J	A v‹w	bghUë‹	njit	q1 = f(p1, p2).

 p1 -I	bghW¤J,	q1 Ï‹	gFÂ	njit	be»œ¢Á

 
p

p pq

q q
 vd	tiuaW¡f¥gL»wJ.

 Ïnj	nghš,	p2 -I	bghW¤J, q2 Ï‹	gFÂ	njit	be»œ¢Á	

 – p
q

q
p

q
p

2

1

1

2

1

2

∂
∂

=
E
E

 vd	tiuaW¡f¥gL»wJ.

vL¤J¡fh£L 24

 P = 10K – K2 + KL  v‹gJ c‰g¤Â¢ rh®ò. ÏÂš L v‹gJ bjhêyhs® r«gs« 

k‰W« K v‹gJ _yjd« våš, K = 2, L = 6 -fëš _yjd« k‰W« bjhêyhs® 

r«gs« M»adt‰¿id bghW¤j ÏWÂãiy c‰g¤Âfis¡ fh©f.

Ô®Î :

 P = 10K – K2 + KL  .............(1)

 _yjd«	bghW¤j	ÏWÂãiy	c‰g¤ÂahdJ ∂
∂

P
K

 ∴ (1)-I, K -ia¥	bghW¤J	gFÂ	tif¥gL¤j

      ∂
∂

P
K

 = 10 – 2K + (1) L

  = 10 – 2K + L

 K = 2, L = 6, ∂
∂

P
K

 = 10 – 2(2) + 6 = 12

 bjhêyhs®	r«gs«	L-I¥	bghW¤j	ÏWÂãiy	c‰g¤ÂahdJ ∂
∂

P
L

 ∴ (1) -I L-I	bghW¤J	gFÂ	tif¥gL¤j

 ∂
∂

P
L

= K

 K = 2, L = 6 våš	
∂
∂

P
L

 = 2.

 ∴ _yjd¤ij¥	bghW¤J	ÏWÂãiy	c‰g¤Â	= 12 myFfŸ

 ∴ bjhêyhsiu¥	bghW¤J	ÏWÂãiy	c‰g¤Â	= 2 myFfŸ
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vL¤J¡fh£L 25

 xU ãWtdkhdJ x myFfŸ bjhêyhsç‹ r«gs¤ijÍ« y myFfŸ              

_yjd¤ijÍ«  ga‹gL¤Â c‰g¤Â brŒa¥gL« myFfë‹ v©â¡ifia c‰g¤Â 

rh®ò f (x, y) = 80 x y
1
4

3
4 -Ï‹ thæyhf F¿¡f¥gL»wJ våš, (i) Ïu©L ÏWÂãiy 

c‰g¤Âfë‹ rk‹ghLfis¡ fh©f.  (ii) 625 myFfŸ bjhêyhsç‹ r«gs¤ijÍ« 

81 myFfŸ _yjd¤ijÍ« ga‹gL¤J« bghGJ mt‰iw kÂ¥ÃLf. c‹ éil¡F 

és¡f« jUf.

Ô®Î :

 f (x, y) = 80 x y
1
4

3
4  (bfhL¡f¥g£LŸsJ)    ........... (1)

 bjhêyhsç‹	r«gs¤ij	bghW¤J	ÏWÂ	ãiy	c‰g¤ÂahdJ fx(x, y)

 ∴ (1) -I,	x -I	bghW¤J	gFÂ	tifæl,

 
f x y x yx = =

− −
80 1

4
20

3
4

3
4

3
4

3
4

 _yjd¤ij¥	bghW¤J	ÏWÂãiy	c‰g¤ÂahdJ	 fy(x, y)

 ∴ (1)	-I,	y -I	bghW¤J	gFÂ	tifæl,

 
f x y x yy = 





=
− −

80 3
4

60
1
4

1
4

1
4

1
4

(ii) fx(625, 81) 20 625 81
3
4

3
4( ) ( )

−

 
= 





=20 1
125

27 4 32( ) .

 mjhtJ,	 	 625	 myFfŸ	 bjhêyhsç‹	 r«gs¤ijÍ«,	 81	 myFfŸ																						

_yjd¤ijÍ«	 ga‹gL¤J«	 bghGJ,	 X®	 myF	 bjhêyhsç‹	 r«gs¤ij	

mÂf¥gL¤Âdhš,	c‰g¤Âæ‹	msthdJ	4.32	myFfŸ	mÂfkh»‹wJ.

 
f y ( , ) ( ) ( )

( )

625 81 60 625 81

60 5 1
3

100

1
4

1
4=

= 





=

−

 

 

f y ( , ) ( ) ( )

( )

625 81 60 625 81

60 5 1
3

100

1
4

1
4=

= 





=

−

 mjhtJ	625	myFfŸ	bjhêyhsç‹	r«gs¤ijÍ«	81	myFfŸ	_yjd¤ijÍ«	

ga‹gL¤J«	 bghGJ	 X®	 myF	 _yjd¤ijÍ«	 mÂf¥gL¤Âdhš,	 c‰g¤Âæ‹	

msthdJ	100	myFfŸ	mÂfkh»‹wd.
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vL¤J¡fh£L 26

 A v‹w bghUë‹ njit q1 = 240 – p2
1 + 6p2 – p1 p2 våš 

Eq
Ep

1

1
k‰W« 

Eq
Ep

1

2
 

v‹w gFÂ be»œ¢Áfis p1 = 5 and p2 = 4 vD« bghGJ fh©f.

Ô®Î :

 Given q p p p p
q
p

p p

q
p

p

Eq
Ep

1
2
1 2 1 2

1

1
1 2

1

2
1

1

1

240 6

2

6

= − + −
∂
∂

= − −

∂
∂

= −

= −
pp
q

q
p

p
p p p p

p p

1

1

1

1

1

1
2

2 1 2
1 2240 6

2

∂
∂

=
−

− + −
− −( )

 

Given q p p p p
q
p

p p

q
p

p

Eq
Ep

1
2
1 2 1 2

1

1
1 2

1

2
1

1

1

240 6

2

6

= − + −
∂
∂

= − −

∂
∂

= −

= −
pp
q

q
p

p
p p p p

p p

1

1

1

1

1

1
2

2 1 2
1 2240 6

2

∂
∂

=
−

− + −
− −( )

 

(i) 

Given q p p p p
q
p

p p

q
p

p

Eq
Ep

1
2
1 2 1 2

1

1
1 2

1

2
1

1

1

240 6

2

6

= − + −
∂
∂

= − −

∂
∂

= −

= −
pp
q

q
p

p
p p p p

p p

1

1

1

1

1

1
2

2 1 2
1 2240 6

2

∂
∂

=
−

− + −
− −( )

 p1 = 5, p2 = 4 våš

 

Eq
Ep

1

1

5 10 4
240 25 24 20

70
219







= − − −
− + −

=( ) ( )

( )

( )

ii

when

Eq

Ep

p q

q p

p p

p p p p

p

1

2

2

1

1

2

2 1

1
2

2 1 2

1

6

240 6

5

= −

=
− −

− + −

= aandp

Eq

Ep

2

1

2

4

4 6 5

240 25 24 20

4

219

=

= − −

− + −
= −( ) p1 = 5, p2 = 4 våš

 

( )

( )

ii

when  

Eq
Ep

p
p

q
p
p p
p p p p

p

1

2

2

1

1

2

2 1

1
2

2 1 2

1

6
240 6
5

= −
∂
∂

=
− −

− + −
= aand p

Eq
Ep

2

1

2

4

4 6 5
240 25 24 20

4
219

=







= − −
− + −

= −( )
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gæ‰Á 4.4

1) xU	bghUë‹	c‰g¤Â¢	rh®ò P = 10L + 5K - L2 - 2K2 + 3KL våš

 (i)      bjhêyhsç‹	r«gs¤ij¥	bghW¤j	ÏWÂ	ãiy	c‰g¤Â

 (ii)    _yjd¤ij¥	bghW¤j	ÏWÂ	ãiy	c‰g¤Â

 (iii)  Ïu©L	ÏWÂãiy	c‰g¤ÂfisÍ«	L = 1 k‰W« K = 2 vD«	bghGJ			

	 fh©f.

2) xU	ãWtd¤Â‹	c‰g¤Â¢	rh®ò	P = 3K2L2 – 2L4 – K4 våš  

L ∂
∂

P
L

 + K ∂
∂

P
K

 = 4P 	vd	ãWÎf.

3) Z = y2 – xy + x2 v‹gJ	 c‰g¤Â¢	 rh®ò.	 ÏÂš	 x v‹gJ	 bjhêyhs®	 r«gs«	

k‰W« y v‹gJ	_yjd«	våš	x = 2 and y = 3 -Ïš	x k‰W« y-‹	ÏWÂãiy	

c‰g¤Âfis¡	fh©f.

4) x myFfŸ	 bjhêyhs®fë‹	 r«gs¤ijÍ«	 y -	 myFfŸ	 _yjd¤ijÍ«	

ga‹gL¤J«	X®	ãWtd¤Â‹	xU	F¿¥Ã£l	myFfŸ	c‰g¤Â	brŒa	mikÍ«	

c‰g¤Âæ‹	rh®ò f (x, y) = 
100

1
5

4
5x y
våš

 (i) Ïu©L	ÏWÂãiy	c‰g¤Âfis¡	fh©f.

 (ii) 243	 myFfŸ	 bjhêyhs®fë‹	 r«gs¤ijÍ«	 k‰W«	 32	 myFfŸ																

_yjd¤ijÍ«	 ga‹gL¤J«	 bghGJ	 V‰gl¡	 Toa	 kh‰w¤ij¡	 f©L,	 c‹	

éil¡F	és¡f«	jUf.

5) p = 5(L)0.7 (K)0.3 våš	 bjhêyhs®	 r«gs«	 k‰W«	 _yjd¤ij	 bghW¤J	

ÏWÂãiy	c‰g¤Âfis	L = 10 k‰W« K = 3 vd	ÏU¡F«	bghGJ	fh©f.

6)  P = C(L)a (K)b, C v‹gJ	X®	äif	v©	k‰W« α + β = 1 våš K ∂
∂

P
K

 + L ∂
∂

P
L

 = P 
vd	ãWÎf.

7) A v‹w	bghUë‹	njit q1 = 16 – 3p1 – 2p2
2 våš, 

 (i) 
Eq
Ep

Eq
Ep

1

1

1

2
,  v‹w	gFÂ	be»œ¢Áfis¡	fh©f.	   

 (ii) p1 = 2 k‰W« p2 = 1 -Ïš	gFÂ	be»œ¢Áfis¡	fh©f.

8)  A v‹w	 bghUë‹	 njit q1 = 10 – 3p1 – 2p2 våš p1 = p2 = 1-Ïš	 gFÂ	

be»œ¢Áfis¡	fh©f.

9)  X v‹w	bghUë‹	njit q1 = 15 – p2
1 – 3p2 våš, p1 = 3 k‰W« p2 = 1 vD«	

bghGJ	gFÂ	be»œ¢Áfis¡	fh©f.

10)  Y v‹w	bghUë‹	njit q1 = 12 – p1
2 + p1p2 våš p1 = 10 k‰W« p2 = 4 -Ïš	

gFÂ	be»œ¢Áfis¡	fh©f.
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gæ‰Á 4.5

V‰òila éilia bjçÎ brŒf.

1)  f (x) = 3(x – 1) (x – 2) MdJ	nj¡f	ãiy	kÂ¥ò	bgw	nt©Lkhæ‹ x-‹	kÂ¥ò

 a) 3   b) 3
2

   c) 
2
3

   d) 
−3
2

2) f (x) = cos x v‹w	rh®Ã‹	Û¥bgUkÂ¥ghdJ

 a) 0   b) 3
2

   c) 1
2

   d) 1

3) y = x3 vD«	rh®ò	v¥bghGJ«

 a) xU	TL«	rh®ò   b) xU	FiwÍ«	rh®ò

 c) xU	kh¿è   d) Ït‰¿š	VJäšiy

4)  y = 4 – 2x – x2 vD«	tistiuahdJ

 a) nkšneh¡»	FêthdJ   b) Ñœneh¡»	FêthdJ

 c) xU	ne®nfhL   d) Ït‰¿š	VJäšiy

5) u = ex y2 2+  våš	
∂
∂
u
x  MdJ

 a) y2u   b) x2u   c) 2xu   d) 2yu

6) u = log (ex + ey) våš	
∂
∂
u
x + ∂

∂
u
y

 MdJ

 a) 1
e ex y+

  b) 
e

e e

x

x y+
  c) 1   d) ex + ey

7) u = x y (x > 0) våš	
∂
∂
u
y

 MdJ

 a) xy log x  b) log x  c) yxlog x  d) log yx

8) f x y x y

x y

( , ) = +

+

1
2

1
2

1
3

1
3

 vD«	rkgo¤jhd	rh®Ã‹	goahdJ

 a) 1
2

   b) 
1
3

   c) 
1
6    d) 

1
5

9)  f (x, y) = 2x + ye–x våš	fy(1, 0) -‹	kÂ¥ò

 a) e   b) 1
e

   c) e2   d) 
1
2e
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10) f (x, y) = x3 + y3 + 3xy våš	 fxy MdJ

 a) 6x    b) 6y    c) 2    d) 3

11) ÏWÂ	 ãiy	 tUthŒ	 %.25	 nkY«	 éiyia¥	 bghW¤J	 mj‹	 njitæ‹	

be»œ¢Á	2	våš	ruhrç	tUthahdJ

 a) %.50   b) %.25   c) %.27   d) %.12.50

12)  ÏWÂãiy	tUthŒ	ó¢Áa«	våš	njit	be»œ¢ÁahdJ

 a) 1    b) 2    c) – 5    d) 0

13)  ÏWÂãiy	 tUthŒ	 %.40	 nkY«	 ruhrç	 tUthŒ	 %.60	 våš	 éiyia¥	

bghW¤J	njit	be»œ¢ÁahdJ

 a) 1    b) 0    c) 2    d) 3

14)  u = x2 – 4xy + y2 våš ∂
∂

2

2
u
y

=

 a) 2   b) 2xy   c) 2x2y   d) 2xy2

15) z = x3 + 3xy2 + y3 våš	x -Ï‹	ÏWÂãiy	c‰g¤ÂahdJ

 a) x2 + y2  b) 6xy + 3  c) 3(x2 + y2)  d) (x2 + y2)2

16) q1 = 2000 + 8p1 – p2 våš ∂
∂
q
p

1

1
= 

 a) 8    b) – 1    c) 2000   d) 0

17)  c‰g¤Â	 rh®ò	 P = 15K – L2 + 2KL våš	 bjhêyhs®	 r«gs¤ij¥	 bghW¤j	

ÏWÂãiy	c‰g¤Â L = 3, K = 4 Mf	ÏU¡F«	bghGJ

 a) 21    b) 12    c) 2    d) 3

18)  xU	ãWtd¤Â‹	c‰g¤Â	rh®ò	P = 3L2 - 5KL + 2k2 vd¡	bfhL¡f¥g£LŸsJ,	

våš	mj‹	_yjd¤ij¥	bghW¤j	ÏWÂãiy	c‰g¤ÂahdJ L = 2, K = 3 vd	

ÏU¡F«	bghGJ

 a) 5    b) 3    c) 6    d) 2

19)  bryÎ¢	rh®ò	y = 40 – 4x + x2 v¥bghGJ	ÁWk	kÂ¥ig	milÍ«	?

 a) x = 2   b) x = – 2   c) x = 4   d) x = – 4

20)  R = 5000 myFfŸ	/	tUl«, C1 = 20 igrh¡fŸ, C3 = %.20 våš EOQ =

 a) 1000   b) 5000   c) 200    d) 100
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bjhifp£o‹ ga‹ghLfŸ

__________________________________________________
 tiuaW¡f¥g£l	 bjhiffë‹	 g©òfŸ,	 tot	 fâj	 és¡f«,	 ÏWÂ	

ãiy	 rh®òfëèUªJ	 bkh¤j	 k‰W«	 ruhrç	 rh®òfis¡	 fhQjš	 M»adt‰iw	

Ï¥ghl¥	 gFÂæš	 fh©ngh«.	 nkY«	 njitæ‹	 be»œ¢Á,	 éiy	 bfhL¡f¥go‹,	

njitæ‹	 rh®ig¡	 f©LÃo¤jš	 g‰¿Í«	 fhzyh«.	 ÏWÂahf	 Ef®nth®	 k‰W«	

c‰g¤Âahs®fë‹	v¢r¥ghL	(surplus) g‰¿Í«	MŒªj¿nth«.

5.1  bjhif E©fâj¤Â‹ mo¥gil¤ nj‰w«

 [a, b] Ïš f(x) xU	bjhl®¢Áahd	rh®ò.	 nkY«	 f(x) ¡F, F(x) MdJ	xU	K‰gL	

rh®ò	våš,

 

( ) ( ) ( )x dx b a
a

b

= −F Ff

 

5.1.1  tiuaW¤j bjhifæ‹ g©òfŸ

1) f x dx f x dx
a

b

b

a

( ) ( )∫ ∫=

ã%gz« :

 F(x) v‹gJ	f(x) Ï‹	K‰gL	rh®ò	v‹f.

 
f x dx x b a a b f x dx

a

b

a
b

b

a

( ) [ ( )] ( ) ( ) [ ( ) ( )] ( )∫ ∫= = − = − − = −F F F F F
 

2) f x dx f x dx f x dx a c b
a

b

a

c

c

b

( ) ( ) ( ) .∫ ∫ ∫= + < <for Ï§F f x dx f x dx f x dx a c b
a

b

a

c

c

b

( ) ( ) ( ) .∫ ∫ ∫= + < <for

ã%gz« :

 a, b, c v‹gd	bkŒba©fis¡	F¿¡f£L«	Ï§F	a < c < b.

  f x dx b a
a

b

( ) ( ) ( )∫ = −F F       ............. (1)

 f x dx f x dx c a b c b a
a

c

c

b

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )∫ ∫+ = − + − = −F F F F F F   ............. (2)

 

 (1),	(2)	èUªJ  f x dx f x dx f x dx
a

b

a

c

c

b

( ) ( ) ( )∫ ∫ ∫= +

3) f x dx f a b x dx
a a

b b

( ) ( )� �= + −

5
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ã%gz« :

 a + b – x = t v‹f.  ∴ – dx = dt

  x = a   våš   t = b ;    x = b   våš   t = a

    
∴ = − + −∫ ∫f x dx f a b t dt

a

b

b

a

( ) ( )
    

   = + −∫ f a b t dt
a

b

( ) [by property (1)]    [g©ò	(1)	‹	go]

   
= + − =∫ ∫ ∫f a b x dx f x dx f t dt

a

b

a

b

a

b

( ) [sin ( ) ( ) ]ce

4) = = −∫ ∫f x dx f a x dx
a a

( ) ( )
0 0

ã%gz« :

 a – x = t ∴ –dx = dt

 x = 0  våš  t = a ;     x = a  våš  t = 0

          
∴ = − − = −∫ ∫ ∫f x dx f a t dt f a t dt

a

a

a

( ) ( ) ( ) ( )
0

0

0

 

     
= −∫ f a x dx

a

( )
0

5)  (i)  f (x) X®	Ïu£il¢	rh®ò	våš, f x dx f x dx
a

a a

( ) ( )
−
∫ ∫= 2

0

 (ii) f (x) X®	x‰iw¢	rh®ò	våš,	 f x dx
a

a

( )
−
∫ = 0

ã%gz« :

(i) f (x) v‹gJ	Ïu£il	rh®ò	våš	f (–x) = f (x).

 
f x dx f x dx f x dx

a

a

a

a
( ) ( ) ( )

− −
∫ ∫ ∫= +

0

0

[by property (2)]
 [g©ò	(2)	‹	go]

 t = – x  våš dt = – dx   [Kjš	bjhifæš	k£L«]

 x = – a  våš  t = a ;    x = 0    våš   t = 0

 
\   ( )xƒ

a

a
ò
-

dx = - ( )
0

ƒ t
a

-ò dt  + ( )
0

xƒ
a

ò dx
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   = − +∫ ∫f x dx f x dx
a a

( ) ( )
0 0

   = +∫ ∫f x dx f x dx f x
a a

( ) ( ) ( ( ) )
0 0

is an even function  [ f (x) X®	Ïu£il¢	rh®ò]

   
= ∫2

0
f x dx

a
( )

 (ii) f (x) v‹gJ	x‰iw¢	rh®ò	våš

  f (–x) = –f (x)

 
∴ = +

− −
∫ ∫ ∫f x dx f x dx f x dx
a

a

a

a
( ) ( ) ( )

0

0   

  t = – x våš dt = – dx   [Kjš	bjhifæš	k£L«]

  x  = – a   våš   t = a     ;    x  =   0    våš   t = 0

    
∴ = − − +

−
∫ ∫ ∫f x dx f t dt f x dx
a

a

a

a
( ) ( ) ( )

0

0

  

    
= − +∫ ∫f x dx f x dx
a a

( ) ( )
0 0

    = − +∫ ∫f x dx f x dx f x
a a

( ) ( ) ( ( )
0 0

since is an odd function)  [ f (x) X®	x‰iw¢	rh®ò ]

     = 0

vL¤J¡fh£L 1

 kÂ¥ÃLf :  

Ô®Î :

x3 + x v‹gJ	X®	x‰iw¢	rh®ò

    
⇒ + =

−
∫ ( )x x dx3

1

1
0 [by property 5(ii)]

 

vL¤J¡fh£L 2

 kÂ¥ÃLf :  

⇒ + =
−
∫ ( )x x dx3

1

1
0 [by property 5(ii)]

⇒ + = +
−
∫ ∫( ) ( )x x dx x x dx4 2

2

2
4 2

0

2
2 [by property 5(i)]

∴
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Ô®Î :

  x4 + x2  X®	Ïu£il¢	rh®ò

     
⇒ + = +

−
∫ ∫( ) ( )x x dx x x dx4 2

2

2
4 2

0

2
2 [by property 5(i)]

          

= +












2
5 3

5 3

0

2
x x

          
= +












=2 2

5
2
3

272
15

5 3

vL¤J¡fh£L 3

 kÂ¥ÃLf :   
sin

sin cos

3

3 3
0

2 x

x + x
dx

π

∫

Ô®Î : 

 

Ô®Î :

      I = ò
p

+

2

0
3 3

3

cossin

sin

  x x

x
 dx -------(1)

g©ò (4)-‹ go, ( )
0

xƒ
a

ò dx = ( )
0

xaƒ
a

-ò dx

nkY«,      I = ò
p

pp

p

-- +

-2

22

2

0 33

3

( )cos( )sin

( )sin

  xx

x
dx

= ò
p

p

p

+

2

0
3 3

3

sincos

cos

  x x

x
 dx -------(2)

(1) + (2) Þ

2I = ò
+

+
2

  

  

0 3 3

3 3

cossin

cossin

x x

x x dx

= ò
2

0

dx  = [ ]
2

0x = 2

\  I = 4

Þ ò
p

+

2

0
3 3

3

cossin

sin

  x x

x dx = 
4
p

p
p

p

    

∴
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vL¤J¡fh£L 4

 kÂ¥ÃLf :  

Ô®Î :

 g©ò	(4)-‹	go, f x dx f a x dx
a a

( ) ( )
0 0
∫ ∫= −

  

- = - + = -x x dx (1-x) x dx x x dx( ) ( ) ( )1 1 1 1
5

0

1
5

0

1
5

0

1

ò ò ò\

     

   

= − = −












=∫ ( )x x dx x x5 6

0

1 6 7

0

1

6 7
1
42

 
∴ − =∫ x x dx( )1 1

42
5

0

1

vL¤J¡fh£L 5

kÂ¥ÃLf :  kÂ¥ÃLf : ò +

3
p

6
p tan1 x

dx

      I = ò +

3
p

6
p tan1 x

dx

=  ò +

3
p

6
p cossin

 cos

x x

dxx
--------(1)

ò
b

a

x¦( ) dx = ò
b

a

¦ (a+b -x) dx

\  I = ò + - + + -

+ -
p pp p

p p3
p

6
p 6 36 3

6 3

)cos()sin(

)cos(

xx

x
dx

= ò --

-

+

3
p

p  
2
p 

2
p

 
2
p

)cos()sin(

)cos(

xx

x
dx

= ò +

3
p

6
p sincos

sin

x x

x
dx --------(2)

2 I = ò +
+3

p

6
p sincos

sincos

x x

x x
dx  = ò

3
p

6
p

dx  = [ ] 3
p

6
px  = 

6
p

6

\ I = 
12
p \ ò +

3
p

6
p tan1 x

dx  = 
12
p

Ô®Î :

g©ò (3)-‹ go, 

(1) + (2) Þ

 

Ô®Î : 

kÂ¥ÃLf : ò +

3
p

6
p tan1 x

dx

      I = ò +

3
p

6
p tan1 x

dx

=  ò +

3
p

6
p cossin

 cos

x x

dxx
--------(1)

ò
b

a

x¦( ) dx = ò
b

a

¦ (a+b -x) dx

\  I = ò + - + + -

+ -
p pp p

p p3
p

6
p 6 36 3

6 3

)cos()sin(

)cos(

xx

x
dx

= ò --

-

+

3
p

p  
2
p 

2
p

 
2
p

)cos()sin(

)cos(

xx

x
dx

= ò +

3
p

6
p sincos

sin

x x

x
dx --------(2)

2 I = ò +
+3

p

6
p sincos

sincos

x x

x x
dx  = ò

3
p

6
p

dx  = [ ] 3
p

6
px  = 

6
p

6

\ I = 
12
p \ ò +

3
p

6
p tan1 x

dx  = 
12
p

Ô®Î :

g©ò (3)-‹ go, 

(1) + (2) Þ

- = - + = -x x dx (1-x) x dx x x dx( ) ( ) ( )1 1 1 1
5

0

1
5

0

1
5

0

1

ò ò ò\
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kÂ¥ÃLf : ò +

3
p

6
p tan1 x

dx

      I = ò +

3
p

6
p tan1 x

dx

=  ò +

3
p

6
p cossin

 cos

x x

dxx
--------(1)

ò
b

a

x¦( ) dx = ò
b

a

¦ (a+b -x) dx

\  I = ò + - + + -

+ -
p pp p

p p3
p

6
p 6 36 3

6 3

)cos()sin(

)cos(

xx

x
dx

= ò --

-

+

3
p

p  
2
p 

2
p

 
2
p

)cos()sin(

)cos(

xx

x
dx

= ò +

3
p

6
p sincos

sin

x x

x
dx --------(2)

2 I = ò +
+3

p

6
p sincos

sincos

x x

x x
dx  = ò

3
p

6
p

dx  = [ ] 3
p

6
px  = 

6
p

6

\ I = 
12
p \ ò +

3
p

6
p tan1 x

dx  = 
12
p

Ô®Î :

g©ò (3)-‹ go, 

(1) + (2) Þ

gæ‰Á 5.1

tiuaW¤j¤ bjhifæ‹ g©òfis¥ ga‹gL¤Â Ñœf©l bjhiffë‹ kÂ¥òfis¡ 

fh©f.

1) ò
-

10

10

( 4x5 + 6x3 +
3
2 x) dx 2) ò

-

2

2

( 3x2 + 5x4) dx

3) ò
2
p

2
p-

2sin x  dx 4) ò
2
p

2
p-
cos xdx 5) ò -

2

0

2x x dx

6) ò
1

0

x(1 -  x)
3 
dx 7) ò +

3
p

6
p cot1 x

dx 8) ò -+

2

0
  2x x

dxx  

9) ò
p

0

xsin
2
 x  dx 10) ò +

+
2
p

0
cossin

cossin
x x

xbxa  dx

5.2 tiuaW¤j bjhifæ‹ tot fâj és¡f« tistiuahš             
mikÍ« gu¥ò

 y = f (x) v‹w	rk‹gh£o‹	tiu¥gl« x m¢R k‰W« x = a, x = b v‹w	ãiy¤	

bjhiyÎfŸ	Ït‰whš	milgL«	gu¥gsit

 A = = ∫ f x dx
a

b

( ) y dx
a

b

≡

    = ∫ f x dx
a

b

( )  vd¡	F¿¡fyh«.

y

xO

y = f (x)

x =a x =b

A

gl« 5.1
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F¿¥ò :

 y = f (x) v‹w	 rk‹gh£o‹	 tiugl« x m¢ir x = a, x = b -¡F	Ïil¥g£l	

gFÂia	fl¡f¡	TlhJ.

 Ïnj	nghš,	x = g(y) v‹w	tistiu	y m¢R	k‰W«	»il¤	bjhiyÎfŸ	y = c,   
y = d Ït‰¿‰F	Ïil¥g£l	gu¥gsÎ,

 A = = ∫ g y dy
c

d

( )x dy
c

d

≡                       

y

xO

x = g(y)
y=d

y=c
A

gl« 5.2

    
= ∫ g y dy

c

d

( )
 

  

F¿¥ò :

 x = g(y) v‹w	 rk‹gh£o‹	 tiugl«	 y m¢Áš, y = c, y = d ¡F	 Ïil¥g£l	

gFÂæ‹	têna	bršy¡	TlhJ.

vL¤J¡fh£L 6

 y2 = 4x v‹w gutisa¤Â‰F«, x m¢R, x = 1 k‰W« x = 4 v‹w nfhLfS¡F« 

Ïil¥g£l gu¥ig¡ fh©f.

Ô®Î : 

 njitahd	gu¥ò

 
A = ∫ y dx

a

b

     
= ∫ 4

1

4

x dx

     

= =ò2 2
3

2
1

4
3

2

1

4

x dx
x

     

     
= × −









2 2

3
4 1

3
2

3
2

    =
28
3

sq. units. rJu	myFfŸ.

y

xO x=1 x= 4

y2 = 4x

gl« 5.3



146

vL¤J¡fh£L 7

 x2 = 4y v‹w gutisa¤Â‰F«, y m¢R, k‰W« y = 2, y = 4 vD« nfhLfS¡F« 

Ïil¥g£l gu¥ig¡ fh©f.

Ô®Î : 

 tistiuæ‹	Ñœ	mikÍ«	gu¥ò

 
A = ∫ x dy

c

d

     
= ∫ 4

2

4

y dy

     

= =ò2 2
3

2
2

4
3

2

2

4

y dy
y

      

          = × −








 =

−2 2
3

4 2 32 8 2
3

3
2

3
2 sq units. .  rJu	myFfŸ.

vL¤J¡fh£L 8

 y = 4x2 – 8x + 6 v‹w tistiuæ‹, y m¢R, k‰W« x = 2 Ït‰W¡F Ïilna 

cŸs gu¥ig¡ fh©f.

Ô®Î : 

 y	m¢Á‹	rk‹ghL,	 x = 0. vdnt	bfhL¡f¥g£l	tistiu¡F«,	 x = 0, x = 2 
v‹w	nfhLfS¡F«	Ïil¥g£l	njitahd	gu¥ò,

 

A = ∫ y dx
a

b

      
= − +∫ ( )4 8 62

0

2

x x dx
 

      
= − +








4

3
8

2
6

3 2

0

2
x x x

     

      
= − + −

4
3

2 4 2 6 2 03 2( ) ( ) ( )
     

     =
20
3

sq.units. rJu	myFfŸ.

y

xO

y=4

y=2

x2 = 4y

gl« 5.4
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vL¤J¡fh£L 9

 y2 = x3 vD« miuK¥go gutisa« x = 0, y = 1, y = 2 vD« nfhLfshš 

milgL« gu¥Ãid¡ fh©f.

Ô®Î : 

 njitahd	gu¥ò,		Area, A = ∫ x dy
c

d

    

= =

















∫ y dy y2
3

5
3

1

2

1

2

5
3

      = −












3
5

2 1
5
3 sq. units. rJu	myFfŸ.

vL¤J¡fh£L 10

 y = sin ax v‹w tistiuæ‹ xU éšè‰F« x m¢R¡F« Ïil¥g£l gu¥ò 

fh©f.

Ô®Î : 

 y = sin ax tistiu	x m¢ir	bt£L«	òŸë	

 fhz y  = 0 v‹f.

	 vdnt,	xU	éšY¡fhd	všiyfŸ,	

 x  = 0, x = 
≠
a

 njitahd	gu¥ò,

  
Area, A = ∫ y dx

a

b

       
= ∫ sin ax dx
a

0

π

 

       
= −





cos ax
a

a

0

π

     

       
= − −

1 0
a

[cos cos ]π
     

       =
2
a

sq. units rJu	myFfŸ.

O

y

x

y

y

=

=

1

2 2 3y = x

gl« 5.6

O

y

x

y = sinax

a
p

gl« 5.7

π
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vL¤J¡fh£L 11

 y2 = x2 (4 – x2) v‹w tistiuæ‹ xnu xU RHš tisæ‹ gu¥ig¡ fh©f. 

(všiyfŸ x = 0, x = 2).

Ô®Î : 

 tistiuæ‹	rk‹ghL y2 = x2 (4 – x2)

 \ = x -y x4 2+-

 njitahd	gu¥ò,	Area, A = ∫ y dx
a

b

    = 2 (	Kjš	fhš	gFÂæš	mikÍ«	gu¥ò	)

    = −∫2 4 2

0

2

x x dx  

 
∴ =

−
=

















=

= −∫∫A

sq.units.

2
2

3
2

16
3

40

4

4

0

3
2

0

4

t dt t dt

t

Put t
( )

xx
dt x dx
dt x dx

when x t
when x t

2

2

2
0 4
2 0

= −

− =

= =
= =

,
,

rJu	myFfŸ.

t = 4 – x2 v‹f.

dt = –2xdx

∴ =
−

=

















=

= −∫∫A

sq.units.

2
2

3
2

16
3

40

4

4

0

3
2

0

4

t dt t dt

t

Put t
( )

xx
dt x dx
dt x dx

when x t
when x t

2

2

2
0 4
2 0

= −

− =

= =
= =

,
,x = 0 våš t  = 4

x = 2 våš t = 0

gæ‰Á 5.2

1) y = 4x – x2 v‹w	 tistiu¡F«	 x m¢R,	 x = 0 k‰W« x = 3 nfhLfS¡F«	

Ïil¥g£l	gu¥ig¡	fh©f.

2) y = 3x2 – 4x + 5 v‹w	 tistiu¡F« x	 m¢R	 k‰W«	 ne®nfhL	 x = 1, x = 2 
Ït‰¿‰»ilna	mikÍ«	gFÂæ‹	gu¥ig¡	fh©f.

3) y = 1
1 2+ x

vD«	 tistiu¡F« y = 0, x = –1 k‰W« x = 1 nfhLfS¡F«	

Ïil¥g£l	gu¥Ãid¡	fh©f.

4) y = cos x v‹w	tistiuæ‹	xU	éšY¡F«,	x = – ≠
2

, x = 
≠
2

 k‰W« x -m¢R,	

Ït‰¿‰F	ÏilæYŸs	gu¥ig¡	fh©f. 

5) y2 = x2 (1 – x2) v‹w	tistiuæ‹	xnu	xU	RHš	tisæ‹	x = 0, x = 1 v‹w	

òŸëfS¡F	Ïil¥g£l	gu¥ig¡	fh©f.

O

y

(2,0) x

gl« 5.8

∴ =
−

=

















=

= −∫∫A

sq.units.

2
2

3
2

16
3

40

4

4

0

3
2

0

4

t dt t dt

t

Put t
( )

xx
dt x dx
dt x dx

when x t
when x t

2

2

2
0 4
2 0

= −

− =

= =
= =

,
,

=

π π
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6) xy = 1 v‹w	njit	tistiu¡F«	x = 3, x = 9 vD«	nfhLfS¡F«	Ïil¥g£l	

gu¥ò¡	fh©f.

7) y2 = 4ax v‹w	gutisa¤Â‰F«	mj‹	br›tfy¤Â‰F«	ÏilnaÍŸs	gu¥ig¡	

fh©f.

8) x = 3y2 – 9 vD«	tistiu¡F«	nfhLfŸ	x = 0, y = 0 k‰W« y = 1 nfhLfS¡F«	

Ïil¥g£l¥	gu¥ò¡	fh©f.

9) y = 4
x

 v‹w	 tistiuæ‹	 x m¢R¡F	 nkš	 x = 1, x = 4 v‹w	 nfhLfS¡F	

Ïil¥g£l	gu¥Ãid¡	fh©f.

10) ‘a’ myF	Mu«	bfh©l	t£l¤Â‹	gu¥ig¡	fh©f.

11) x
a

y
b

2

2

2

2 1+ =  v‹w	ÚŸt£l¤Â‹	gu¥ig¡	fh©f.

5.3 bghUshjhu« k‰W« tâféaèš bjhifp£o‹ ga‹ghLfŸ

 Ïj‰F	 Kªija	 ghl¥gFÂæš	 bkh¤j	 bryÎ¢	 rh®ò,	 bkh¤j	 tUthŒ	 rh®ò	

k‰W«	 njit¢	 rh®ò	 bfhL¡f¥g£L	 ÏU¥Ã‹	 mj‰fhd	 ÏWÂãiy	 bryÎ¢	 rh®ò,	

ÏWÂ	 ãiy	 tUthŒ	 rh®ò,	 njit	 be»œ¢Á	 fhQ«	 Kiwfis¡	 f©nlh«.	 mj‰F	

khwhf	ÏWÂãiy	rh®ò	bfhL¡f¥g£oU¥Ã‹	bkh¤j	rh®ig¡	fhQ«	Kiwia	Ï§F	

fhzyh«.

5.3.1 ÏWÂ ãiy bryÎ¢ rh®ÃèUªJ (Marginal cost function) bryÎ, k‰W« ruhrç 

bryÎ¢ rh®òfis¡ (Average cost function) fhQjš

 C v‹gJ	bkh¤j	bryÎ¢	rh®ò.	ÏÂš x v‹gJ	c‰g¤Âæ‹	msÎ	våš	ÏWÂ	

ãiy¢	bryÎ¢	rh®ò,	

 MC = 
d
dx
C

. bjhif	fhzš	v‹gJ	tif¡bfG	K‰gL	v‹gjhš

 bryÎ	rh®ò,	C = ∫ (MC) dx + k

 ÏÂš k v‹gJ	bjhif	 fhzè‹	kh¿è.	F¿¥Ã£l	msÎ	c‰g¤Âæ‹	bryÎ	

bfhL¡f¥g£oUªjhš	mjid¥	ga‹gL¤Â k-Ï‹	kÂ¥ò	fhzyh«.

 ruhrç	bryÎ¢	rh®ò,	AC = 
C
x , x ≠  0

vL¤J¡fh£L 12

 x myFfŸ c‰g¤Âæ‹ ÏWÂ ãiy bryÎ MC = 6 + 10x – 6x2 k‰W« 1 myF 

c‰g¤Â¡fhd bkh¤j bryÎ 15, våš bkh¤j bryÎ¢ rh®ò k‰W« ruhrç bryÎ 

M»at‰iw fh©f.

Ô®Î : 

  ÏWÂ	ãiy	bryÎ¢	rh®ò,

  MC  = 6 + 10x – 6x2
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  C = ( )MC dx k+∫

   
= +∫ ( )6 +10x - 6x2 dx k

   
= + − +6 10

2
6
3

2 3

x x x k

   = 6x + 5x2 – 2x3 + k            .................... (1)

  x = 1,   C = 15

  ∴  (1) ⇒  15 = 6 + 5 – 2 + k

             ⇒   15-9 = k

             ⇒   k = 6

  ∴       bkh¤j	bryÎ¢	rh®ò		C = 6x + 5x2 – 2x3 + 6

   ruhrç	bryÎ¢	rh®ò		AC = C
x

           
= + − +6 5 2 62x x

x

vL¤J¡fh£L 13

 xU bghUë‹ ÏWÂ ãiy bryÎ¢ rh®ò 3x2 – 2x + 8 . khwh¢ bryÎ Ïšiy 

våš bkh¤j bryÎ¢ rh®ò k‰W« ruhrç bryÎ¢ rh®ò M»at‰iw fh©f.

Ô®Î : 

	 ÏWÂ	ãiy	bryÎ¢	rh®ò,

 MC = 3x2 – 2x + 8

    C =  ( )MC dx k+∫

  
= +∫ ( )3x - 2x + 82 dx k

  = x3 – x2 + 8x + k    .................... (1)

 khwh¢	bryÎ	Ïšiy   ⇒  k = 0         ∴  (1)  ⇒  C = x3 – x2 + 8x

 ruhrç	bryÎ¢	rh®ò	 AC = 
C
x    = x2 – x + 8

vL¤J¡fh£L 14

 x myF jahç¥gj‰fhd xU bghUë‹ ÏWÂ ãiy bryÎ¢ rh®ò 3 – 2x 
– x2. khwh¢ bryÎ 200 våš bkh¤j¢ bryÎ¢ rh®ò k‰W« ruhrç bryÎ¢ rh®ò 

M»at‰iw¡ fh©f.
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Ô®Î : 

	 ÏWÂ	ãiy	bryÎ¢	rh®ò,

 MC = 3 – 2x – x2

    C =  ( )MC dx k+∫

  
= +∫ ( )3 - 2x  x2 dx k

  
= − − +3

3
12

3

x x x k .............. ( )

 k = 200 [bfhL¡f¥g£LŸsJ]

 ∴ (1)   ⇒  C = 3x – x2 – x3

3
 + 200

ruhrç	bryÎ¢	rh®ò     AC = 
C
x

    
= - - +3

3

2002

x
x

x

5.3.2 bfhL¡f¥g£LŸs ÏWÂãiy tUthŒ (Marginal revenue) rh®ÃèUªJ 

bkh¤j tUthŒ (Revenue function) k‰W« njit¢ rh®ò (Demand function) 
M»at‰iw¡ fhQjš :

 R v‹gJ	tUthŒ	 rh®ò	 våš	ÏWÂ	ãiy	tUthŒ¢	 rh®ò MR R
=
d
dx

 ÏÂš ‘x’ 
v‹gJ	c‰g¤Âæ‹	msÎ	ÏUòwK« x I¥	bghU¤J	bjhif	fhz,

 tUthŒ¢	 rh®ò,	 R = ( )MR dx k+∫  ÏÂš k v‹gJ	 xU	 kh¿è	 Ï«kh¿èæ‹	

kÂ¥ig	 x = 0 k‰W« R= 0 vd¥ÃuÂæ£L	 fhzyh«.	 mjhtJ	 c‰g¤Â	 Ïšyhkš	

ÏU¡F«	nghJ	tUthŒ	R= 0.

 tUthŒ	rh®ò, R = px      ∴ njit¢	rh®ò,  p = R
x

 ,  (x ≠ 0)

vL¤J¡fh£L 15

 ÏWÂ ãiy tUthŒ rh®ò MR = 9 – 6x2 + 2x våš bkh¤j tUthŒ rh®ò k‰W« 

njit¢ rh®ò M»at‰iw¡ fh©f.

Ô®Î : 

 ÏWÂ	ãiy	tUthŒ	rh®ò, 

  MR  = 9 – 6x2 + 2x

  R(x) = ( )MR dx k+∫

   = ( )9 6 22− + +∫ x x dx k
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= − + + = − + +9

6

3

2

2
9 2

3 2
3 2x

x x
k x x x k

 bghUŸfŸ	é‰gid	Ïšiybaåš	tUthŒ	ó¢ÁakhF«

	 mjhtJ x = 0, R = 0   ∴  k = 0

 ∴ R =  9x - 2x3 + x2

  njit¢	rh®ò,			p = R
x

 = 9  – 2x2 + x

vL¤J¡fh£L 16

 ÏWÂãiy tUthŒ rh®ò MR = 3 – 2x – x2 våš mj‹ tUthŒ¢ rh®ò k‰W« 

njit¢ rh®ig fh©f.

Ô®Î : 

 ÏWÂ	ãiy	tUthŒ	rh®ò, 

  MR  = 3 – 2x – x2

  R = ( )MR dx k+∫

   = ( )3 2 2− − +∫ x x dx k

   
= - - +3

3
2

3

x x
2x

k

   
= − − +3

3
2

3

x x x k

 bghUŸfŸ	é‰gid	Ïšiy	våš	R = 0 mjhtJ,

 x = 0 våš R = 0  ∴ k = 0

 ∴ R =  = − − +3
3

2
3

x x x k

  p = R
x

 ,

  njit¢	rh®ò			p= R / x = 3 – x – x2

3

vL¤J¡fh£L 17

 xU ãWtd¤Â‹ ÏWÂãiy tUthŒ¢ rh®ò MR = 
e
100

x

+ x + x2 våš mj‹ 

tUthŒ¢ rh®ig¡ fh©f.
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Ô®Î : 

  MR  = e
x

100
 + x + x2

  R = ( )MR dx k+∫

   = 
e x x dx k
x

100
2+ +









 +∫

   
= + + +
e x x k
x

100 2 3

2 3

 bghUŸfŸ	é‰gid	Ïšiybaåš	R = 0

 mjhtJ			 x = 0 våš R = 0.

                        
∴ = + + + ∴ = −0

100
0 0 1

100

0e k k

 ∴  tUthŒ,			∴ = + + −Revenue, R e x xx

100 2 3
1

100

2 3

5.3.3   njit be»œ¢Á (Elasticity of demand) bfhL¡f¥g£oU¥Ã‹ tUthŒ k‰W« 

njit¢ rh®ò fhQjš

njit	be»œ¢Á   ηd
p
x
dx
dp

=
−

     

   
⇒

−
=

dp
p

dx
x d

1
η

  ÏUòwK«	bjhif	fhz,

    

 
− =∫ ∫
dp
p

dx
xd

1
η

 Ïªj	rk‹ghL ‘p’ vD«	njit¢	rh®ig	x -‹	rh®ghf	bjçé¡»wJ.

 tUthŒ	rh®ig,	R = px v‹w	nfh£gh£oèUªJ	fhzyh«.

vL¤J¡fh£L 18

 xU bghUë‹ njit x vD« bghGJ éiyia¥ bghU¤j njit be»œ¢Á 
x -
x

5 , x > 5 våš, éiy 2 njit 7 vD«bghGJ njit¢ rh®ò k‰W« tUthŒ¢ rh®ò 

fh©f.

Ô®Î : 

 njit	be»œ¢Á, ηd
x
x

=
− 5   (bfhL¡f¥g£LŸsJ)

∴ (1) ⇒
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i.e. − =

−p
x
dx
dp

x
x

5

  
⇒

−
= −

dx
x

dp
p5

 ÏUòwK«	bjhif¡	fhz,

  

dx
x

dp
p

k
−

= − +∫ ∫5
log

 

  ⇒  log (x – 5) = – log p + log k

  ⇒  log (x – 5) + log p = log k

  ⇒  log p (x – 5) = log k

  ⇒  p (x – 5) = k     .............. (1)

  p = 2 våš  x = 7

      ∴   k = 4

  njit	rh®ò p
x

=
−
4

5
,  x > 5

  tUthŒ,		R = px  = p
x

=
-

4x

5

vL¤J¡fh£L 19

 xU bghUë‹ éiyia¥ bghU¤j njit be»œ¢Á xU kh¿è. mJ 2¡F rk«. 

njit 4 vD« nghJ éiy 1 våš njit¢ rh®ò k‰W« tUthŒ¢ rh®ò M»at‰iw¡ 

fh©f.

Ô®Î : 

 njit	be»œ¢Á  ηd = 2  (bfhL¡f¥g£LŸsJ)

 
⇒ − =

p
x
dx
dp

2

 
⇒ = −

dx
x

dp
p

2
 

 ÏUòwK«	bjhif	fhz

 
⇒ = − +∫ ∫

dx
x

dp
p

k2 log

 ⇒     log x = –2 log p + log k

          log x + log p2 = log k
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 p2x = k  ................ (1)

 njit	4	våš	éiy	1.	  x = 4,   p = 1

  ∴   (1) ⇒  4 =  k vdnt  p2 x = 4        p2 = 4
x

 p = 2
x

 ; tUthŒ,		R = px = 
x
x2  = 2 x

vL¤J¡fh£L 20

 xU ãWtd¤Âš xU bghUë‹ ÏWÂ ãiy bryÎ¢ rh®ò k‰W« ÏWÂ ãiy 

tUthŒ Kiwna C′(x) = 4 + 0.08 x k‰W« R′(x) = 12. c‰g¤Â VJ« Ïšyhjjhš bkh¤j 

bryÎ ó¢Áa« våš bkh¤j Ïyhg« fh©f.

Ô®Î : 

 ÏWÂ	ãiy	bryÎ,

  MC  = 4 + 0.08 x ⇒    C (x)  = ( )MC dx k+∫ 1

             
= +∫ ( )4 + 0.08 x dx k1    

= + +4 0 08
2

2

1x x k.
     

   =  4x + 0.04 x2 + k1  ............... (1)

 x = 0 våš C = 0

 ∴  (1) ⇒ 0 = 0 + 0 + k1

 ∴     k1 = 0

 bryÎ¢	rh®ò		C = 4x + 0.04x2   ................. (2)

 ÏWÂ	ãiy	tUthŒ,

  MR  = 12

 ∴  R(x)  = MR dx k+∫ 2

   
= +∫12 dx k2

   = 12x + k2

 é‰gid	Ïšiy	våš	tUthŒ	ó¢ÁakhF«.

 mjhtJ	x= 0  våš		R = 0

 ∴ k2 = 0

 tUthŒ,	R = 12x     .................. (3)

  bkh¤j	Ïyhg¢	rh®ò, P = R – C

  = 12x – 4x – 0.04x2

  = 8x – 0.04x2
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vL¤J¡fh£L 21

 xU bghUë‹  ÏWÂãiy tUthŒ¢ rh®ò (%ghŒ Mæu§fëš) 7 + e–0.05x (x 
myF v‹gJ é‰gidia¡ F¿¡F«) våš 100 myF é‰gidæš bkh¤j tUthŒ 

fh©f. (e–5 = 0.0067)

Ô®Î : 

 ÏWÂ	ãiy	tUthŒ¢	rh®ò R′(x) = 7 + e–0.05 x

 vdnt	100	myF	é‰gidæš	tUthŒ	rh®ò,

        
R = + −∫ ( ).7 0 05

0

100

e dxx

   
= +

−










−

7
0 05

0 05

0

100

x e x.

.

   
= − −−700 100

5
15( )e

   = 700 – 20 (0.0067 – 1)

   = 700 + 20 – 0.134

   = (720 – 0.134) Mæu§fŸ

   = 719.866 × 1000

     tUthŒ	R = %.	7,19,866.

vL¤J¡fh£L 22

 ÏWÂ ãiy bryÎ¢ rh®ò k‰W« ÏWÂ ãiy tUthŒ¢ rh®ò Kiwna C′(x) = 20 + 
x

20
, R′(x) = 30 ãiyahd bryÎ %.200 våš, Û¥bgU Ïyhg¤ij¡ f©LÃo.

Ô®Î : 

 C′ (x)   = 20 + 
x

20

 ∴ C (x) = C' ( )x dx k+∫ 1

   
= +






 +∫ 20

20 1
x dx k

   
= + +20

40
1

2

1x x k .............. ( )

 c‰g¤Â	ó¢Áa«	våš	ãiyahd	bryÎ	%.200
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  mjhtJ		x = 0, C = 200,

  (1) ⇒   200 = 0 + 0 + k1 ⇒ k1 = 200

 bryÎ¢	rh®ò           C(x) = 20x + x2

40
 + 200

 bkh¤j	tUthŒ,				R′(x) = 30

  ∴ R(x)  = R' ( )x dx k+∫ 2

    
= +∫30 2dx k

    = 30x + k2                   .................. (2)

 bghUŸfŸ	VJ«	é‰gid	Mféšiybaåš	tUthŒ	ó¢ÁakhF«.

 mjhtJ x = 0,  R = 0 våš,	 (1)    ⇒  0 = 0 + k2

 ∴  k2 = 0     ∴  R(x) = 30x

 Ïyhg«,					 P = bkh¤j	tUthŒ	-	bkh¤j	bryÎ

   
= − − − = − −30 20

40
200 10

40
200

2 2

x x x x x

        
dP
dx

x dP
dx

x= − = ⇒ =10
20

0 200;

       
d P
dx

2

2
1

20
0=

−
<

      ∴ x = 200 -š	Ïyhg«	Û¥bgU	kÂ¥ig	milÍ«.

      ∴  Û¥bgU	Ïyhg«,		P = 2000 – 40000
40

 – 200  =  %.800

vL¤J¡fh£L 23

 ÏWÂ ãiy bryÎ¢ rh®ò C′(x) = 10.6x. ÏÂš x v‹gJ c‰g¤Âæ‹ msÎ, khwh¢ 

bryÎ %.50. xU myF c‰g¤Âæ‹ é‰gid éiy %.5 våš (i) bkh¤j tUthŒ¢ 

rh®ò (ii) bkh¤j bryÎ¢ rh®ò (iii) Ïyhg rh®ò M»at‰iw¡ fh©f.

Ô®Î : 

 bkh¤j	bryÎ¢	rh®ò			C′ (x) = 10.6 x

 
∴ = + = +∫ ∫C C( ) ' ( ) .x x dx k x dx k10 6

  
= +10 6

2

2

. x k

  = 5.3x2 + k  ............. (1)

  khwh¢	bryÎ	=	%. 50

 mjhtJ x = 0 våš C = 50   ∴ k = 50
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 ∴  (1)   ⇒  bryÎ¢	rh®ò, C = 5.3 x2 + 50

 bkh¤j	tUthŒ	=	é‰gid	brŒa¥g£l	myFfŸ × X®	my»‹	éiy

      x v‹gJ	é‰gid	msÎ.	xU	myF	é‰gid	éiy	%.5	våš	tUthŒ R(x) = 5x.

 (iii)  Ïyhg«, P = bkh¤j	tUthŒ	-	bkh¤j	bryÎ

     = 5x – (5.3 x2 + 50)

     = 5x – 5.3 x2 – 50

vL¤J¡fh£L 24

 X® myF¡fhd xU bghUë‹ ÏWÂ ãiy bryÎ¢ rh®ò C′(x) = 
x

3000  + 2.50 
våš 3000 myFfŸ jahç¡f MF« bryit¡ f©LÃo.

Ô®Î : 

 ÏWÂ	ãiy	bryÎ, C′(x) = 
x

3000
 + 2.50

 ∴ C (x) = C' ( ) .x dx k x dx k+ = +





 +∫ ∫ 3000

2 50

      
= + +

x
x k

2

6000
2 50.

 x = 0 våš C = 0  ∴  k = 0

  ⇒  C (x) = +
x x

2

6000
2 50.

 x = 3000 våš,

 
C( ) ( ) . ( )x = +

3000
6000

2 50 3000
2

 

 
= + = +

9000
6

7500 1500 7500
       

 = %.9000

 ∴  3000	myFfŸ	jahç¡f	MF«	bryÎ	=	%.9000

vL¤J¡fh£L 25

 x myFfŸ c‰g¤Â ãiyæš cŸs ÏWÂ ãiy bryÎ¢ rh®ò C′ (x) = 85 + 
375
x2  

våš 15 myFfŸ c‰g¤Â brŒj Ã‹ mÂf¥goahf 10 myFfŸ c‰g¤Â brŒa¤ 

njitahd bryit¡ fh©f.
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Ô®Î : 

 C′(x) = 85 + 375
2x

     ∴   C (x) = C' ( )x dx k+∫
 (15	myFfŸ	c‰g¤Â¡F	Ã‹	10	myFfŸ	mÂf¥go	c‰g¤Â)

 

= = +





∫ ∫C' ( )x dx

x
dx

15

25

2
15

25

85 375

 
= −





=85 375 860
15

25

x
x

Rs.
 
= −




− −





85 25 375
25

85 15 375
15

( ) ( )

 = (2125 – 15) – (1275 – 25) = 2110 – 1250 = %.	860

 ∴  15	myFfŸ	c‰g¤Â	brŒj	Ã‹	 10	myFfŸ	mÂf¥goahf	c‰g¤Â	brŒa	

MF«	bryÎ	=	%.860

gæ‰Á 5.3

1.	 x myF	c‰g¤Âæ‹	ÏWÂãiy¢	bryÎ¢	rh®ò MC = 10 + 24x – 3x2	k‰W«	1	myF	

c‰g¤Â¡fhd	 bkh¤j	 bryÎ	 %.25	 våš	 bkh¤j¢	 bryÎ¢	 rh®ò	 k‰W«	 ruhrç	

bryÎ¢	rh®ò	M»at‰iw¡	fh©f.

2.	 ÏWÂ	ãiy¢	bryÎ¢	rh®ò	MC = 100
x

. C(16) = 100 våš	bryÎ¢	rh®ò	k‰W«	ruhrç	

bryÎ¢	rh®òfis¡	f©LÃo¡f.

3.	 xU	 bghUë‹	 ÏWÂ	 ãiy	 bryÎ¢	 rh®ò	 MC = 3x2 – 10x + 3 ÏÂš x v‹gJ	

c‰g¤ÂasÎ.	1	myF	c‰g¤Â¡fhd	bryÎ	%.7	våš	bkh¤j	bryÎ¢	rh®ò	k‰W«	

ruhrç	bryÎ¢	rh®ò	M»at‰iw¡	fh©f.

4.	 ÏWÂ	 ãiy	 bryÎ¢	 rh®ò MC = 5 – 6x + 3x2, ÏÂš x v‹gJ	 c‰g¤ÂasÎ.	 10	

myFfŸ	bghUis	jahç¡f	MF«	bryÎ	%.850	våš	bkh¤j	bryÎ¢	rh®ò	k‰W«	

ruhrç	bryÎ¢	rh®ò	M»at‰iw¡	fh©f.

5.	 ÏWÂ	ãiy	bryÎ¢	rh®ò MC = 20 – 0.04x + 0.003 x2 ÏÂš x v‹gJ	c‰g¤ÂasÎ.	

c‰g¤Âæ‹	 ãiyahd	 bryÎ	 %.7,000	 våš	 bkh¤j	 bryÎ¢	 rh®ò	 k‰W«	 ruhrç	

bryÎ¢	rh®ò	M»at‰iw¡	fh©f.

6.	 ÏWÂ	ãiy	tUthŒ¢	rh®ò	R' (x) = 15 – 9x – 3x2 våš	tUthŒ¢	rh®ò	k‰W«	ruhrç	

tUthŒ¢	rh®ò	M»at‰iw¡	fh©f.

7.	 xU	bghUë‹	ÏWÂ	ãiy	tUthŒ¢	rh®ò	MR = 9 – 2x + 4x2, våš	njit¢	rh®ò	

k‰W«	tUthŒ¢	rh®ò	M»at‰iw¡	fh©f.

8.	 ÏWÂ	 ãiy	tUthŒ¢	 rh®ò	 MR = 100 – 9x2 våš	mj‹	 bkh¤j	 tUthŒ¢	 rh®ò	

k‰W«	njit¢	rh®òfis¡	f©LÃo¡f.
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9.	 ÏW	ãiy	tUthŒ¢	rh®ò	MR = 2 + 4x – x2 våš	mj‹	bkh¤j	tUthŒ	rh®ò	k‰W«	

njit	rh®ò	M»at‰iw¡	fh©f.

10.	 xU	bghUë‹	ÏWÂ	ãiy	tUthŒ¢	rh®ò	MR = 4 – 3x våš	tUthŒ	rh®ò	k‰W«	

njit	rh®ò	M»at‰iw	fh©f.

11.	 xU	bghUë‹	éiyia¥	bghU¤j	njit	be»œ¢Á 
3 − x

x
, x < 3. x v‹gJ	njit	

vD«nghJ	éiy p	MF«.	éiy	2	k‰W«	njit	1	Mf	ÏU¡F«	nghJ	njit¢	rh®ò	

fh©f.	nkY«	tUthŒ¢	rh®igÍ«	fh©f.

12.	 njit	 x vD«nghJ	 éiy p cŸs	 xU	 bghUë‹	 éiyia¥	 bghU¤j	 njit	

be»œ¢Á 
p
x2  éiy	3	vD«	nghJ	njit	2	våš	njit¢	rh®ig¡	fh©f.

13.	 njit	be»œ¢Á	1	våš	mj‹	njit¢	rh®ig¡	fh©f.

14.	 xU	ãWtd¤Â‹	ÏWÂ	ãiy	bryÎ¢	rh®ò 2 + 3e3x ÏÂš x v‹gJ	c‰g¤Â	msÎ.	

ãiyahd	bryÎ	%.500	våš	bkh¤j¢	bryÎ,	ruhrç	bryÎ	M»at‰iw¡	fh©f.

15.	 ÏWÂ	ãiy	tUthŒ¢	rh®ò	R′ (x) = 
3 2
2x x

− , R(1) = 6 våš	tUthŒ¢	rh®ò	k‰W«	

njit¢	rh®ò	M»at‰iw¡	fh©f.

16.	 ÏWÂ	ãiy	tUthŒ	rh®ò	R′ (x) = 16 – x2 våš,	tUthŒ¢	rh®ò	k‰W«	njit¢	rh®ò	

M»at‰iw¡	fh©f.

17.	 xU	ãWtd¤Â‹	ÏWÂ	ãiy¢	bryÎ	k‰W«	ÏWÂ	ãiy	tUthŒ¢	rh®ò	Kiwna C′ 
(x) = 5 + 0.13x, R′ (x) = 18. ãiyahd	bryÎ	%.120	våš	Ïyhg	rh®Ãid¡	fh©f.

18.	 xU	 bghUë‹	 ÏWÂ	 ãiy	 tUthŒ	 (%ghŒ	 Mæu§fëš) R′ (x) = 4 + e–0.03x, (x 
v‹gJ	é‰gidia¡	F¿¡F«)	våš	100	myF	é‰gidæš	bkh¤j	tUthæid¡	

fh©f. (e–3 = 0.05).

5.4 Ef®nthç‹ v¢r¥ghL (Consumers’ Surplus)

 xU	 é‰gid¥	 bghUë‹	 éiy p Mf	 ÏU¡F«	 nghJ	 th§f¥gL«	

m¥bghUë‹	msit¡	F¿¥gJ	 njitæ‹	tistiu	MF«.	 rªijæš	 j‰nghija	

éiy p0 v‹f.	 mªj	 éiyæš	 é‰gidahF«	 bghUë‹	 msÎ x0 v‹gJ	 njit	

tistiuæ‹	 mo¥gilæš	 Ô®khå¡f¥gL«.	 våD« p0 éiyia	 él	 mÂfkhd	

éiy¡F	 th§f	 éU«ò«	 Ef®nth®fŸ	 ÏU¡f¡	 TL«.	 rªijæš	 j‰nghija	

ãytuéiy p0 k£Lnk,	 ÏU¥gjhš	 m¤jifa	 Ef®nth®fŸ	 Mjhakilt®.	 Ïªj	

Mjha«	 ‘‘Ef®nth®	v¢r¥ghL’’	vd¥gL«.	ÏJ	p = f (x) v‹w	njit	tistiu¡F¡	

Ñœ	p = p0 v‹w	nfh£o‰F	nkš	mikÍ«	gu¥ig¡	F¿¡F«.

 Ef®nth®	 v¢r¥ghL,	 CS =[njit¢	 rh®ò¡F	 Ñœ x = 0, x = x0 k‰W« x 
m¢RtiuÍŸs	bkh¤j¥	gu¥ò	- OAPB v‹w	br›tf¤Â‹	gu¥ò]

 
∴ = −∫CS f x dx p x

x

( ) 0 0
0

0
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O

P

PO

CS

x O

B

A

y

x

msÎ

é
i

y

gl« 5.9

P = f (x)

vL¤J¡fh£L 26

 njit¢ rh®ò p = 25 – x – x2,  p0 = 19 våš Ef®nth® v¢r¥gh£il¡ fh©f.

Ô®Î : 

 njit¢	rh®g	 p = 25 – x – x2

  p0 = 19 våš  19 = 25 – x – x2

 ⇒ x2 + x – 6 = 0

 ⇒ (x + 3) (x – 2) = 0

 ⇒ x = 2 (or) x = – 3

 Mdhš	njit	Fiw	v©zhf	ÏU¡f	KoahJ.

 ∴ x0 = 2   ∴ p0 x0 = 19 × 2 = 38

 Ef®nth®	v¢r¥ghL,		 ∴ = −∫CS f x dx p x
x

( ) 0 0
0

0

        
= − − −∫ ( )25 382

0

2

x x dx

        = − −








 −25

2 3
38

2 3

0

2

x x x

        = − −




− =25 2 2 8

3
38 22

3
( ) units myFfŸ

vL¤J¡fh£L 27

 xU bghUë‹ njit¢ rh®ò p = 28 – x2, x0 = 5 våš Ef®nth® v¢r¥gh£il¡ 

fh©f.

Ô®Î : 

 njit¢	rh®ò,		 p = 28 – x2
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      x0  = 5  ; p0  = 28 – 25  = 3      ∴ p0 x0 = 15

 Ef®nth®	v¢r¥ghL,		 ∴ = −∫CS f x dx p x
x

( ) 0 0
0

0

   
= − −∫ ( )28 152

0

5

x dx

   
= −








 −28

3
15

3

0

5

x x

   = × −




− =28 5 125

3
15 250

3
units myFfŸ

vL¤J¡fh£L 28

 xU bghUë‹ njit¢ rh®ò p = 
12
+ 3x  . éahghu¢ rªijæš éiy p0 = 2 vD« 

nghJ Ef®nth® v¢r¥ghL fh©f.

Ô®Î : 

 njit¢	rh®ò, p = 
12

3x +  k‰W«  p0 = 2 våš	2 = 
12

3x +

 2x + 6 = 12 mšyJ x = 3   ∴ x0 = 3  ⇒ p0 x0 = 6

 
CS = − =

+
−∫ ∫f x dx p x

x
dx

x

( ) 0 0
0 0

30 12
3

6
       

   
= +[ ] −12 3 60

3log ( )x

   
= − − = − = −12 6 3 6 12 6

3
6 12 2 6[log log ] log log

5.5 c‰g¤Âahsç‹ v¢r¥ghL (PRODUCERS’ SURPLUS)

 rªij	 éiyæš	 tH§F«	 xU	 bghUë‹	 éiy p Mf	 ÏU¡F«	 nghJ	

tH§f¥gL«	 m¥bghUë‹	 msit¡	 F¿¥gJ	 më¥ò	 tistiu	 MF«.	 rªijæš	

j‰nghija	 éiy p0 v‹f.	 mªj	 éiyæš	 tH§f¥gL«	 bghUë‹msÎ x0 v‹gJ	

më¥ò	 tistiuæš	 mo¥gilæš	 Ô®khå¡f¥gL«	 våD« p0 éiyia	 él	

Fiwthd	 éiy¡F	 tH§f	 K‹tU«	 c‰g¤Âahs®fŸ	 ÏU¡f¡TL«.	 rªijæš	

j‰nghija	 ãytu	éiy p0 k£Lnk	 ÏU¥gjhš	m¤jifa	 c‰g¤Âahs®fŸ	Mjha«	

milt®.	 Ïªj	 Mjhank	 ‘‘c‰g¤Âahs®	 v¢r¥ghL’’	 vd¥gL«.	 ÏJ	 p = g(x) v‹w	

më¥ò	tistiu¡F	nkš	 p = p0 v‹w	nfh£o‰F	Ñœ	mikÍ«	gu¥ig¡	F¿¡F«.

 c‰g¤Âahs®	v¢r¥ghL,

 PS = [br›tf« OAPB-‹	gu¥ò	-	më¥ò	tistiu¡F	Ñœ	x = 0, x = x0 k‰W« x - 
m¢R	tiuÍŸs	gu¥ò]



163

 
∴ = − ∫PS p x g x dx

x

0 0
0

0

( )
 

O x

y

x0        A

B
PS

P

p0

p=
g(

x)

gl« 5.10

msÎ
é

i
y

vL¤J¡fh£L 29

 xU bghUë‹ më¥ò¢ rh®ò p = x2 + 4x + 5 ÏÂš x v‹gJ më¥ò MF«. éiy  

p = 10 vD« bghGJ c‰g¤Âahs® v¢r¥ghL fh©f.

Ô®Î : 

 më¥ò¢	rh®ò p = x2 + 4x + 5

  p0 = 10 våš,

  10 = x2 + 4x + 5       ⇒  x2 + 4x – 5 = 0

 ⇒  (x + 5) (x – 1) = 0   ⇒   x = –5   or  x = 1

 më¥ò	Fiw	v©zhf	ÏU¡f	KoahJ.

  ∴   x = 1

 ∴ p0 = 10,  x0 = 1     ⇒    p0 x0 = 10

 c‰g¤Âahs®	v¢r¥ghL

       
∴ = − ∫PS p x g x dx

x

0 0
0

0

( )

             
= − + +∫10 4 52

0

1

( )x x dx

             
= − + +









10

3
4
2

5
3 2

0

1
x x x

  

             = − + +




=10 1

3
2 5 8

3
units myFfŸ.
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vL¤J¡fh£L 30

 më¥ò¢ rh®ò p = x2 + x + 3 -¡F x0 = 4 vD« bghGJ c‰g¤Âahsç‹ v¢r¥ghL 

fh©f.

Ô®Î : 

 më¥ò¢	rh®ò	 p = x2 + x + 3

  x0 = 4 vD«	nghJ,  p0 = 42 + 4 + 3 = 23

  ∴ p0 x0 = 92

 c‰g¤Âahs®	v¢r¥ghL,

 

PS = − = − + +∫ ∫p x g x dx x x dx
x

0 0
0

2

0

40

92 3( ) ( )

       

   
= − + +









92

3 2
3

3 2

0

4
x x x

   = − + +




=92 64

3
16
2

12 152
3

units. myFfŸ.

vL¤J¡fh£L 31

 më¥ò¢ rh®ò p = 3 + x2  ¡F éiy p = 12 vD« nghJ c‰g¤Âahsç‹ v¢r¥ghL 

fh©f.

Ô®Î : 

 më¥ò¢	rh®ò	p = 3 + x2   

 p0 = 12 våš 12 = 3 + x2 mšyJ x2 = 9 or x = + 3

 më¥ò	Fiw	v©zhf	ÏU¡f	KoahJ.

   x = 3,   i.e.  x0 = 3,

  ∴  p0 x0 = 36.

 c‰g¤Âahs®	v¢r¥ghL

  
PS = − = − + +∫ ∫p x g x dx x x dx

x

0 0
0

2

0

40

92 3( ) ( )

       
= − + = − +









∫36 3 36 3

3
2

0

3 3

0

3

( )x dx x x

     

                             = − + −




=36 9 27

3
0 18 units.   myFfŸ. 
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vL¤J¡fh£L 32

 xU ngh£o éahghu¤Âš njit k‰W« më¥ò¢ rh®òfŸ Kiwna pd = 16 – x2 

k‰W« ps = 2x2 + 4 rkhd éiyæš Ef®nth® v¢r¥ghL k‰W« c‰g¤Âahs® v¢r¥ghL 

M»at‰iw¡ fh©f.

Ô®Î : 

 xU	 ngh£o	 éahghu¤Âš	 éahghu¢	 rªij	 rkhd	 ãiy	 fhz,	 njit	 k‰W«	

më¥ò¢	rh®ò	M»at‰iw	rk¥gL¤j	nt©L«.

 ⇒ 16 – x2 = 2x2 + 4  ⇒ 3x2 = 12

 ⇒ x2 = 4   ⇒ x = + 2 Mdhš	x = – 2 rh¤Âaäšiy

 ∴  x = 2      ⇒   x0 = 2

 ∴ p0 = 16 – (2)2   = 12

 ∴ p0x0 = 12 × 2 = 24

 Ef®nthç‹	v¢r¥ghL

  
∴ = −∫CS f x dx p x

x

( ) 0 0
0

0

               
= − −∫ ( )16 242

0

2

x dx

                   = −








 − = − − =16

3
24 32 8

3
24 16

3

3

0

2

x x units.  myFfŸ. 

    

 c‰g¤Âahs®	v¢r¥ghL

   

∴ = − ∫PS p x g x dx
x

0 0
0

0

( )

         
= − + = − +









∫24 2 4 24 2

3
42

0

3

0

20

( )x dx x x
x

       

         = −
×

− =24 2 8
3

8 32
3

units.   myFfŸ.

gæ‰Á 5.4

1)	 njit¢	rh®ò p = 35 – 2x - x2 våš	njit	x0 = 3	vD«	nghJ	Ef®nth®	v¢r¥ghL	

fh©f.

2)	 xU	bghUë‹	njit¢	rh®ò	p = 36 – x2,  p0 = 11 våš	Ef®nth®	v¢r¥ghL	fh©f.

3)	 xU	 bghUë‹	 njit¢	 rh®ò	 p = 10 – 2x våš (i) p = 2 (ii) p = 6 vD«	 nghJ	

Ef®nth®	v¢r¥ghL	fh©f.
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4) p = 80 – 4x – x2 v‹w	njit¢	rh®Ã‹	p = 20 vD«	nghJ	Ef®nth®	v¢r¥ghL	fh©f.

5)	 më¥ò¢	rh®ò	p = 3x2 + 10 k‰W« x0 = 4 våš	c‰g¤Âahs®	v¢r¥gh£il¡	fh©f.

6)	 më¥ò	éÂ	p = 4 – x + x2  -¡F	éiy	p = 6 vD«	nghJ	c‰g¤Âahs®	v¢r¥gh£il¡	

fh©f.

7)	 xU	 bghUë‹	më¥ò¢	 rh®ò	 p = 3 + x våš (i) x0 = 3 (ii) x0 = 6 vD«	 nghJ	

c‰g¤Âahs®	v¢r¥ghL	fh©f.

8)	 xU	 bghUë‹	 më¥ò¢	 rh®ò	 p = x2

2
 + 3 k‰W« p0 = 5 våš	 c‰g¤Âahs®	

v¢r¥gh£il¡	fh©f.

9)	 njit¢	 rh®ò	 pd = 16 – 2x k‰W«	 më¥ò¢	 rh®ò, ps = x2 + 1	 våš	 éahghu¢	

rªijæ‹	 rkhd	 ãiyæ‹	 Ñœ	 c‰g¤Âahs®	 k‰W«	 Ef®nth®	 v¢r¥ghLfis¡	

fh©f.

10)	 rçahd	 ngh£oæ‹	 Ñœ	 xU	 bghUë‹	 njit	 k‰W«	 më¥ò	 éÂfŸ	 M»ad	

Kiwna pd = 23 – x2 k‰W« ps = 2x2 - 4 éiy	 rkhd	 ãiyæš	 ÏU¡F«	 nghJ	

Ef®nth®	v¢r¥ghL,	k‰W«	c‰g¤Âahs®	v¢r¥ghLfis¡	fh©f.

11)	 rçahd	 ngh£oæ‹	 Ñœ	 xU	 bghUë‹	 njit	 k‰W«	 më¥ò	 éÂfŸ	 M»ad	

Kiwna	 pd = 56 – x2 k‰W« ps = 8 + x2

3
éiy	 rkhd	 ãiyæš	 ÏU¡F«	 nghJ	

Ef®nth®	v¢r¥ghL	k‰W«	c‰g¤Âahs®	v¢r¥ghLfis¡	fh©f.

12)	 xU	bghUë‹	njit	k‰W«	më¥ò	M»at‰¿‹	rh®òfŸ pd = 20 – 3x – x2 k‰W«  
ps = x – 1 våš	 éahghu¢	 rªijæ‹	 rkhd	 ãiyæ‹	 Ñœ	 c‰g¤Âahs®	 k‰W«	

Ef®nth®	v¢r¥ghLfis¡	fh©.

13)	 njit¢	 rh®ò	 pd = 40 - x2 k‰W«	më¥ò¢	 rh®ò ps = 3x2 + 8x +8 våš	éahghu¢	

rªijæš	 rkhd	 ãiyæ‹	 Ñœ	 c‰g¤Âahs®	 k‰W«	 Ef®nth®	 v¢r¥ghLfis¡	

fh©.

14)	 xU	bghUë‹	njit	k‰W«	më¥ò¢	rh®ò pd = 15 – x k‰W« ps = 0.3x + 2 våš	

éahghu¢	 rªijæš	 rkhd	 ãiyæ‹	 Ñœ	 c‰g¤Âahs®	 k‰W«	 Ef®nth®	

v¢r¥ghLfis¡	fh©f.

15)	 njit	 k‰W«	 më¥ò¢	 rh®òfë‹	 tistiufŸ p
xd = +
16

4
 k‰W« p x

s =
2

 vd	

bfhL¡f¥g£LŸsJ.	 éahghu¢	 rªijæš	 rkhd	 ãiyæ‹	 Ñœ	 Ef®nth®	 k‰W«	

c‰g¤Âahs®	v¢r¥ghLfis¡	fh©f.
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gæ‰Á 5.5

V‰òila éilia¤ bjçÎ brŒf.

1) f (x) xU	x‰iw	rh®ò	våš f x dx
a

a

( )
−
∫   =

 a) 1   b) 2a   c) 0   d) a

2) f (x) xU	Ïu£il¢	rh®ò	våš f x dx
a

a

( )
−
∫  =

 a)   b)        c) –2a   d) 2a

3) x dx
−
∫
3

3

 =

 a) 0   b) 2   c) 1   d) –1

4) x dx4

2

2

−
∫  =

 a) 
32
5    b) 64

5
   c) 16

5
   d) 8

5

5) sin x dx
−
∫
π

π

2

2

 =

 a) 0   b) –1   c) 1   d) 
≠
2

6) cosx dx
-

2

2

 =

 a) 2   b) –2   c) –1   d) 1

7) y = f (x) v‹w	 tistiu	 x-m¢R	 k‰W«	 ãiy¤	 bjhiyÎfŸ x = a, x = b 
Ït‰¿‰F	Ïil¥g£l	gu¥ò

  a) y dx
a

b

  b) y dy
a

b

  c) x dy
a

b

  d) x dx
a

b

8) x = g(y) v‹w	 tistiu,	 y m¢R	 k‰W«	 nfhLfŸ, y = c, y = d Ït‰¿‰F	

Ïil¥g£l	gu¥ò

 a) y dy
c

d

  b) x dy
c

d

  c) y dx
c

d

  d) x dx
c

d

9) y = ex v‹w	 tistiu¡F« x - m¢R,	 nfhLfŸ x = 0 k‰W« x = 2 Ït‰whš 

milgL«	gu¥ò

 a) e2 – 1   b) e2 + 1   c) e2    d) e2 – 2

π
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10) y = x, y m¢R k‰W« y = 1 vD«	nfhLfshš	milgL«	gu¥ò

 a) 1   b) 
1
2

   c) log 2  d) 2

11) y = x + 1 vD«	nfhL, x -m¢R,	x = 0 k‰W« x = 1 Ït‰whš	milgL«	gu¥ò

 a) 
1
2

   b) 2   c) 
3
2

   d) 1

12) xy = 1 v‹w	tistiu¡F«	x - m¢R,	x = 1 k‰W« x = 2 ¡F«	Ïil¥g£l	gu¥ò

 a) log 2   b) log 
1
2

  c) 2 log 2  d) 
1
2

 log 2

13) ÏWÂ	ãiy	bryÎ¢	rh®ò	MC = 3e3x våš	bryÎ¢	rh®ò

 a) 
e x3

3    b) e3x + k  c) 9e3x   d) 3e3x

14) ÏWÂ	ãiy	bryÎ¢	rh®ò MC = 2 - 4x , våš	bryÎ¢	rh®ò

 a) 2x – 2x2 + k  b) 2 – 4x2  c) 2
x

– 4  d) 2x – 4x2

15) ÏWÂ	ãiy	tUthŒ	rh®ò	MR = 15 - 8x våš	tUthŒ	rh®ò

 a) 15x – 4x2 + k b) 15
x

– 8  c) – 8   d) 15x – 8

16) ÏWÂ	ãiy	tUthŒ	rh®ò R' (x) = 1
1x +

 våš	tUthŒ	rh®ò

 a) log |x + 1| + k b) − +( )
1

1x   c) 1
1 2x +( )

  d) log 1
1x +

17) njit¢	rh®ò p = f(x) -š 0 njit,	p0 -éiy	vD«	nghJ	Ef®nth®	v¢r¥ghL

 a) f x dx p x
x

( ) −∫ 0 0
0

0

   b) f x dx

x

( )
0

0

 c) p x f x dx
x

0 0
0

0

− ∫ ( )    d) f x dx
p

( )
0

0

18) më¥ò¢	 rh®ò p = g(x) -š	 x0 më¥ò	  p0 éiy	 vD«	 nghJ	 c‰g¤Âahs®	

v¢r¥ghL

 a) g x dx p x
x

( ) −∫ 0 0
0

0

   b) p x g x dx
x

0 0
0

0

− ∫ ( )

 c) g x dx
x

( )
0

0

    d) g x dx
p

( )
0

0
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tif¡bfG¢ rk‹ghLfŸ

__________________________________________________
 eilKiw	 Ãu¢Áidfis	 fâjtoéš	 be¿Kiw¥gL¤J«	 bghGJ,	 mit	

tif¡	 bfG¢	 rk‹ghLfë‹	 tot«	 bgW«.	 bghUshjhu«,	 tâféaš,	 bgh¿æaš	

ngh‹w	 Jiwfëš	 V‰gL«	 Áw¥ò	 ãfœÎfis¡	 F¿¡F«	 khÂçfŸ (models) 
tif¡bfG¢	 rk‹ghLfshf	 mik»‹wd.	 m¤jifa	 ãfœÎfëš	 bgU«ghyhdit	

Á¡fyhfÎ«	k‰W«	fodkhfÎ«	ÏU¡F«.	Mdhš	Ït‰iw	tif¡	bfG¢	rk‹gh£o‹	

_y«	 btë¥gL¤Âdhš	 mit¥g‰¿	 MuhŒjš	 äf	 vëjh»éL«.	 vL¤J¡fh£lhf 
x c‰g¤Â	 bghU£fS¡fhd	 bryé‹	 khWÅj«	 bryé‰F	 neçil	é»jkhæU¥Ã‹	

Ïªãfœit	ÑœtU«	tif¡bfG¢	rk‹gh£odhš	F¿¡fyh«.

 dC
dx

= k C, Ï§F C v‹gJ	bryÎ	k‰W« k xU	kh¿è	Ïj‹	Ô®thdJ C = C0 ekx  

x = 0, vd	ÏU¥Ã‹	C = C0 MF«.

6.1  tif¡bfG¢ rk‹ghLfis mik¤jš (Formation of differential equations)

 x‹W	mšyJ	mj‰F	 nk‰g£l	 rhuh	 kh¿fŸ,	 xU	 rh®ªj	 kh¿	 k‰W«	Ït‰¿‹	

x‹W	mšyJ	mj‰F	 nk‰g£l	 tif¡bfG¡fis	 bfh©L	mik¡f¥gL«	 rk‹ghL	

tif¡bfG¢ rk‹ghL	MF«.

	 tif¡	bfG¢	rk‹ghLfŸ	ÏU	tif¥gL«.

(i)  xnubahU	 rhuh	 kh¿Í«,	 rhuh	 kh¿ia¥	 bghW¤j	 rh®ªj	 kh¿æ‹	 tif¡bfG	

Ïitfis	j‹df¤nj	bfh©l	rk‹ghL	rhjhuz tif¡bfG¢ rk‹ghlhF«.

(ii)  x‹W¡F	nk‰g£l	rhuh	 kh¿fŸ	k‰W«	rh®ªj	kh¿fë‹	gFÂ	tif¡	bfG¡fŸ	

Ït‰iw¡	 bfh©L	 mikÍ«	 rk‹gh£o‰F	 gFÂ tif¡bfG¢ rk‹ghL (Partial 
differential equation)	v‹W	bga®.

ÑœtUtd	tif¡bfG¢	rk‹ghLfS¡F	vL¤J¡fh£LfshF«.

( )1 3 2
2dy

dx
dy
dx

y ex





− + =
  

( )2 5 3 0
2

2
d y
dx

dy
dx

y− + =
 

( )3 1
2

3
2 2

2+ 
















=dy

dx
k d y
dx

( )4 0x u
x

y u
y

∂
∂

+ ∂
∂

=
   

( )5 0
2

2

2

2

2

2
∂
∂

+ ∂
∂

+ ∂
∂

=u
x

u
y

u
z  

( )6
2

2

2

2
∂
∂

+ ∂
∂

= +z
x

z
y

x y

nkny	cŸs	rk‹ghLfëš

 (1), (2) k‰W« (3) ÏitfŸ	rhjhuz	tif¡bfG¢	rk‹ghLfshF«.

 (4), (5) k‰W« (6) ÏitfŸ	gFÂ	tif¡bfG¢	rk‹ghLfshF«.

 Ï¥ghl¤Âš	rhjhuz	tif¡bfG¢	rk‹ghLfis¥	g‰¿	k£Lnk	go¥ngh«.

6
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6.1.1  tif¡bfG¢ rk‹gh£o‹ tçir k‰W« go 

         (Order and Degree of a Differential Equation)

 xU	tif¡	bfG¢	rk‹gh£oš	Ïl«	bg‰¿U¡F«	tif¡bfGé‹	äf	ca®ªj	

tçirna	m¢rk‹gh£o‹	tçir (order) vd¥gL«.

vL¤J¡fh£lhf,

 
x d y

dx
d y
dx

dy
dx

y2
2

2

3 3

3

2

3 7 4 0






+







+ − =

 

 v‹w	 tif¡bfG¢	 rk‹gh£il	 fU¤Âš	 bfhŸf. d y
dx

d y
dx

3

3

2

2,  k‰W« dy
dx

 

Ït‰¿‹	tçirfŸ	Kiwna	3,	2	k‰W«	1	MF«.	vdnt	äf	ca®ªj	tçir	3.	Mifahš	

nk‰f©l	tif¡bfG¢	rk‹gh£o‹	tçir	3	vd	m¿ayh«.

	 xU	tif¡bfG¢	 rk‹gh£oš	Ïl«	bg‰¿U¡F«	äf	ca®ªj	tçir	bfh©l	

tif¡bfGé‹	 gona	 m¢rk‹gh£o‹	 go	 (degree) vd¥gL«.	 Ïjid¡	 fhz,	

tif¡bfG¢	 rk‹gh£oš	 cŸs	 tif¡bfG¡fë‹	 mL¡F¡	 F¿,	 Ã‹dkhf	

ÏšyhkèU¡FkhW	cWÂ	brŒJ	bfhŸs	nt©L«.

 x d y
dx

d y
dx

dy
dx

y2
2

2

3 3

3

2

3 7 4 0






+







+ − =  v‹w	tif¡bfG¢	 rk‹gh£o‹	 go	 2	 vd	

m¿ayh«.

vL¤J¡fh£L 1

 Ã‹tU« tif¡bfG¢ rk‹ghLfë‹ tçir go fh©f.

(i) ( )i dy
dx

dy
dx

y exÊÊ
ËËÁÁ

ˆ̂
¯̃̃̄

-- ÊÊ
ËËÁÁ

ˆ̂
¯̃̃̄

++ ==
3

4 3 (ii) ( ) sinii d y
dx

dy
dx

x
2

2

3 4
7 3

ÊÊ

ËËÁÁ
ˆ̂

¯̃̃̄
++ ÊÊ

ËËÁÁ
ˆ̂
¯̃̃̄

==

(iii)( )iii d x
dy

a x
2

2
2 0++ == (iv)( ) logiv dy

dx
d y
dx

d y
dx

dy
dx

xÊÊ
ËËÁÁ

ˆ̂
¯̃̃̄

-- ++ ++ ÊÊ
ËËÁÁ

ˆ̂
¯̃̃̄

-- ==
2 3

3

2

23 7 4 0

(v) ( )v 1 4
2

++ÊÊ
ËËÁÁ

ˆ̂
¯̃̃̄

==dy
dx

x (vi)( )vi 1
2 2

2++ÊÊ
ËËÁÁ

ˆ̂
¯̃̃̄

ÈÈ

ÎÎ
ÍÍ
ÍÍ

˘̆

˚̊
˙̇
˙̇

==dy
dx

d y
dx

(vii)( )vii d y
dx

dy
dx

2

2 0-- == (viii)( )viii 1 2++ ==x dy
dx

Ô®Î :

 tçir k‰W« go Kiwna

 (i) 1 ; 3  (ii) 2 ; 3  (iii) 2 ; 1  (iv) 3 ; 1
 (v) 1 ; 2  (vi) 2 ; 3  (vii) 2 ; 2  (viii) 1 ; 1

−23
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F¿¥ò

 (v), (vi) k‰W« (vii) Ït‰¿‹	 go	 k‰W«	 tçirfis¡	 fh©gj‰F	 K‹ò	

tif¡bfG¡fë‹	Ã‹d	mL¡Ffis	Ú¡f	nt©L«.

6.1.2  tistiufë‹ FL«g« (Family of curves)

 Áy	 rka§fëš,	 tistiufë‹	 FL«g¤ij	 xnubahU	 rk‹gh£o‹	 _y«	

F¿¡fyh«.	 tistiu¡	 FL«g¤Â‹	 rk‹gh£oš c v‹w	 ahnjD«	 xU	 kh¿è	

ÏU¡F«. c-‹	 bt›ntW	 kÂ¥òfS¡F	 tistiu¡	 FL«g¤Â‹	 bt›ntW	

tistiufis¥	bgwyh«.	Ï§F c -I	Jiz myF	(parameter) v‹ngh«.	ÏJ	VnjD«	

xU	kh¿èahf	ÏU¡F«.

vL¤J¡fh£LfŸ

(i) y = mx v‹w	 rk‹ghL	 MÂtê¢	 bršY«	 ne®¡nfhLfë‹	 FL«g¤ij¡	

F¿¡»wJ.	Ï§F m xU	Jiz	myF.

(ii) MÂia	ikakhf¡	bfh©l	bghJ	ika	t£l§fë‹	FL«g«	 x2 + y2 = a2 v‹w	

rk‹gh£lhš	F¿¡f¥gL»wJ.	Ï§F a xU	Jiz	myF.

(iii) xU	 js¤Âš	 mikÍ«	 ne®nfh£L¡	 FL«g¤Â‹	 rk‹ghL	 y = mx + c v‹w	

rk‹gh£lhš	F¿¡f¥gL»wJ.	Ï§F m k‰w« c v‹gd	Jiz	myFfŸ.

6.1.3  rhjhuz tif¡bfG¢ rk‹ghLfis mik¤jš

         (Formation of Ordinary Differential Equations)

 y = mx + λ  ----(1) v‹w	rk‹gh£il¡	fUJf.	Ï§F m xU	kh¿è.	λ xU	Jiz	

myF	 MF«.	 Ï¢rk‹ghL	 rkkhd	 rhŒÎfis¡	 bfh©l	 	 Ïiz¡	 nfhLfë‹	

FL«g¤ij¡	F¿¡F«.

(1) x -ia¥	 bghW¤J	 tifæl,	
dy
dx = m vd	 »il¡F«.	 ÏJ	 ne®¡nfh£L	

FL«g¤Â‹		 tif¡bfG¢	 rk‹gh£il¡	 F¿¡»wJ.	 Ïnj	 ngh‹W y = Ae5x v‹w	

rk‹ghL	 dy
dx

= 5y v‹w	tif¡bfG¢	rk‹gh£il	cUth¡F«.

 nk‰F¿¥Ã£l	 rh®òfŸ	 xnu	 xU	 Jiz	 myif¡	 bfh©l	 FL«g§fis¡	

F¿¡F«.	 x›bthU	 FL«g¤Â‰F«	 xU	 tif¡bfG¢	 rk‹ghL	 c©L.	 Ï›tif¡	

bfG¢	 rk‹gh£il	 bgw	 FL«g¤Â‹	 rk‹gh£il x ia¥	 bghW¤J,	 Jiz	 myif	

kh¿èahf¡	 fUÂ	 tifpL	 fhz	 nt©L«.	 tifpL	 brŒj	 rk‹ghL	 Jiz	

myFfë‹¿	ÏU¡F«	bghGJ,	FL«g¤Â‹	tif¡bfG	rk‹ghlhf	mikÍ«.

F¿¥ò

(i)  ÏU	Jiz	myFfŸ	bfh©l	FL«g¤Â‹	rk‹gh£il	ÏUKiw	tifpL	brŒJ	

Jiz	myFfis	Ú¡»	tif¡bfG¢	rk‹gh£il	bgwyh«.

(i) bgw¥gL«	 tif¡bfG¢	 rk‹gh£o‹	 tçirahdJ	 tistiu¡	 FL«g¤Â‹	

rk‹gh£oš	cŸs	kh¿èfë‹	v©â¡if¡F¢	rkkhf	ÏU¡F«.
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vL¤J¡fh£L 2

 y = A cos 5x + B sin 5x v‹w tistiu¡ FL«g¤Â‹ tif¡bfG¢ rk‹gh£il 

mik¡f. Ï§F A k‰W« B Jiz myFfshF«.

Ô®Î : 

 Given A B

A B

A

y x x
dy
dx

x x

d y
dx

= +

= − +

= −

cos sin

sin cos

( cos

5 5

5 5 5 5

25 5
2

2 xx x y

d y
dx

y

) ( sin )= = −

∴ + =

25 5 25

25 0
2

2

B

      (bfhL¡f¥g£lJ)

 

Given A B

A B

A

y x x
dy
dx

x x

d y
dx

= +

= − +

= −

cos sin

sin cos

( cos

5 5

5 5 5 5

25 5
2

2 xx x y

d y
dx

y

) ( sin )= = −

∴ + =

25 5 25

25 0
2

2

B

vL¤J¡fh£L 3

 y = ae3x + bex v‹w tistiu¡ FL«g¤Â‹ tif¡bfG rk‹gh£il fh©f.  

a k‰W« b v‹gd Jiz myFfshF«.

Ô®Î :

 

y ae be
dy
dx

ae be

d y
dx

ae be

x x

x x

x x

= +

= +

= +

3

3

2

2
3

1

3 2

9

......( )

......( )

.......( )

( ) ( ) ......( )

( ) ( )

3

2 1 2 4

3 2

3

2

2

− ⇒ − =

− ⇒ −

dy
dx

y ae

d y
dx

dy
dx

x

== = −





⇒ − + =

6 3

4 3 0

3

2

2

ae dy
dx

y

d y
dx

dy
dx

y

x [ ]using (4)

vL¤J¡fh£L 4

 y = a cos (mx + b), a k‰W« b fis VnjD« kh¿èfshf¡ bfh©l tistiu¡ 

FL«g¤Â‹ tif¡bfG rk‹gh£il¡ fh©f.

Ô®Î :

y a mx b
dy
dx

ma mx b

d y
dx

m a mx b

= +

= − +

= − +

cos( ) ......( )

sin( )

cos( )

1

2

2
2 == −

∴ + =

m y

d y
dx

m y

2

2

2
2 0

[ ]using (1)

 is the required differentiall equation

  .............. (1)

[(4)	ia	ga‹gL¤Â] 
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y a mx b
dy
dx

ma mx b

d y
dx

m a mx b

= +

= − +

= − +

cos( ) ......( )

sin( )

cos( )

1

2

2
2 == −

∴ + =

m y

d y
dx

m y

2

2

2
2 0

[ ]using (1)

 is the required differentiall equation

 

y a mx b
dy
dx

ma mx b

d y
dx

m a mx b

= +

= − +

= − +

cos( ) ......( )

sin( )

cos( )

1

2

2
2 == −

∴ + =

m y

d y
dx

m y

2

2

2
2 0

[ ]using (1)

 is the required differentiall equation v‹gJ	njitahd	tif¡bfG	rk‹ghlhF«.

vL¤J¡fh£L 5

 y = a tan x + b sec x v‹w rk‹gh£oš cŸs kh¿èfŸ a k‰W« b Ït‰iw 

Ú¡Ftj‹ _y« tifbfG¢ rk‹gh£il¡ fh©f.

Ô®Î :

  y = a tan x + b sec x

 ÏUòwK«	cos x -Mš	bgU¡f,

  y cos x = a sin x + b

 x -ia¥	bghW¤J	tifpL	brŒa,

 

y x dy
dx

x a x

y x dy
dx

a

( sin ) cos cos

tan ......( )

− + +

⇒ − + = 1

 (1) ia x ia¥	bghW¤J	tifpL	brŒa

 

d y
dx

dy
dx

x y x
2

2
2 0− − =tan sec

 

gæ‰Á 6.1

1) ÑœtUtdt‰¿‹	tçir	k‰W«	go	fh©f.

 
( ) cosi x d y

dx
dy
dx

y x2
2

2 3− + =
 

( )ii d y
dx

d y
dx

dy
dx

3

3

2

23 5 0−






+ =

 
( )iii d y

dx
dy
dx

2

2 0− =
   

( )iv 1
2

2

1
2

+






=d y

dx
dy
dx

 
( )v 1

1
3 2

2+





=dy
dx

d y
dx    

( )vi 1
2

2+ =d y
dx

x dy
dx

[(1)	ia	ga‹gL¤Â]

2
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( )vii d y

dx
dy
dx

2

2

3
2 2





= 



   

( )viii 3 5 3
2

2

3d y
dx

dy
dx

y ex+ 





− =

 
( )ix d y

dx

2

2 0=
    

( )x d y
dx

dy
dx

2

2

2
3

1
31+







= 





2)  ÑœtUtdt‰¿‹	tif¡bfG¢	rk‹ghLfis¡	fh©f.

 (i) y = mx  (ii) y = cx – c + c2

 (iii) y = mx + a
m

, Ï§F m xU	VnjD«	kh¿èahF«

 (iv) y = mx + c Ï§F m k‰W« c v‹gd	VnjD«	kh¿èfshF«.

3) x, y m¢R¡fis¤	 bjhiy¤	 bjhLnfhLfshf¡	 bfh©l	 mÂgutisa	

FL«g¤Â‹	tif¡bfG¢	rk‹gh£il¡	fh©f.

4) MÂtê¢	bršY«	k‰W«	x m¢Á‹	ÛJ	ika§fis¡	bfh©l	x2 + y2 + 2gx = 0 
vD«	t£l§fë‹	FL«g¤ij¡	F¿¡F«	tif¡bfG¢	rk‹gh£il¡	fh©f.

5)  y2 = 4a (x + a) Ï‹	 tif¡bfG¢	 rk‹gh£il¡	 fh©f.	 Ï§F	 a xU	 Jiz	

myF.

6) y = a cos 3x + b sin 3x -‹	tif¡bfG¢	rk‹gh£il¡	fh©f.	Ï§F	a k‰W« b 
v‹gd	Jiz	myFfshF«.

7) x2 + y2 = a2 v‹w	bghJ	ika	t£l§fë‹	tif¡bfG	rk‹gh£il¡	fh©f.	

Ï§F a xU	Jiz	myF.

6.2  tçir x‹Wila tif¡bfG rk‹ghLfŸ 

(First order differential equations)
6.2.1  tif¡bfG¢ rk‹gh£o‹ Ô®Î (Solution of first order differential equation)

 bfhL¡f¥g£l	 tif¡bfG	 rk‹gh£oid	 ãiwÎ	 brŒÍkhW	 mikÍ«	

kh¿fS¡»ilnaahd	tif¡bfG¡fs‰w	rh®ò	m¢rk‹gh£o‹	Ô®Î MF«.

	 Ô®éYŸs	 kh¿èfë‹	 v©â¡ifahdJ,	 tif¡bfG¢	 rk‹gh£o‹	

tçir¡F¢	rkkhf	ÏU¥Ã‹,	m¤Ô®éid	rk‹gh£o‹	bghJ¤ Ô®Î (General solution) 
v‹ngh«.

	 bghJ¤Ô®éš	 cŸs	 kh¿èfS¡F	 F¿¥Ã£l	 kÂ¥òfŸ	 bfhL¤J	 bgw¥gL«	

Ô®é‰F Áw¥ò¤ Ô®Î (Particular solution) v‹W	bga®	vL¤J¡fh£lhf,
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tif¡bfG¢	rk‹ghL bghJ¤	Ô®Î Áw¥ò¤	Ô®Î

( ) sec

( )

( )

i

ii

iii

dy
dx

x

dy
dx

x x

d y
dx

y

=

= +

− =

2

2

2

2

2

9 0

y = tan x + c

(c xU	kh¿èahF«)

y x x c

y e ex x

= + +

= + −

3
2

3 3
3

A B

y x x c

y e ex x

= + +

= + −

3
2

3 3
3

A B

y = tan x – 5

y x x= + +
3

2
3

8

y = 5e3x – 7e–3x

6.2.2  Ãç¡f¤j¡f kh¿fŸ (Variables Separable)

 tçir	1	k‰W«	go	1	Mf	cŸs	tif¡	bfG¢	rk‹gh£oš	kh¿fŸ	jå¤jåna	

ÏU	 ÃçÎfshf	 mikÍkhW	 Ãç¡f¤	 j¡f	 tifæèU¥Ã‹,	 mitfŸ	 Ãç¡f¤j¡f	

kh¿fŸ	vd	miH¡f¥gL«.

 kh¿fŸ	 Ãç¡f¥g£l	 Ã‹ò,	 tif¡bfG¢	 rk‹ghL f(x) dx + g(y) dy = 0 v‹w	

toit¥	bgW«.	Ï§F f(x) v‹gJ	 x ia	k£L«	kh¿ahf¡	bfh©lJ«	 g(y) 	 v‹gJ	 y 
k£Lnk	kh¿ahf¡	bfh©lJkhd	rh®òfshf	mikÍ«.

 Ïj‹	bghJ¤	Ô®thdJ	 f x dx g y dy c( ) ( )∫ ∫+ = c MF«.  (c xU	bjhifælè‹	

kh¿èahF«)

 vL¤J¡fh£lhf, x dy
dx

y− = 0  v‹w	rk‹gh£il	fUJf.

 x dy
dx

y dy
y

dx
x

dy
y

dx
x

k

= ⇒ =

⇒ = +∫ ∫

(separating the variables)

where   is a constant of integrationk

y x k⇒ = +log log .

 (kh¿fis	Ãç¥gjhš)

 

x dy
dx

y dy
y

dx
x

dy
y

dx
x

k

= ⇒ =

⇒ = +∫ ∫

(separating the variables)

where   is a constant of integrationk

y x k⇒ = +log log .

 k, xU	bjhifælè‹	kh¿è

 k MdJ	– ∞ Kjš ∞ tiuæyhd	kÂ¥òfis¥	bgwyh«.

 k-‹	 kÂ¥ò – ∞ Kjš ∞ tiu	 miktij¥	 ngh‹W log c -‹	 kÂ¥ò«	

miktjhš	bjhifælè‹	kh¿è k-¡F	gÂyhf log c v‹w	kh¿èia	bghJ¤	Ô®éš	

kh‰¿aik¥gÂ‹	_y«	Ô®Î	òJ¥bghèÎ	bgW»wJ.

 
log log log log logy x c y

x
c

y
x

c y cx

− = ⇒ 





=

= ⇒ =i.e.  
 

 (m-J)	

log log log log logy x c y
x

c

y
x

c y cx

− = ⇒ 





=

= ⇒ =i.e.  
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F¿¥ò

(i) tçir	 x‹Wila	 neçaš	 tif¡bfG¢	 rk‹gh£oš y ÏšyhkèU¥Ã‹	

Ï›tif¡bfG¢	 rk‹ghL dy
dx

f x= ( )  v‹w	 toit¥	 bg‰W	 Ïj‹	 Ô®Î 

y f x dx c= +∫ ( )  vd	mikÍ«.

(ii) x ÏšyhkèU¡ifæš, dy
dx

g y= ( )v‹w	 toit¥bg‰W,	 Ô®thdJ 
dy
g y

dx c
( )

= +∫∫  

vd	mikÍ«.

vL¤J¡fh£L 6

 xdy + ydx = 0 v‹w tif¡bfG¢ rk‹gh£il¤ Ô®¡f.

Ô®Î :

 xdy + ydx = 0,   [xy Mš	tF¡f]

 

dy
y

dx
x

dy
y

dx
x

c

y x c xy c

+ = + =

∴ + = ⇒ =

∫∫0 1.

log log log

Then 

F¿¥ò 

( ) ( ) ,

( )

i a constant.

ii

xdy ydx d xy xy c

d x
y

ydx xdy
y

+ = ⇒ = =







= −

0 0

22 2∴ − =






+ = +∫∫
ydx xdy
y

d x
y

c x
y
c

    ⇒  xy = c,
( ) ( ) ,

( )

i a constant.

ii

xdy ydx d xy xy c

d x
y

ydx xdy
y

+ = ⇒ = =







= −

0 0

22 2∴ − =






+ = +∫∫
ydx xdy
y

d x
y

c x
y
c

vL¤J¡fh£L 7

 Ô®¡f : dy
dx

e x y== ++3

Ô®Î :

 

dy

dx
e e

dy

e
e dx

e dy e dx c

e
e

c
e

e

x y
y

x

y 3x

y
x x

y

= Þ =

= +

Þ − = + Þ + =

−

− −

3 3

3 3

3 3
c

vL¤J¡fh£L 8

 Ô®Î fh©f :  (x2 – ay) dx = (ax – y2) dy

Ô®Î :

 bfhL¤j	rk‹gh£oèUªJ
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y

y

y

y

y

y

y

y

y

y yy

x

x

x

x

x

x

xd

d

d

dd

d

d

d

d

d

x

x

xxx a

a

a

a

c

c
 

 x3 + y3 = 3axy + c v‹gJ	bghJ¤Ô®Î	MF«.

vL¤J¡fh£L 9

 Ô®Î fh©f : (sin x + cos x) dy + (cos x – sin x) dx = 0

Ô®Î :

	 bfhL¡f¥g£l	rk‹gh£il	ÑœtUkhW	vGj	:

 

dy x x
x x

dx

dy x x
x x

dx c

y

+ −
+

=

⇒ + −
+

=

⇒ +

∫ ∫

cos sin
sin cos
cos sin
sin cos

lo

0

gg(sin cos )x x c+ =

vL¤J¡fh£L 10

 x = 2  vD« bghGJ y = 
pp
4

 våš x dy
dx

 + cos y = 0 Ô®¡f. 

Ô®Î :

 

x dy y dx

y dy dx
x

k k

= −

∴ = − +∫ ∫

cos

sec , when  is a constant of integraation.

          when 
or   

log(sec tan ) log log , logy y x c k c+ + = =
  

        When  we have

x y y c

x y

(sec tan ) .

, ,

sec tan

+ =

= =

+

2
4

2
4

π

π π
44

2 2 1 2 2





= = + = +

∴

c c

x

or

     The particular solution is 

( )

((sec tan )y y+ = +2 2

 k bjhifælè‹	kh¿è

 log (sec y + tan y) + log x = log c, Ï§F  k = log c

⇒ x (sec y + tan y) = c

 

x dy y dx

y dy dx
x

k k

= −

∴ = − +∫ ∫

cos

sec , when  is a constant of integraation.

          when 
or   

log(sec tan ) log log , logy y x c k c+ + = =
  

        When  we have

x y y c

x y

(sec tan ) .

, ,

sec tan

+ =

= =

+

2
4

2
4

π

π π
44

2 2 1 2 2





= = + = +

∴

c c

x

or

     The particular solution is 

( )

((sec tan )y y+ = +2 2

 våš

 

x dy y dx

y dy dx
x

k k

= −

∴ = − +∫ ∫

cos

sec , when  is a constant of integraation.

          when 
or   

log(sec tan ) log log , logy y x c k c+ + = =
  

        When  we have

x y y c

x y

(sec tan ) .

, ,

sec tan

+ =

= =

+

2
4

2
4

π

π π
44

2 2 1 2 2





= = + = +

∴

c c

x

or

     The particular solution is 

( )

((sec tan )y y+ = +2 2
∴ Áw¥ò¤	Ô®thdJ	

x dy y dx

y dy dx
x

k k

= −

∴ = − +∫ ∫

cos

sec , when  is a constant of integraation.

          when 
or   

log(sec tan ) log log , logy y x c k c+ + = =
  

        When  we have

x y y c

x y

(sec tan ) .

, ,

sec tan

+ =

= =

+

2
4

2
4

π

π π
44

2 2 1 2 2





= = + = +

∴

c c

x

or

     The particular solution is 

( )

((sec tan )y y+ = +2 2 MF«.

vL¤J¡fh£L 11

 xU jhåa¡ »l§if guhkç¥gj‰fhd bryÎ c k‰W« mÂš nrä¤J it¡f¡ 

Toa bghUë‹ msÎ x M»at‰iw bjhl®ògL¤J« rk‹ghL dC
dx

 = ax + b, x = 0 
vD« nghJ C = C0 våš C -I x -‹ rh®ghf¡ fh©f.
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Ô®Î :

 
Given C C

C  is a constant

d
dx

ax b d ax b dx

d ax b dx k k

= + ∴ = +

= + +

( )

( ) , ( )∫∫∫
⇒ = + +

= ∴ ⇒ = + +

⇒ =

C  

when C = C C

C

ax bx k

x a b k

k

2

0 0

0

2

0 1
2

0 0

,

, ( ) ( ) ( )

 

Given C C

C  is a constant

d
dx

ax b d ax b dx

d ax b dx k k

= + ∴ = +

= + +

( )

( ) , ( )∫∫∫
⇒ = + +

= ∴ ⇒ = + +

⇒ =

C  

when C = C C

C

ax bx k

x a b k

k

2

0 0

0

2

0 1
2

0 0

,

, ( ) ( ) ( )

 ⇒  

Given C C

C  is a constant

d
dx

ax b d ax b dx

d ax b dx k k

= + ∴ = +

= + +

( )

( ) , ( )∫∫∫
⇒ = + +

= ∴ ⇒ = + +

⇒ =

C  

when C = C C

C

ax bx k

x a b k

k

2

0 0

0

2

0 1
2

0 0

,

, ( ) ( ) ( )

  (k xU	kh¿è)  ........................ (1)

 x = 0 våš  

Given C C

C  is a constant

d
dx

ax b d ax b dx

d ax b dx k k

= + ∴ = +

= + +

( )

( ) , ( )∫∫∫
⇒ = + +

= ∴ ⇒ = + +

⇒ =

C  

when C = C C

C

ax bx k

x a b k

k

2

0 0

0

2

0 1
2

0 0

,

, ( ) ( ) ( )

 ⇒ 

Given C C

C  is a constant

d
dx

ax b d ax b dx

d ax b dx k k

= + ∴ = +

= + +

( )

( ) , ( )∫∫∫
⇒ = + +

= ∴ ⇒ = + +

⇒ =

C  

when C = C C

C

ax bx k

x a b k

k

2

0 0

0

2

0 1
2

0 0

,

, ( ) ( ) ( )

vdnt	bryÎ¢	rh®ò  C = + +a x bx c
2

2  C0

vL¤J¡fh£L 12

 xU tistiuæ‹ vªj xU òŸëæY« mj‹ rhŒÎ m¥òŸëæ‹ y 
Ma¤bjhiyæ‹  ÏUkl§»‹ jiyÑê MF«. tistiu (4, 3) tê¢ bršY»wJ 

våš mj‹ rk‹gh£il¡ fh©f.

Ô®Î :

 xU	 òŸëæl¤J	 tistiuæ‹	 rhŒÎ	 v‹gJ	 m¥òŸëæš	 bjhLnfh£o‹	

rhŒthF«.

 

∴ = ⇒ +

= + ⇒ = +∫ ∫

dy
dx y

ydy dx

y dy dx c y x c

1
2

2

2 2
 

	 tistiu (4, 3) v‹w	òŸë	têna	brštjhš

 9 = 4 + c ⇒ c = 5

∴ tistiuæ‹	rk‹ghL y2 = x + 5.

gæ‰Á 6.2

1) Ô®¡f	:

 

 
( )i dy
dx

y
x

+ −
−

=1
1

0
2

2
  

( )ii dy
dx

y
x

= +
+

1
1

2

2
  

( )iii dy
dx

y
x

= +
−

2
1

2) Ô®¡f	: (1 – ex) sec2y dy + 3ex tan y dx = 0

3) Ô®¡f	: (i) dy
dx

 = 2xy + 2ax  (ii) x (y2 + 1) dx + y (x2 + 1) dy = 0
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4)  P (x, y) v‹w	òŸëæl¤J	xU	tistiuæ‹	rhŒÎ 3x2 + 2 MF«.	tistiu (1, 
– 1) tê¢bršYbkåš	mj‹	rk‹gh£il¡	fh©f.

5) (x, y) v‹w	 xU	 òŸëæš	mj‹	 rhŒÎ	m¥òŸëæ‹	 x Ma¤bjhiyÎ¡F	 ne®	

é»jrk¤Âš	 cŸsJ.	 tistiu (0, 0) k‰W« (1, 1) vD«	 òŸëfŸ	 tê¢	

bršY»J	våš	mj‹	rk‹gh£il¡	fh©f.

6)  x myFfë‹	c‰g¤Â¡fhd	ÏWÂãiy	bryÎ¢	rh®ò MC = e3x + 7. c‰g¤Â	VJ«	

Ïšyhj	 nghJ	 bkh¤j¢	 bryÎ	Ïšiy	 vd¡	 bfh©L,	 bkh¤j¢	 bryÎ	 k‰W«	

ruhrç¢	bryÎ	rh®òfis¡	fh©f.

6.2.3  rkgo¤jhd tif¡bfG¢ rk‹ghLfŸ (Homogeneous differential equations)

 f (x, y) k‰W« g (x, y) v‹gd	 x›bth‹W«	 xnu	 goÍŸs	 rkgo¤jhd	

rh®òfbsåš	
dy
dx

f x y
g x y

= ( , )
( , )

 v‹gJ	  x, y Ïš	 xU	 rkgo¤jhd	 tif¡bfG¢	 rk‹ghL	

MF«.

 

dy
dx

xy
x y

dy
dx

x y
xy

dy
dx

x y
x y

dy
dx

x y y
x

=
+

= + =
+

=
− +

2 2

2 2 2

3 3

2 2

2
, ,

and  k‰W«  

dy
dx

xy
x y

dy
dx

x y
xy

dy
dx

x y
x y

dy
dx

x y y
x

=
+

= + =
+

=
− +

2 2

2 2 2

3 3

2 2

2
, ,

and 

 v‹gd	 tçir	 x‹W	 cila	 rkgo¤jhd	 tif¡bfG	 rk‹ghLfS¡F	 Áy	

vL¤J¡fh£LfshF«.

6.2.4   tçir x‹W cila rkgo¤jhd tif¡bfG¢ rk‹ghLfis Ô®¡F« Kiw  

 (Solving first order homogeneous differential equations)

 y = vx våš dy
dx

v x dv
dx

= +  MF«.	 vdnt	 tçir	 x‹W	 cila	 rkgo¤jhd	

tif¡bfG¢	 rk‹ghlhdJ	 kh¿fis¥	 Ãç¡f¡	 Toa	 rk‹gh£o‹	 tot«	 bgW«.	

bjhifpLjY¡F¥	ÃwF v I 
y
x

 v‹W	kh‰¿	Ô®it¡	fhzyh«.

vL¤J¡fh£L 13

 Ã‹tU« tif¡bfG¢ rk‹gh£il Ô®¡f. (x2 + y2) dx = 2xydy.

Ô®Î :

 bfhL¡f¥g£l	tif¡bfG¢	rk‹gh£il

 
dy
dx

x y
xy

= +2 2

2
1.... ( ) v‹W	vGjyh«.		 	 ............. (1)

 ÏJ	xU		rkgo¤jhd	tif¡bfG¢	rk‹ghL	MF«.

 y = vx v‹f  ∴ = +dy
dx

v x dv
dx

   ............. (2)

(1)	I	(2)	Ïš	ÃuÂæl
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v x dv
dx

x v x
x vx

v
v

x dv
dx

v
v

v x dv
dx

v
dv

+ = + = +

= + − ⇒ = −

2 2 2 2

2 2

2
1

2

1
2

1

( )

   

2
1

2
1

1

2 2 1

2

v
v
dv dx

x
v
v
dv dx

x
c

v x c

−
= −

−
= − +

− = − + ′

∫ ∫or   

log( ) log log 

ff x
f x

dx f x( )
( )

log ( )=








∫

or log (1 – v2) + log x = log c

 ⇒ (1 – v2) x = c

v I y
x

 vd	kh‰¿dhš

 1
2

2
2 2−









 = − =y

x
x c x y cxor mšyJ x2 –y2 = cx vd	mikÍ«.

vL¤J¡fh£L 14

 Ô®¡f : (x + y) dy + (x – y) dx = 0

Ô®Î :

 dy
dx

x y
x y

= − −
+







     .... (1)

 y = vx v‹f.	
dy

dx
v

v
x
d

dx
= +

vdnt	  Þ   n x
dn
dx

x nx
x nx

+ = −
−

+
n x

dn
dx

n
n

+ = −
−

+
1

1

 (m-J)	i.e.      orx dv
dx

v
v
v

x dv
dx

v v v
v

v

= − −
+

+





= − − + +
+

∴ +

1
1

1
1

1
1

2( )

++
= −

v
dv

x
dx2

1 or

 ⇒ 

i.e.      orx dv
dx

v
v
v

x dv
dx

v v v
v

v

= − −
+

+





= − − + +
+

∴ +

1
1

1
1

1
1

2( )

++
= −

v
dv

x
dx2

1 or
∴   

i.e.      orx dv
dx

v
v
v

x dv
dx

v v v
v

v

= − −
+

+





= − − + +
+

∴ +

1
1

1
1

1
1

2( )

++
= −

v
dv

x
dx2

1 or

⇒ 
dv
v
dv v

v
dv

x
dx c

v v x c

1
1
2

2
1

1

1
2

1

2 2

1 2

+
+

+
= − +

+ + = − +

∫ ∫∫
−tan log( ) log

kh¿fis¥	Ãç¥gjhš,

v x dv
dx

x v x
x vx

v
v

x dv
dx

v
v

v x dv
dx

v
dv

+ = + = +

= + − ⇒ = −

2 2 2 2

2 2

2
1

2

1
2

1

( )
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⇒ i.e.      tan log log

tan

−

−







+ +







 = − +



1
2 2

2

1

1
2

y
x

x y
x

x c

y
x




+ + − = − +







−

1
2

1
2

2 2 2

1

log( ) log log

tan

x y x x c

y
x

i.e.      ++ + =1
2

2 2log( )x y c

⇒   

i.e.      tan log log

tan

−

−







+ +







 = − +



1
2 2

2

1

1
2

y
x

x y
x

x c

y
x




+ + − = − +







−

1
2

1
2

2 2 2

1

log( ) log log

tan

x y x x c

y
x

i.e.      ++ + =1
2

2 2log( )x y c
∴ 

i.e.      tan log log

tan

−

−







+ +







 = − +



1
2 2

2

1

1
2

y
x

x y
x

x c

y
x




+ + − = − +







−

1
2

1
2

2 2 2

1

log( ) log log

tan

x y x x c

y
x

i.e.      ++ + =1
2

2 2log( )x y c

vL¤J¡fh£L 15

 Ïyhg« p k‰W« nfhu¥gL« njit msÎ x M»ait 
dp
dx

p x
xp

== --2
3

3 3

2
 v‹w 

tif¡bfG¢ rk‹gh£il ãiwÎ brŒ»‹wd. x = 10 vD« nghJ p = 20 våš, Ïyhg« 

k‰W« nfhu¥gL« njit M»at‰W¡»ilnaÍŸs bjhl®ig¡ fh©f.

Ô®Î :

 

dp
dx

p x
xp

= −2
3

1
3 3

2 .....( )

v‹gJ x, p Ïš	rkgo¤jhd	tif¡bfG	rk‹ghL	MF«.

 p = vx  våš	Put      p vx dp
dx

v x dv
dx

v x dv
dx

v
v

x dv
dx

v

= ∴ = +

⇒ + = −

⇒ = − +

( )1 2 1
3

1

3

2

3

33

3
1

3
1

1

2

2

3

2

3

3

v

v
v
dv dx

x
v
v
dv dx

x
k

v













+
= − ∴

+
= − =

+ = −

∫ ∫
log( ) logg log ,

log( ) log

x k k

v k
x

v k
+

+ = + =

 where  is a constant

i.e.  1 13 3
xx

(1) 

Put      p vx dp
dx

v x dv
dx

v x dv
dx

v
v

x dv
dx

v

= ∴ = +

⇒ + = −

⇒ = − +

( )1 2 1
3

1

3

2

3

33

3
1

3
1

1

2

2

3

2

3

3

v

v
v
dv dx

x
v
v
dv dx

x
k

v













+
= − ∴

+
= − =

+ = −

∫ ∫
log( ) logg log ,

log( ) log

x k k

v k
x

v k
+

+ = + =

 where  is a constant

i.e.  1 13 3
xx

 x
dv

dx

v

v
Þ = −2 1

3

3

2 − v

 

Put      p vx dp
dx

v x dv
dx

v x dv
dx

v
v

x dv
dx

v

= ∴ = +

⇒ + = −

⇒ = − +

( )1 2 1
3

1

3

2

3

33

3
1

3
1

1

2

2

3

2

3

3

v

v
v
dv dx

x
v
v
dv dx

x
k

v













+
= − ∴

+
= − =

+ = −

∫ ∫
log( ) logg log ,

log( ) log

x k k

v k
x

v k
+

+ = + =

 where  is a constant

i.e.  1 13 3
xx

 

Put      p vx dp
dx

v x dv
dx

v x dv
dx

v
v

x dv
dx

v

= ∴ = +

⇒ + = −

⇒ = − +

( )1 2 1
3

1

3

2

3

33

3
1

3
1

1

2

2

3

2

3

3

v

v
v
dv dx

x
v
v
dv dx

x
k

v













+
= − ∴

+
= − =

+ = −

∫ ∫
log( ) logg log ,

log( ) log

x k k

v k
x

v k
+

+ = + =

 where  is a constant

i.e.  1 13 3
xx

 Ï§F k xU	kh¿è

 

Put      p vx dp
dx

v x dv
dx

v x dv
dx

v
v

x dv
dx

v

= ∴ = +

⇒ + = −

⇒ = − +

( )1 2 1
3

1

3

2

3

33

3
1

3
1

1

2

2

3

2

3

3

v

v
v
dv dx

x
v
v
dv dx

x
k

v













+
= − ∴

+
= − =

+ = −

∫ ∫
log( ) logg log ,

log( ) log

x k k

v k
x

v k
+

+ = + =

 where  is a constant

i.e.  1 13 3
xx

   ⇒    

Put      p vx dp
dx

v x dv
dx

v x dv
dx

v
v

x dv
dx

v

= ∴ = +

⇒ + = −

⇒ = − +

( )1 2 1
3

1

3

2

3

33

3
1

3
1

1

2

2

3

2

3

3

v

v
v
dv dx

x
v
v
dv dx

x
k

v













+
= − ∴

+
= − =

+ = −

∫ ∫
log( ) logg log ,

log( ) log

x k k

v k
x

v k
+

+ = + =

 where  is a constant

i.e.  1 13 3
xx

v I Replacing    by we get

Put when  it is g

v p
x

x p kx
x

,

,
⇒ + =

=

3 3 2

10 iiven that p

k k

x p x

p x x

=

+ = ⇒ =

+ =

= −

20

10 20 10 90

90

90

3 3 2

3 3 2

3 2

( ) ( ) ( )

( )) is the required relationship.

 vd	kh‰¿dhš,

 ⇒     x3 + p3 = kx2

Mdhš	x = 10	våš	p = 20	vd	bfhL¡f¥g£LŸsJ,

∴ (10)3 + (20)3 = k(10)2  ⇒  k = 90  ∴  x3 + p3 = 90x2

(m-J)	p3 = x2 (90 – x) v‹gJ	njitahd	bjhl®ghF«.
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vL¤J¡fh£L 16

 bghU£fë‹ nfhUjš msÎ q mÂfç¡F« bghGJ, nfhUjš k‰W« 

mitfis ÏU¥ò it¥gj‰Fkhd bryÎ C-‹ mÂfç¡F« Åj« d
dq

q
q

C C C== ++2

2
2  vD« 

tif¡bfG¢ rk‹gh£odhš ju¥g£LŸsJ. C k‰W« q ¡F Ïilna cŸs bjhl®ig C 

= 1 k‰W« q = 1 vD« ãiyæš fh©f.

Ô®Î :

 C k‰W« q-š	cŸs	rkgo¤jhd	rk‹ghL

 

d
dq

q
q

C C C= +2

2
2 1....( )

 

 C = vq v‹f	Put    C C= ∴ = +

⇒ + = + = +

vq d
dq

v q dv
dq

v q dv
dq

v q vq
q

v v( )1 2 2
2 2 2

2
2

Put    C C= ∴ = +

⇒ + = + = +

vq d
dq

v q dv
dq

v q dv
dq

v q vq
q

v v( )1 2 2
2 2 2

2
2

⇒ = + = + ⇒
+

=

⇒ + −
+

= +∫ ∫

q dv
dq

v v v v dv
v v

dq
q

v v
v v

dv dq
q

k k

2 1
1

1
1

( )
( )

( )
( )

, iss a constant

⇒ −
+

= +

⇒ − + = +

∫ ∫ ∫
dv
v

dv
v

dq
q

k

v v q
1

1

log ,

log log( ) log logg

log log

k
v
v

qk v
v

kq⇒
+

=
+

=
1 1

or  

⇒ = + = + ⇒
+

=

⇒ + −
+

= +∫ ∫

q dv
dq

v v v v dv
v v

dq
q

v v
v v

dv dq
q

k k

2 1
1

1
1

( )
( )

( )
( )

, iss a constant

⇒ −
+

= +

⇒ − + = +

∫ ∫ ∫
dv
v

dv
v

dq
q

k

v v q
1

1

log ,

log log( ) log logg

log log

k
v
v

qk v
v

kq⇒
+

=
+

=
1 1

or  

 k xU	kh¿è

⇒ = + = + ⇒
+

=

⇒ + −
+

= +∫ ∫

q dv
dq

v v v v dv
v v

dq
q

v v
v v

dv dq
q

k k

2 1
1

1
1

( )
( )

( )
( )
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log ,
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 v = Replacing  by C  we get, C C

when C = 1 and 

C

v
q

kq q

q

kq

= +

=

=

( )

(

1

CC

C C is the relation between C and q.

+ ⇒ =

∴ = +

q k

q q

)
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1
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 vD«	nghJ, Replacing  by C  we get, C C

when C = 1 and 

C

v
q

kq q

q

kq

= +

=

=

( )

(

1

CC

C C is the relation between C and q.

+ ⇒ =

∴ = +

q k

q q

)

( )

1
2
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 C = 1 k‰W« q = 1 vD«	nghJ

 

Replacing  by C  we get, C C

when C = 1 and 

C

v
q

kq q

q

kq

= +

=

=

( )

(

1

CC

C C is the relation between C and q.

+ ⇒ =

∴ = +

q k

q q
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( )
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2   

Replacing  by C  we get, C C

when C = 1 and 

C

v
q

kq q

q

kq

= +

=

=

( )

(

1

CC

C C is the relation between C and q.

+ ⇒ =

∴ = +

q k

q q

)

( )

1
2

2
 v‹gJ	C k‰W« qé‰F	Ïilæyhd	bjhl®ghF«.
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vL¤J¡fh£L 17

 bkh¤j c‰g¤Â¢ bryÎ y k‰W« c‰g¤Âæ‹ msÎ x M»ait (6x2 + 2y2) 
dx – (x2 + 4xy) dy = 0 v‹w rk‹gh£o‹ thæyhf ÏWÂ ãiy c‰g¤Â bryÎl‹ 

bjhl®ògL¤j¥g£LŸsd. x = 1 vD« bghGJ y = 2 våš, bkh¤j bryé‰F« 

c‰g¤Â¡F« ÏilnaÍŸs bjhl®Ãid¡ fh©f.

Ô®Î :

 bfhL¡f¥g£LŸsJ (6x2 + 2y2) dx = (x2 + 4xy) dy

 
∴ = +

+
dy
dx

x y
x xy

6 2
4

1
2 2

2 .........( )

ÏJ	x k‰W« y -æš	cŸs	rkgo¤jhd	rk‹ghL	MF«.

 y = vx v‹f.	Put     y vx dy
dx

v x dv
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gæ‰Á 6.3

1) Ã‹tU«	tif¡bfG¢	rk‹ghLfis¤	Ô®¡f.

 
( )i dy

dx
y
x

y
x

= −
2

2
  

( )ii 2
2

2
dy
dx

y
x

y
x

= −
 

 
( )iii dy

dx
y xy
x xy

= −
−

2

2
2
2   

( )iv dy
dx

xy
x y

=
−2 2

2) bghU£fë‹	 nfhUjš	 msÎ	 q mÂfç¡F«	 bghGJ,	 nfhUjš	 k‰W«	

mitfis	ÏU¥ò	it¥gj‰Fkhd	bryÎ C-‹	mÂfç¡F«	Åj« d
dq

q
q

C C
C

= +2 2

2
 

⇒



184

vD«	tif¡bfG	rk‹gh£odhš	ju¥g£LŸsJ.	C k‰W« q ¡F	Ïilna	cŸs	

bjhl®ig C = 4 k‰W« q = 2 vD«	ãiyæš	fh©f.

3) bkh¤j	c‰g¤Â¢	bryÎ y k‰W«	c‰g¤Âæ‹	msÎ x M»ait dy
dx

x y
xy

= −24 2 2
 

v‹w	 tif¡bfG	 rk‹gh£o‹	 thæyhf	 ÏWÂ	 ãiy	 c‰g¤Â	 bryÎl‹	

bjhl®ògL¤j¥g£LŸsJ. x = 2 vD«	bghGJ	y = 4 våš,	bkh¤j	bryÎ¢	rh®ò	

ahJ	?

6.2.5  tçir x‹Wila neçaš tif¡bfG rk‹ghL 

          (First order linear differential equation)

 tçir	 x‹W	 cŸs	 tif¡bfG¢	 rk‹gh£oš	 cŸs	 rh®ªj	 kh¿	 k‰W«	

mj‹	 tif¡	 bfG¡fë‹	 go	 1	 k‰W«	 Ï›éu©o‹	 bgU¡fš	 gy‹	 ÏšyhkY«	

ÏU¡Fkhæ‹	 m¢rk‹ghL	 tçir x‹Wila neçæaš tif¡bfG¢ rk‹ghL 

vd¥gL«.

 tçir	 1	 cŸs	 neçæaš	 tif¡bfG¢	 rk‹gh£o‹	 tot« dy
dx

y+ =P Q, vd	

mikÍ«.	Ï§F P k‰W« Q v‹gd x š	k£Lnk	cŸs	rh®òfshF«.

vL¤J¡fh£lhf,

 ( ) ;

( ) tan cos , tan

i here P = 3, Q = 

ii P

dy
dx

y x x

dy
dx

y x x x

+ =

+ = =

3 3 3

,, cos

( ) , ,

( ) ( ) (

Q

iii P Q

iv

=

− = = − =

+ + = +

x

dy
dx
x y xe

x
e

x dy
dx

xy x

x x3 3

1 12 22 3
2

2 2

1
1) , , ( )P = Qx

x
x

+
= +

 Ï§F P = 3, Q = x3

 

( ) ;

( ) tan cos , tan

i here P = 3, Q = 

ii P

dy
dx

y x x

dy
dx

y x x x

+ =

+ = =

3 3 3

,, cos

( ) , ,

( ) ( ) (

Q

iii P Q

iv

=

− = = − =

+ + = +

x

dy
dx
x y xe

x
e

x dy
dx

xy x

x x3 3

1 12 22 3
2

2 2

1
1) , , ( )P = Qx

x
x

+
= +

v‹gd	tçir	1	cŸs		neçæaš	tif¡	bfG¢	rk‹ghLfshF«.

6.2.6  bjhifp£L¡ fhuâ (I.F)

 bfhL¡f¥g£l	 tif¡bfG¢	 rk‹ghL,	 neçilahf	 bjhifpL	 fhz¤j¡f	

tifæš	 Ïšyhkš	 ÏU¡fyh«.	 Mdhš	 Ïij	 xU	 rh®Ã‹	 _y«	 bgU¡Ftjhš	

bjhifpL	 fhz¤j¡fjhf	 khwyh«.	 Ï¤jifa	 rh®Ã‰F	 bjhifp£L¡ fhuâ  

Integrating Factor (I.F) v‹W	bga®.	Mifahš,	tif¡bfG¢	rk‹gh£il	neçilahf	

bjhifpL	fhz¤j¡f	tifæš	kh‰Wtj‰F	cjÎ«	rh®ò	bjhifp£L¡	fhuâahF«.

 for P Qdy
dx

y+ = .....( )1 ..... (1) vD«	 rk‹gh£o‰F	 e Pdx∫ v‹gJ	bjhifp£L¡	fhuâ	vd	

ãWÎnth«.	Ï§F P k‰W« Q v‹gd x Ïš	rh®òfŸ.
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Now, P P P

P P

d
dx

ye dy
dx
e y d

dx
e

dy
dx
e ye d

dx

dx dx dx

dx dx

( ) ( )∫ = ∫ + ∫

= ∫ + ∫ PP

  P PP P P

dx

dy
dx
e ye dy

dx
y edx dx dx

∫

= ∫ + ∫ = +





∫
 

(1)	ia e Pdx∫ Mš	bgU¡f

 
it becomes P Q

Q 

P P

P P

dy
dx

y e e

d
dx

ye e

dx dx

dx dx

+





∫ = ∫

⇒ ∫ = ∫( )

 

it becomes P Q

Q 

P P

P P

dy
dx

y e e

d
dx

ye e

dx dx

dx dx

+





∫ = ∫

⇒ ∫ = ∫( )
 

bjhifpL	brŒa,

 
y e e dx cdx dxP PQ∫ = ∫ +∫ ....( )2

 

 Mifahš e Pdx∫  v‹gJ	bjhifp£L¡	fhuâahF«.	

F¿¥ò

(i) elog  f (x) = f (x) when f (x) > 0

(ii) dy
dx

 + Py = Q -š	Q = 0 våš	bghJ¤	Ô®Î y (I.F) = c, Ï§F c xU	kh¿è.

(iii) dx
dy

 + Px = Q v‹w	 rk‹gh£o‹ P k‰W« Q v‹gd y -æ‹	 rh®òfshæ‹	

Ï¢rk‹gh£o‹ (I.F) e dyP∫  MF«.	k‰W«	Ô®thdJ x Q dy c(I.F) = I.F( ) +∫  vd	mikÍ«.

vL¤J¡fh£L 18

 (1 – x2) dy
dx

– xy = 1 v‹w rk‹gh£il¤ Ô®¡f.

Ô®Î :

 (1 – x 2) dy
dx

 – xy = 1

 
Þ

−
=

−

dy

dx

x

x
y

x1

1

12 2
 

 ÏJ dy
dx

 + Py = Q, v‹w	toéš	cŸsJ.

 Ï§F where P Q

I.F P

= −
−

=
−

= ∫ = ∫ = −
−
−

x
x x

e e xdx
x
x
dx

1
1

1

1

2 2

1 22

;
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where P Q

I.F P

= −
−

=
−

= ∫ = ∫ = −
−
−

x
x x

e e xdx
x
x
dx

1
1

1

1

2 2

1 22

;

bghJ¤	Ô®Î	:

 

y dx c

y x
x

x dx c

dx

x
c

y x

( )

si

I.F Q (I.F) = +

− =
−

− +

=
−

+

− =

∫
∫

∫

1 1
1

1

1

1

2
2

2

2

2 nn− +1 x c

vL¤J¡fh£L 19

 Ô®¡f dy
dx

ay ex++ ==  (Ï§F a ≠ – 1)

Ô®Î :

 Ï§F P = a ; Q =  ex

 ∴ I.F = e Pdx∫  = eax

bghJ¤	Ô®Î

 

y dx c

y e e e dx c e dx c

y e e

ax x ax a x

ax
a

( )
( )

(

I.F Q (I.F) = +

⇒ = + = +

=

∫
∫ ∫ +

+

1

11

1

)x

a
c

+
+

 

vL¤J¡fh£L 20

 Ô®¡f cos x dy
dx

+ y sin x = 1

Ô®Î :

 bfhL¡f¥g£l	rk‹gh£il	ÑœtU«	Kiwæš	vGj

 

dy
dx

y x
x x

dy
dx

y x x+ = + =sin
cos cos

tan sec1 or  
 

Ï§F P = tan x   ;   Q = sec x

 I.F = ∫ = =e e xx dx xtan logsec sec



187

bghJ¤	Ô®Î

 

y dx c

y x x dx c

y x x c

( )

sec sec

sec tan

I.F Q (I. F) = +

= +

∴ = +

∫
∫ 2

vL¤J¡fh£L 21

 xU t§», KjÄ£o‹ cldo khW ÅjK«, m«Kjè‹ Xuh©L t£oÍ« rk  

mséš ÏU¡FkhW fz¡»£L t£oaë¡»wJ. tUl¤Â‰F 6.5% bjhl® T£L 

Åj¤Âš %.50,000-¤ij m›t§»æš xUt® KjÄL brŒjhš 10 tUl§fS¡F 

Ã‹d® mt® bgW« KÂ®Î bjhifia¡ fz¡»Lf. (e.65 =1.9155)

Ô®Î :

 t	v‹w	fhy¤Âš P(t) v‹gJ	fz¡»š	ÏU¡F«	bjhif	vd¡	bfhŸf.	gz¤Â‹	

ts®¢Áia¡	F¿¡F«	tif¡bfG	rk‹ghlhJ

 

d
dt

d dt c

t ce

P P P       P
P

P

= = ⇒ = +

= +

∫ ∫6 5
100

0 065 0 065

0 065

. . ( . )

log . ∴∴ =

=
=

P

P
P = 50000.

e e

c e
t

t c

t

0 065

1
0 065 1

0

.

. ...........( )
,

(1) ⇒   50000   = c1 e
0   or  c1 = 50000

∴          P    = 50000 e0.065t

 t = 10, våš	P = 50000 e0.065 × 10  = 50000 e0.65

     = 50000 × (1.9155) = %.95,775.

vL¤J¡fh£L 22

 Ô®¡f: 
dy
dx

 + y cos x = 1
2

sin 2x

Ô®Î :

 Ï§F   Here    P Q

P

I.F P

= =

= =

= ∫ =

∫ ∫

cos ; sin

cos sin

sin

x x

dx x dx x

e edx x

1
2

2

 

Here    P Q

P

I.F P

= =

= =

= ∫ =

∫ ∫

cos ; sin

cos sin

sin

x x

dx x dx x

e edx x

1
2

2

våš
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bghJ¤	Ô®Î

 

y dx c

x e dx c

x x e dx

x

x

(I.F) Q (I.F) = +

= +

= +

∫
∫ 1

2
2sin .

sin cos .

sin

sin cc

t e dt c e t c

e x c

t t

x

∫
∫= + = − +

= − +

( )

(sin )sin

1

1  

vL¤J¡fh£L 23

 jahç¥ò ãWtd« x‹¿š  cgfuz§fis Ïa¡fÎ« guhkç¡fÎ« MF« bryÎ 

C k‰W« mL¤jL¤j ÏU gGJ gh®¤jY¡Fça Ïilbtë¡ fhy« m M»at‰iw

m d
dm

2 C
 + 2mC = 2, m = 2 våš C = 4 vD« rk‹gh£odhš F¿¤jhš, C k‰W« m 

fS¡»ilnaahd bjhl®ig¡ fh©f.

Ô®Î :

 
 

C
C Þ   

C C
m

d

dm
m

d

dm m m

2
2

2 2
2 2+ = + =

 ÏJ	tçir	1	cŸs	neçæaš	tif¡bfG¢	rk‹ghlhF«.

 
dy
dx

y
m m

e e edx dx mm

+ =

= ∫ = ∫ =

P Q,  where    P = Q = 

I.F P

2 2
2

2
2

;

log == m2

Ï§F dy
dx

y
m m

e e edx dx mm

+ =

= ∫ = ∫ =

P Q,  where    P = Q = 

I.F P

2 2
2

2
2

;

log == m2

 
dm

ee
dxe m

bghJ¤	Ô®Î	:

 C (I. F) Q (I.F) where  is a constant

C

C

= +

= +

∫
∫

dm k k

m
m
m dm k

m

2
2

22

22 2= +m k

,     k xU	kh¿è

 C = 4 k‰W« m = 2 våš

 16 = 4 + k ⇒ k = 12

 C k‰W« m -¡fhd	bjhl®ò

 Cm2 = 2m + 12 = 2 (m + 6) MF«.
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vL¤J¡fh£L 24

 jahç¥ò ãWtd« x‹¿š cgfuz§fis Ïa¡fÎ« guhkç¡fÎ« MF« bryÎ 

C k‰W« mL¤jL¤j ÏU gGJ gh®¤jY¡Fça Ïilbtë¡ fhy« x M»at‰iw 

x2 dC
dx

– 10xC = – 10 v‹w rk‹gh£odhš F¿¡f¥go‹, x = x0 våš C = C0 vd¡ 

bfh©L C -I x -‹ rh®ghf¡ fh©f.

Ô®Î :

 
x

d

dx
x

d

dx x x

2
2

10 10
10 10C

C Þ   
C C

− = − − = −

ÏJ	tçir	1	cŸs	neçæaš	tif¡bfG¢	rk‹ghlhF«

 P and     Q = 

P 

= − −

= − = − = 



∫ ∫

10 10

10 10 1

3

10

x x

dx
x
dx x

x
log log

II.F P= ∫ = =




e e

x
dx x

log 1

10
10 1

  k‰W«   Q = −
10

2x

 

P and     Q = 

P 

= − −

= − = − = 



∫ ∫

10 10

10 10 1

3

10

x x

dx
x
dx x

x
log log

II.F P= ∫ = =




e e

x
dx x

log 1

10
10 1

bghJ¤	Ô®Î	:

 C (I.F) Q (I.F) where  is a constant.

C

= +

= −
∫

∫

dx k k

x x x

,

10 2 1
10 1

00

10 11

0 0

0

0
10

10
11

1

1







+

= 





+

=

=

dx k

x x
k

x x

x

or

C

when C = C

C 00
11

1 10
110

11
0
10

0
11x

k k
x x









 + ⇒ = −C

 k xU	kh¿è

 

C (I.F) Q (I.F) where  is a constant.

C

= +

= −
∫

∫

dx k k

x x x

,

10 2 1
10 1

00

10 11

0 0

0

0
10

10
11

1

1







+

= 





+

=

=

dx k

x x
k

x x

x

or

C

when C = C

C 00
11

1 10
110

11
0
10

0
11x

k k
x x









 + ⇒ = −C

   or   

C (I.F) Q (I.F) where  is a constant.

C

= +

= −
∫

∫

dx k k

x x x

,

10 2 1
10 1

00

10 11

0 0

0

0
10

10
11

1

1







+

= 





+

=

=

dx k

x x
k

x x

x

or

C

when C = C

C 00
11

1 10
110

11
0
10

0
11x

k k
x x









 + ⇒ = −Cvdnt	C = C0 k‰W« x = x0 våš

 

C (I.F) Q (I.F) where  is a constant.

C

= +

= −
∫

∫

dx k k

x x x

,

10 2 1
10 1

00

10 11

0 0

0

0
10

10
11

1

1







+

= 





+

=

=

dx k

x x
k

x x

x

or

C

when C = C

C 00
11

1 10
110

11
0
10

0
11x

k k
x x









 + ⇒ = −C

 

∴ Ô®Î

 

C C

C C

x x x x

x x

10 11
0
10

0
11

10
0
10

10
11

1 10
11

10
11

= 





+ −












⇒ − = 11 1
11

0
11x x

−
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 gæ‰Á 6.4

1) Ã‹tU«	tif¡bfG¢	rk‹ghLfis¤	Ô®¡f.

 (i) dy
dx

 + y cot x = cosec x

 (ii) dy
dx

 + y cot x = 4x cosec x, (x = π
2

 våš y = 0)

 (iii) x dy
dx

 – 3y = x2

 (iv)  dy
dx

xy
x x

+
+

=
+

2
1

1
12 2 2( )

  (x = 1 våš	y = 0)

 (v) dy
dx

 – y tan x = ex sec x

 (vi) log x dy
dx

 + y
x

 = sin 2x

2) bjhl®¢Á¡	 T£L	 t£o	 Åj«	 12% bfh©l	 ÁW	 nrä¥ò	 Â£l¤Âš	 xUt®	 5	

tUl§fS¡F	 xU	 F¿¥Ã£l	 bjhifia	 KjÄL	 brŒa	 Â£läL»wh®.	 5	

tUl§fS¡F	ÃwF	%.25,000	»il¥gj‰F	Ï¤Â£l¤Âš	mt®	v›tsÎ	gz«	

KjÄL	brŒa	nt©L«	v‹gij¡	fh©f. (e–0.6 = 0.5488)

3) bghUë‹	 msÎ	 q khW«	 bghGJ,	 nfhUjš	 k‰W«	 ÏU¥ò	 it¤jš	

M»at‰¿‰fhd	 bryÎ	 C-‹	 khWjiy d
dq

a
q

C C= − , (a	 xU	 kh¿è)	 vD«	

rk‹gh£odhš	F¿¤jhš,

 q = q0 vD«	bghGJ C = C0 vd¡	bfh©L	C-ia q -‹	rh®ghf¡	fUJf.

6.3  kh¿è Fzf§fis¡ bfh©l tçir Ïu©Lila neçæaš  tif¡bfG¢ 

rk‹ghLfŸ (Second order linear differential equations with constant  co-efficients)

 tçir	 2	 cŸs,	 kh¿è	 Fzf§fis¡	 bfh©l,	 neçæaš	 tif¡bfG¢	

rk‹gh£o‹	bghJ	tot«	:

a d y
dx

b dy
dx

cy f x
2

2 + + = ( ).
sin x = t, v‹f

cos x dx = dt

	 Ï¥gFÂæš	(i) f (x) = 0 (ii)  f (x) = keλx 	vd	mikÍ«	tif¡bfG¢	rk‹ghLfis	

k£Lnk	fUJnth«.

vL¤J¡fh£lhf,
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( ) ( )

( )

i or

ii

3 5 6 0 3 5 6 0

4 3

2

2

2

2
5

d y
dx

dy
dx

y y y y

d y
dx

dy
dx

y e x

− + = − + =

− + = (( ) ( )

( ) ( ) ( )

or D D

iii or D D

2 5

2

2
2

4 3

7 1 7

− + =

+ − = + − =

y e

d y
dx

dy
dx

y y

x

 v‹gd	tçir	Ïu©Lila	neçæaš	rk‹ghLfshF«.

6.3.1  Jiz¢ rk‹ghL k‰W« ãu¥ò¢ rh®ò 

          (Auxiliary equation and Complementary function)

 a d y
dx

b dy
dx

cy f x
2

2 + + = ( )., v‹w	 tif¡bfG¢	 rk‹gh£o‰F am2 + bm + c = 

0 v‹gij,	 Jiz¢	 rk‹ghL (auxiliary equation) v‹»nwh«. ÏJ	 m -š	 ÏUgo¢	

rk‹ghlhF«.	 Ï¢rk‹g£o‹	 Ô®Îfshd m1 k‰W« m2 é‹	 j‹ik¡F	 V‰g	 ãu¥ò¢	

rh®òfŸ (complementary function) Ã‹tU«	éj¤Âš	mikÍ«.

Ô®Îfë‹ j‹ik ãu¥ò¢ rh®ò

(i)    bkŒ	k‰W«	bt›ntW (m1 ≠ m2)

(ii)   bkŒ	k‰W«	rkkhdJ 

        (m1 = m2 = m våš)

(iii)  fy¥ò	v©fŸ (α ± iβ)

A Be em x m x1 2+

(Ax + B) emx

eαx (A cos βx + B sin βx)

(A k‰W« B v‹gd	VnjD«	kh¿èfshF«)

6.3.2  Áw¥ò¤ bjhif (P.I)

 (aD2 + bD + c) y = eλx v‹gij	fUJf

 f (D) = aD2 + bD + c v‹f.

tif 1 :  f (λ) ≠ 0 våš	Jiz¢	rk‹ghL	f (m) = 0 -¡F λ xU	_y«	mšy.

éÂKiw :  P.I
D

= =1 1
f

e
f

ex x
( ) ( )

λ λ
λ

tif 2 : f (λ) = 0 våš, f (m) = 0 Ï‹	_y« λ MF«.		Ïªãiyæš,

(i) Jiz¢	rk‹gh£o‹	Ô®ÎfŸ m1 k‰W« m2 v‹f.	nkY« λ = m1 vd¡	bfhŸf.

 f (m) = a (m – m1) (m – m2) = a (m – λ) (m – m2)

éÂKiw :  P.I
D D

=
− −

=
−

1 1

2 2a m
e

a m
xex x

( ) ( ) ( )λ λ
λ λ

(ii) Jiz¢	 rk‹ghL	 MdJ	 Ïu©L	 rkkhd	 Ô®Îfis¥	 bg‰¿U¥Ã‹	 (m-J)  
 m1 = m2 = λ våš
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 ∴ f (m) = a (m – λ)2

éÂKiw : ∴ =
−

=P.I
D

1 1
22

2

a
e

a
x ex x

( ) !λ
λ λ

6.3.3  bghJ¤ Ô®Î

 tçir	2	cŸs	neçæaš	tif¡bfG¢	rk‹gh£o‹	bghJ¤	Ô®Î y = ãu¥ò¢	rh®ò 
(C.F) + Áw¥ò¤	bjhif	(P.I) MF«.

vL¤J¡fh£L 25

 Ô®¡f : 3 5 2 0
2

2
d y
dx

dy
dx

y-- ++ ==

Ô®Î :

 Jiz¢	rk‹ghL 3m2 – 5m + 2 = 0

 ⇒ (3m – 2) (m – 1) = 0

 Ô®ÎfŸ m1 = 
2
3

 k‰W« m2 = 1  (bkŒ	k‰W«	bt›ntW)

 ∴ ãu¥ò¢	rh®ò

 C.F A B= +e e
x x

2
3   

 bghJ¤	Ô®Î

 y e e
x x= +A B

2
3

 

vL¤J¡fh£L 26

 Ô®¡f : (16D2 – 24D + 9) y = 0

Ô®Î :

 Jiz¢	rk‹ghL 16m2 – 24m + 9 = 0.

 ⇒    ( ) ,4 3 0
3

4

3

4
2m m− = =Þ  	(Ô®ÎfŸ	rk«)

 ∴  C.F = ( )A Bx e
x

+
3
4

 bghJ¤	Ô®Î y = ( )A Bx e
x

+
3
4

vL¤J¡fh£L 27

 Ô®¡f : (D2 – 6D + 25) y = 0.
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Ô®Î :

 Jiz¢	rk‹ghL m2 – 6m + 25 = 0

 

⇒ = − ± −

= ± − = ± = ±

m b b ac
a

i i

2 4
2

6 36 100
2

6 8
2

3 4
 

	 Ô®ÎfŸ α ± iβ toéYŸs	fy¥ò	v©fŸ.	Ï§F α = 3 k‰W« β = 4 MF«.

         C.F = eax (A cos βx + B sin βx)

 ãu¥ò¢	rh®ò = e3x (A cos 4x + B sin 4x)

 bghJ¤	Ô®Î	:

  y = e3x (A cos 4x + B sin 4x)

vL¤J¡fh£L 28

 Ô®¡f : d y
dx

dy
dx

y
2

2 5 6 0-- ++ ==e5x

Ô®Î :

 Jiz¢	rk‹ghL m2 – 5m + 6 = 0 ⇒ m = 3, 2

∴ ãu¥ò¢	rh®ò C.F = Ae3x + Be2x

 Áw¥ò¤	bjhif		P.I 
D D + 6

=
−

=1
5

1
62

5 5e ex x

∴ bghJ¤	Ô®Î

 

y

y e e
ex x

x

=

= + +

 C.F + P.I

A B3 2
5

6

vL¤J¡fh£L 29

 Ô®¡f : 
d y
dx

dy
dx

y e x
2

2
34 4 2++ ++ == --

Ô®Î :

 Jiz¢	rk‹ghL m2 + 4m + 4 = 0 ⇒ m = – 2, – 2

 ∴ ãu¥ò¢	rh®ò C.F = (Ax + B) e–2x
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 Áw¥ò¤	bjhif			P.I
D D

=
+ +

=
− + − +

=

−

− −

1
4 4

2

1
3 4 3 4

2 2

2
3

2
3 3

e

e e

x

x x

( ) ( )

∴ bghJ¤	Ô®Î

 y = C.F + P. I

 y = (Ax + B) e–2x + 2e–3x

vL¤J¡fh£L 30

 Ô®¡f : d y
dx

dy
dx

y e x
2

2 2 4 5 3-- ++ == ++ --

Ô®Î :

 Jiz¢	rk‹ghL m2 – 2m + 4 = 0

 

⇒ = ± − = ± = ±

= +

=
− +

m i i

e x xx

2 4 16
2

2 2 3
2

1 3

3 3
1
2 4

51 2

C.F A B

P. I
D D

( cos sin )

ee e

e

e e

x x

x

x
x

0 0

2 2

2

1
4

5 5
4

1
2 4

3

1
1 2 1 4

3 3
7

= =

=
− +

=
− − − +

=

−

−
−

P. I
D D

( ) ( )

Áw¥ò¤	bjhif

Áw¥ò¤	bjhif

∴ bghJ¤	Ô®Î

 

y

y e x B x ex x

= +

= + + + −

C. F + P. I P. I

A 

1 2

3 3 5
4

3
7

( cos sin )
 

vL¤J¡fh£L 31

 Ô®¡f : (4D2 – 8D + 3) y = e
x1

2

Ô®Î :

 Jiz¢	rk‹ghL	4m2 – 8m + 3 = 0

   
m m

e e

e

e e
x

e

x x

x x

x x
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m m

e e

e

e e
x

e

x x

x x

x x

ãu¥ò¢	rh®ò

Áw¥ò¤	bjhif

∴ bghJ¤	Ô®Î

 

y

y e e x e
x x x

=

= + −

 C.F + P. I

A B
3
2

1
2 2

4

vL¤J¡fh£L 32

 Ô®¡f : (D2 + 10D + 25) y e x== ++ --5
2

5

Ô®Î :

 Jiz¢	rk‹ghL m2 + 10m + 25 = 0

 ⇒  (m + 5)2 = 0

 ⇒  m = – 5, – 5

 

ãu¥ò¢	rh®ò

Áw¥ò¤	bjhif

Áw¥ò¤	bjhif

C.F A B

P. I
D D

P. I

= +

=
+ +

= =

=

−( )x e

e

x

x

5

1 2
0

2

1

10 25

5

2

1

25

5

2

1

10

1

DD D D2
5

2
5

5
22

5

10 25

1

5

2 2

+ +
=

+

= =

− −

− −

e e

x
e

x
e

x x

x x

( )

!
( )

∴ bghJ¤	Ô®Î

 

y

y x e x ex x

= +

= + + +− −

 C.F + P. I P. I

A B

1 2

5
2

51
10 2

( )
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vL¤J¡fh£L 33

 Qd = 42 – 4p – 4 
dp
dt

d p
dt

++
2

2  k‰W« Qs = – 6 + 8p v‹gd Kiwna xU bghUë‹ 

njit msÎ k‰W« më¥ò msÎ M»adt‰iw¡ F¿¡»wJ. (Ï§F p éiyia¡ 

F¿¡»wJ) rªij¥ gçkh‰w¤Âš rk‹ãiy éiyia (equilibrium price) ¡ fh©f.

Ô®Î :

 rk‹ãiy	éiyæš, Qd = Qs Mf	ÏU¡F«.

 

\ − − + =− +

Þ − − + =

Þ −

42 4 4 6 8

48 12 4 0

4

2

2

2

2

2

2

p
dp

dt

d p

dt
p

p
dp

dt

d p

dt

d p

dt

dp

dt
p

m

e e

e

t t

t

− =−

Þ = −

= +

=
− −

− =
−

−

12 48

6 2

1

4 12
48

1

1

6 2

2
0

,

( )

C.F A B

P. I
D D 22

48 4( )− =

\

 

 Jiz¢	rk‹ghL	m2 – 4m – 12 = 0

 

\ − − + =− +

Þ − − + =

Þ −

42 4 4 6 8

48 12 4 0

4

2

2

2

2

2

2

p
dp

dt

d p

dt
p

p
dp

dt

d p

dt

d p

dt

dp

dt
p

m

e e

e

t t

t

− =−

Þ = −

= +

=
− −

− =
−

−

12 48

6 2

1

4 12
48

1

1

6 2

2
0

,

( )

C.F A B

P. I
D D 22

48 4( )− =

\

 

 bghJ¤	Ô®Î

  p = C.F + P. I

       ∴  p = Ae6t + Be–2t + 4

gæ‰Á 6.5

1) Ã‹tU« tif¡bfG¢ rk‹ghLfis¤ Ô®¡f.

 
( )i d y

dx
dy
dx

y
2

2 10 24 0− + =
  

( )ii d y
dx

dy
dx

2

2 0+ =

 
( )iii d y

dx
y

2

2 4 0+ =
   

( )iv d y
dx

dy
dx

y
2

2 4 4 0+ + =

2) Ô®¡f :

 (i) (3D2 + 7D – 6) y = 0 (ii) (4D2 – 12D + 9) y = 0 (iii) (3D2 – D + 1) y = 0
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3) Ô®¡f :

 (i)    (D2 – 13D + 12) y = e–2x + 5ex

 (ii) (D2 – 5D + 6) y = e–x + 3e–2x

 (iii) (D2 – 14D + 49) y =3 + e7x

 (iv) (15D2 – 2D – 1) y = e
x
3

4) Qd = 30 – 5P + 2 d
dt

d
dt

P P+
2

2
k‰W« Qs = 6 + 3P v‹gd	Kiwna	xU	bghUë‹	

njit	 msÎ	 k‰W«	 më¥ò	 msÎ	 M»adt‰iw¡	 F¿¡»‹wd.	 Ï§F p  
éiyia¡	F¿¡»wJ.	rªij	gçkh‰w¤Âš	rk‹ãiy	éiyia¡	fh©f.

gæ‰Á 6.6

V‰òila éilia¤ bjçÎ brŒf.

1) MÂ	tê¢	bršY«	ne®¡nfhLfë‹	tif¡bfG¢	rk‹ghL

 (a) x dy
dx

 = y  (b) 
dy
dx

x
y

=   (c) dy
dx

 = 0  (d) x
dy
dx y

= 1

2) d y
dx

dy
dx

2

2 6 0− =  v‹w	tif¡bfG	rk‹gh£o‹	go	k‰W«	tçir	Kiwna

 (a) 2 k‰W« 1  (b) 1 k‰W« 2  (c) 2 k‰W« 2  (d) 1 k‰W« 1

3)  
dy

dx

d y

dx

d y

dx

dy

dx
x x− + + = +

2 3

3

2

2
3 7 log  v‹w	 tif¡bfG¢	 rk‹gh£o‹	 tçir	

k‰W«	go	Kiwna

 (a) 1 k‰W« 3  (b) 3 k‰W« 1  (c) 2 k‰W« 3  (d) 3 k‰W« 2

4) 1
2

2
3 2

2+ 

















=dy
dx

d y
dx

 v‹w	rk‹gh£o‹	tçir	k‰W«	go	Kiwna

 (a) 3 k‰W« 2  (b) 2 k‰W« 3  (c) 3 k‰W« 3  (d) 2 k‰W« 2

5) x dy + y dx = 0 ‹	Ô®Î

  (a) x + y = c  (b) x2 + y2 = c  (c) xy = c  (d) y = cx
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6) x dx + y dy = 0 ‹	Ô®Î

 (a) x2 + y2 = c  (b) x
y

 = c  (c) x2 – y2 = c  (d) xy = c

7) dy
dx

 = ex – y ‹	Ô®Î

 (a) ey ex = c  (b) y = log cex  (c) y = log (ex + c) (d) ex+y = c

8) d
dt
P = ke–t (k xU	kh¿è) ‹	Ô®Î

 (a) c
k
e

pt− =   (b) p = ket + c  (c) t c p
k

= −log  (d) t = logcp

9) (x2 – y2) dy = 2xy dx, v‹w	 tif¡bfG¢	 rk‹gh£oš y = vx vd	 ÃuÂæL«	

bghGJ	rk‹ghL	Ñœf©litfëš	vJthf	khW«	?

 (a) 1 2

3
+
+

=v
v v

dv dx
x

    (b) 1
1

2

2
−
+

=v
v v

dv dx
x( )

 (c) 
dv
v

dx
x2 1−

=     (d) dv
v

dx
x1 2+

=

10) x dy
dx

y x y= + +2 2  v‹w	 rk‹gh£oš y = vx vd	 ÃuÂæl	 rk‹ghL	

Ñœf©litfëš	vJthf	khW«	?

 (a) 
dv

v

dx
x2 1−

=     (b) 
vdv

v

dx
x2 1+

=

 (c) dv

v

dx
x2 1+

=     (d) vdv

v

dx
x1 2−

=

11) dy
dx

 + Py = 0, v‹w	toÎila	rk‹gh£o‹	Ô®Î (P MdJ x Ïš	rh®ò)

 (a) y e cdxP∫ =  (b) y dx cP =∫  (c) x e ydxP∫ =  (d) y = cx

12) 
dx
dy

 + Px = Q v‹w	toÎila	rk‹gh£o‹	Ô®Î (P k‰W« Q v‹gd y Ïš	rh®ò)

  (a) y e dy cdx= ∫ +∫ Q  P    (b) ye e dx cdx dxP PQ  ∫ = ∫ +∫

 (c) e e cx
dy dy

dy    (d) x e e dx cdy dxP PQ  ∫ = ∫ +∫
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13) x dy
dx

 – y = ex -‹	bjhifp£L¡	fhuâ

 (a) log x  (b) e x
−1

  (c) 1
x

   (d) 
−1
x

14) (1 + x2) dy
dx

 + xy= (1 + x2)3 -‹	bjhifp£L¡	fhuâ

 (a) 1 2+ x   (b) log (1 + x2)  (c) e xtan−1

  (d) log(tan )−1 x

15) 
dy
dx

y
x

x+ =2 3  -v‹w	rk‹gh£o‹	bjhifp£L¡	fhuâ

 (a) 2 log x  (b) ex
2

   (c) 3 log (x2)  (d) x2

16) (D2 – D) y = ex -v‹w	tif¡bfG¢	rk‹gh£o‹	ãu¥ò¢	rh®ò

 (a) A + B ex  (b) (Ax + B) ex (c) A + Be–x  (d) (A + Bx) e–x

17) (D2 – 2D + 1)y = e2x -v‹w	tif¡bfG¢	rk‹gh£o‹	ãu¥ò¢	rh®ò

 (a) Aex + Be–x   (b) A + Bex   (c) (Ax + B)ex   (d) A+Be–x

18)  
d y
dx

dy
dx

y e x
2

2
55 6− + =  -v‹w	tif¡bfG¢	rk‹gh£o‹	Áw¥ò¤	bjhif

  (a) 
e x5

6
  (b) 

xe x5

2!
  (c) 6e5x  (d) e

x5

25

19) d y
dx

dy
dx

y e x
2

2
36 9− + =  -v‹w	tif¡bfG¢	rk‹gh£o‹	Áw¥ò¤	bjhif

 (a) e
x3

2!
  (b) 

x e x2 3

2!
  (c) xe

x3

2!
  (d) 9e3x

20) d y
dx

y
2

2 0− =  -v‹w	rk‹gh£o‹	Ô®Î

 (i) (A + B) ex  (b) (Ax + B) e–x (c) A Be
e

x
x+   (d) (A + Bx) e–x



200

Ïil¢brUfš k‰W« ne®¡nfhL bghU¤Jjš

__________________________________________________

7.1  Ïil¢brUfš (INTERPOLATION)

 Ïil¢brUfš	 v‹gJ	 m£ltizæš	 bfhL¡f¥g£LŸs	 étu§fis¡	

bfh©L,	 bfhL¡f¥glhj	 xU	 kÂ¥Ãid¡	 fhQ»‹w	 fiyahF«.	 mjhtJ	

bfhL¡f¥g£l	 rh®Ã‹	 kÂ¥òfis¡	 bfh©L	 m«kÂ¥òfS¡F	 Ïil¥g£l	

kÂ¥òfis¡	fh©gijnah	mšyJ	ãu¥òtijnah	Ïil¢brUfš	v‹»nwh«.	Ã‹tU«	

m£ltizæš	 xU	 efu¤Â‹	 g¤J	 M©L¡F	 xU	 Kiw	 fz¡»l¥gL«	 k¡fŸ	

bjhif	étu«	bfhL¡f¥g£LŸsJ.

M©L		x    : 1910 1920 1930 1940 1950
k¡fŸ	bjhif  f (x)  

(Mæu§fëš)

: 12 15 20 27 39

 nkny	 bfhL¡f¥g£LŸs	 étu§fis¡	 bfh©L	 1914,	 1923,	 1939,	 1947	 M»a	

M©Lfë‹	 k¡fŸ	 bjhifia¡	 fhQ«	Kiw	 Ïil¢brUfš	 vd¥gL«.	 1955,	 1960	

M»a	M©Lfë‹	k¡fŸ	bjhifia¡	fhQ«	Kiw	òw¢	brUfš	vd¥gL«.

 Ïil¢	brUfiy¡	fhz	Ã‹tUtdt‰iw¡	fU¤Âš	bfhŸf	:

 (i)  f (x) -‹	kÂ¥òfŸ	VW	tçirænyh	mšyJ	Ïw§F	tçirænyh	ÏU¡f	

nt©L«.

 (ii)  f (x)	-‹	kÂ¥òfŸ	Óuhf	ÏU¡f	nt©L«.	mjhtJ	x - ‹	VjhtJ	Ïu©L	

kÂ¥òfS¡»ilna	 f (x) -‹	 kÂ¥òfëš	 ÂO®	 V‰wnkh	 mšyJ	 ÂO®	

Ïw¡fnkh	ÏU¡f¡	TlhJ.

 Ã‹tU«	Kiwfëš	Ïil¢brUfiy¡	fhzyh«	:

 1)	tiugl	Kiw,	 	 2)	Ïa‰fâj	Kiw

7.1.1  tiugl Kiwæš Ïil¢brUfš fhzš (Graphic method of interpolation)

 y = f (x) v‹f. x -‹	 kÂ¥òfS¡F«	 mj‰F	 V‰w y -‹	 kÂ¥òfS¡F«	 V‰g	

tiugl¤Âš	 òŸëfis¡	F¿¡fÎ«.	 Ïªj	tiugl¤Â‹	_y«	 bfhL¡f¥g£l x -¡F	

V‰w	y -‹	kÂ¥ig¡	fhzyh«.

vL¤J¡fh£L 1

 Ã‹tU« étu§fis¡ bf©L 1986 M« M©o‹ k¡fŸ bjhifia 

tiugl¤Â‹ _y« kÂ¥ÃLf.

7
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M©L    : 1960 1970 1980 1990 2000
k¡fŸ bjhif    :

     (Mæu§fëš)

12 15 20 26 33

Ô®Î :

M©L

k
¡

f
Ÿ

 b
j

h
i

f
 (M

æ
u

§
f

ë
š

)

1960 1970 1980 1990 2000 2010

34

32

30

28

26

24

22

20

18

16

14

12

10

1986
(1960, 12)

(1970, 15)

(1980, 20)

(1986, 24)

(1990, 26)

(2000, 33)

x

y

 tiugl¤ÂèUªJ	1986-«	M©o‹	k¡fŸ	bjhif	24	Mæu«	MF«.

vL¤J¡fh£L 2

 tiugl¤Â‹ _y«, x = 27 Mf ÏU¡F« bghGJ y-‹ kÂ¥ig¡ fh©f.

x   : 10 15 20 25 30
y   : 35 32 29 26 23

Ô®Î :

10 15 20 25 30

35

34

33

32

31

30

29

28

27

26

25

24

23

24.8

27

(30, 23)

(27, 24.8)

(25, 26)

(20, 29)

(15, 32)

(10, 35)

x

y

 x = 27 Mf	ÏU¡F«	bghGJ y = 24.8 MF«.
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7.1.2  Ïil¢ brUfY¡fhd Ïa‰fâj KiwfŸ

 Ïil¢brUfš	fh©gj‰fhd	fâj	KiwfŸ	 gy	cŸsd.	mt‰WŸ	Ã‹tU«	

Áy	Kiwfis¡	fh©ngh«.

 (i)  Â£lkhd	ntWghLfŸ(Finite differences)

 (ii)  »çnfhç-ãô£lå‹	N¤Âu§fŸ	(Gregory-Newton’s formulae)

 (iii)  Ïy¡uhŠÁæ‹	N¤Âu«	(Lagrange’s formula)

7.1.3  Â£lkhd ntWghLfŸ

 x0, x1, x2, ... xn v‹w	 rh®Ã‹	 kh¿fisÍ«	 (arguments) y0, y1, y2, ..., yn v‹w	

rh®gy‹fisÍ« (entries) vL¤J¡	bfhŸnth«.	Ï§F y = f (x) v‹gJ	Ïil¢brUfèš	

ga‹gL¤j¥gL«	xU	rh®ò	MF«.

 x -‹	kÂ¥òfŸ	VW	tçiræš	ÏU¥gjhfÎ«	k‰W«	mit	rk	Ïilbtëfëš	

ÏU¥gjhfÎ«	vL¤J¡	bfhŸnth«.	rk	Ïilbtëfë‹	Ús« h v‹ngh«.

 x0, x0 + h, x0 + 2h, ... x0 + nh v‹gd	 x -‹	 kÂ¥òfŸ	 v‹ngh«.	mt‰¿‰Fça	

rh®gy‹fŸ	f (x0), f (x0 + h), f (x0 + 2h), ..., f (x0 + nh) v‹gdthF«.

K‹ neh¡F ntWgh£L¢ braè (Forward difference operator)

 x -‹	vªj	xU	kÂ¥Ã‰F«,	K‹neh¡F¢	braè ∆ (blšlh)it

              ∆ f (x) = f (x + h) – f (x) vd	tiuaW¡fyh«.

 F¿¥ghf,		 ∆y0  = ∆ f (x0) = f (x0 + h) – f (x0) = y1 – y0 

 ∆ f (x), ∆[ f (x + h)],   ∆[ f (x + 2h)], ... v‹gd	 f (x) -‹	Kjšãiy	ntWghLfŸ	

MF«.

           ∆2f (x) = ∆ [∆{ f (x)}]

    = ∆[ f (x + h) – f (x)]

    = ∆[ f (x + h)] – ∆[ f (x)]

    = [ f (x + 2h) – f (x + h)] – [ f (x + h) – f (x)]

    = f (x + 2h) – 2f (x + h) + f (x).

 ∆2 f (x), ∆2 [ f (x + h)], ∆2 [ f (x + 2h))] ... v‹gd f (x) -‹	 Ïu©lh«	 ãiy	

ntWghLfŸ	MF«.

 Ïnj	nghš ∆3f (x), ∆4f (x),...∆n f (x), ... v‹gd	tiuaW¡f¥gL»‹wd.

Ã‹neh¡F ntWgh£L¢ braè (Backward difference operator)

 x -‹	vªj	xU	kÂ¥Ã‰F«,	Ã‹neh¡F	ntWgh£L¢	braè  (be¥yh)	it

                  f (x)  = f (x) – f (x – h) vd	tiuaW¡fyh«.

      F¿¥ghf,							yn  = f (xn) = f (xn) – f (xn – h) = yn – yn–1 
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 f (x), [ f (x + h)], [ f (x + 2h)], ... v‹gd	 f (x) -‹	Kjš	ãiy	ntWghLfŸ	

MF«.

        2 f (x)  = [{ f (x)}] =  [ f (x) – f (x – h)]

    = [ f (x)] -  [f (x – h)]

    = f (x) – 2 f (x – h) + f (x – 2h)

 2 f (x), 2[ f (x + h)], 2[ f (x + 2h)] ... v‹gd f (x) ‹	 Ïu©lh«	 ãiy	

ntWghLfŸ	MF«.

 Ïnj	nghš	3f (x), 4f (x),...nf (x), ... v‹gd	tiuaW¡f¥gL»‹wd.

Ïl¥bga®Î¢ braè (Shifting operator)

 x -‹	vªj	xU	kÂ¥Ã‰F«,	Ïl¥bga®Î¢	braè	E I

  E[ f (x)]= f (x + h) vd	tiuaW¡fyh«.

F¿¥ghf,  E(y0)  = E[ f (x0)] = f (x0 + h) = y1

nkY«,	      E2 [ f (x)]  = E[E{ f (x)] = E[ f (x + h)] =  f (x + 2h)

Ïnjnghš   E3[ f (x)] = f (x + 3h)

bghJthf   En [ f (x)] = f (x + nh)

∆ -¡F« E -¡F« Ïilna cŸs bjhl®ò

tiuaiwæ‹	go	∆ f (x) = f (x + h) – f (x)

    = E f (x) – f (x)

   ∆ f (x)  = (E – 1) f (x)

 ⇒   ∆  = E – 1

 (m-J)  E  = 1 + ∆

KoÎfŸ

1.	 kh¿è¢	rh®Ã‹	ntWghLfŸ	ó¢Áakhf	ÏU¡F«.

2.  f (x) v‹gJ	 n M«	go	 gšYW¥ò¡	 nfhit	våš	 f(x)‹	 n M«	ãiy	 ntWghLfŸ	

kh¿èahF«	k‰W« ∆n+1 f (x) = 0.

vL¤J¡fh£L 3

 Ã‹tU« étu§fis¡ bfh©L éLg£l cW¥ig¡ fh©f.

x   : 1 2 3 4
f (x)   : 100 – 126 157
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Ô®Î :

 f (x) -‹	 _‹W	 kÂ¥òfŸ	 bfhL¡f¥g£oU¥gjhš,  f (x) xU Ïu©lh« go 

gšYW¥ò¡	nfhit	vd	vL¤J¡	bfhŸnth«.

 vdnt	_‹wh«	ãiy	ntWghLfŸ	ó¢ÁakhF«.

 ⇒       ∆3 [ f (x0)]  = 0

 mšyJ      ∆3( y0 ) = 0

 ∴      (E – 1)3 y0 = 0    (Ï§F ∆ = E – 1)

       (E3 – 3E2 + 3E – 1) y0 = 0

 ⇒      y3 – 3y2 + 3y1 – y0  = 0

      157 – 3(126) + 3y1 – 100  = 0

    ∴     y1  = 107

vL¤J¡fh£L 4

 bfhL¡f¥g£LŸs étu§fis¡ bfh©L 1962 k‰W« 1965 M« 

M©LfS¡fhd c‰g¤Âfis¡ fh©f.

M©L  : 1961 1962 1963 1964 1965 1966 1967
c‰g¤Â  :

     (l‹fëš) 

200 – 260 306 – 390 430

Ô®Î :

 f (x) -‹	IªJ	kÂ¥òfŸ	bfhL¡f¥g£oU¥gjhš	f (x) xU	eh‹fh«	go	gšYW¥ò¡	

nfhit	vd	vL¤J¡	bfhŸnth«.	vdnt	Iªjh«	ãiy	ntWghLfŸ	ó¢ÁakhF«.

∴   ∆5 [f (x0)] = 0

(m-J)  ∆5 (y0)   = 0

∴  (E – 1)5 (y0)  = 0

(m-J)  (E5 – 5E4 + 10E3 – 10E2 + 5E – 1) y0 = 0

  y5 – 5y4 + 10y3 – 10y2 + 5y1 – y0  = 0

  390 – 5y4 + 10(306) – 10(260) + 5y1 – 200 = 0

⇒  y1 – y4 = – 130    --------------(1)

Iªjh«	ãiy	ntWghLfŸ	ó¢Áakhf	ÏU¥gjhš,	nkY«

  ∆5 [f (x1)] = 0



205

(m-J)  ∆5 ( y1)  = 0

  (E – 1)5 (y1)  = 0

(m-J)  (E5 – 5E4 + 10E3 – 10E2 + 5E – 1) y1 = 0

  y6 – 5y5 + 10y4 – 10y3 + 5y2 – y1  = 0

  430 – 5(390) + 10y4 – 10(306) + 5(260) – y1 = 0

⇒  10y4 – y1 = 3280   --------------(2)

rk‹ghLfŸ	(1)	k‰W«	(2)	fis¤	Ô®¡F«	bghGJ	ek¡F¡	»il¥gJ

 y1 = 220 k‰W« y4 = 350

∴ 1962	 k‰W«	 1965	 M«	 M©Lfë‹	 c‰g¤ÂfŸ	 Kiwna	 220	 l‹fŸ	 k‰W«	 350	

l‹fŸ	MF«.

7.1.4  »çnfhç-ãô£lå‹ K‹neh¡F N¤Âu¤ij jUé¡F« Kiw

F¿¥ò :

 N¤Âu¤ij jUé¡F« Kiw f‰wš Âwid nk«gL¤Jtj‰fhf 

bfhL¡f¥g£LŸsJ. jUé¡F« Kiw nj®éš nf£f¥glkh£lhJ.

 y = f (x) v‹gJ	 n M«	 go	 gšYW¥ò¡	 nfhit	 v‹f. x MdJ	 x0, x1, x2, ... xn 

v‹»‹w	 rk	 ÏilbtëæY«,	 VW	 tçiræY«	 cŸs	 kÂ¥òfis¥	 bgW«	 bghGJ	 y 
MdJ	Kiwna f (x0), f (x1), f (x2)... f (xn) M»a	(n + 1) kÂ¥òfis	mil»‹wJ.

 x1 – x0 = x2 – x1 = x3 – x2 = ... = xn – xn–1 = h v‹f

 (h xU	äif	v©)

 Ï§F  f (x0) = y0, f (x1) = y1, ... f (xn) = yn

 Ï¥bghGJ	f(x) I	Ã‹tUkhW	vGjyh«.

 f (x) = a0 + a1 (x – x0) + a2 (x – x0) (x – x1) + ... 

    + an (x – x0) (x – x1) ... (x – xn–1)  ----------(1)

x = x0, våš	,	(1) ⇒

 f (x0) = a0 mšyJ     a0 = y0

x = x1, våš,	(1) ⇒

 f x a a x x
y y a h

a
y y
h

a
y
h

( ) ( )1 0 1 1 0

1 0 1

1
1 0

1
0

= + −
= +

∴ =
−

⇒ =

i.e.    
∆

 (m-J)	 
f x a a x x
y y a h

a
y y
h

a
y
h

( ) ( )1 0 1 1 0

1 0 1

1
1 0

1
0

= + −
= +

∴ =
−

⇒ =

i.e.    
∆

 

f x a a x x
y y a h

a
y y
h

a
y
h

( ) ( )1 0 1 1 0

1 0 1

1
1 0

1
0

= + −
= +

∴ =
−

⇒ =

i.e.    
∆
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x = x2 våš,	(1) ⇒

 

f x a a x x a x x x x

y y
y
h

h a h h

( ) ( ) ( ) ( )

( ) ( ) (

2 0 1 2 0 2 2 0 2 1

2 0
0

22 2

= + − + − −

= + +
∆

))

( )

!

2 2
2

2

2

2
2 2 0 0

2 0 1 0

2 1 0
2

0

2

2
0

h a y y y
y y y y

y y y y

a
y
h

= − −
= − − −

= − + =

=

∆

∆

∆
22

 

 

f x a a x x a x x x x

y y
y

h
h a h h

( ) ( ) ( ) ( )

( ) ( ) (

2 0 1 2 0 2 2 0 2 1

2 0
0

22 2

= + − + − −

= + +
∆

))

( )

!

2 2

2

2

2

2
2 2 0 0

2 0 1 0

2 1 0
2

0

2

2
0

h a y y y

y y y y

y y y y

a\ y

h

= − −

= − − −

= − + =

=

∆

∆

∆
22

Ïnj	nghš,

 

a
y
h

a
y
h

a
y

n hn

n

n

3

3
0
3

4

4
0
4

0

3

4

=

= =

∆

∆ ∆

!
,

!
, ....,

!

 a0, a1, ......., an v‹gj‹	kÂ¥òfis	(1)	š	ÃuÂæl, 

 

f x y
y
h

x x
y
h

x x x x

y
n h

x x
n

n

( ) ( )
!

( ) ( ) ...

!
( )

= + − + − − +

+ −

0
0

0

2
0
2 0 1

0
0

2
∆ ∆

∆
(( )....( ) ......( )x x x xn− − −1 1 2

 u = x x
h
− 0  vd	vL¤J¡	bfh©lhš

 

x x hu
x x x x x x hu h h u
x x x x x x

− =
− = − − − = − = −
− = − − − =

0

1 0 1 0

2 0 2 0

1( ) ( ) ( )
( ) ( ) hhu h h u

x x h u
− = −

− = −
2 2

33

( )
( )

bghJthf,    x – xn–1 = h {u – (n –1)}

Mjyhš	(2)	I	Ã‹tUkhW	vGjyh«.

 

f x y
u

y
u u

y

u u u u n

n

( )
!

( )

!
.....

( ) ( )....( )

!

= + + − +

+ − − − −

0 0
2

01

1

2

1 2 1

∆ ∆

∆∆ny

u
x x

h

0

0       Ï§F  =
−

.
 

 ÏJnt	»çnfhç-ãô£lå‹	K‹neh¡F	N¤ÂukhF«.

vd¡	»il¡F«	
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vL¤J¡fh£L 5

x   : 0 1 2 3 4
y   : 176 185 194 202 212

 vd¡ bfhL¡f¥g£oU¡F« bghGJ, x = 0.2 våš y -‹ kÂ¥ig¡ fh©f.

Ô®Î :

 0.2 v‹gJ (x0, x1) v‹w	Kjš	Ïilbtëæš	cŸsJ.	(m-J) (0, 1)	¡F	Ïilæš	

cŸsJ.	 vdnt	 Ïil¢brUfY¡fhd	 »çnfhç-ãô£l‹	 K‹neh¡F	 N¤Âu¤ij¥	

ga‹gL¤Jnth«.	 IªJ	 kÂ¥òfŸ	 bfhL¡f¥g£oU¥gjhš	 Ïil¢brU¡fY¡fhd	

N¤Âu«,

 
y y u y u u y u u u y

u u u u

= + + − + − −

+ − − −

0 0
2

0
3

01
1

2
1 2
3

1 2 3
!

( )
!

( ) ( )
!

( ) ( ) (

∆ ∆ ∆

))
!4

4
0

0∆ y u
x x
h

 when =
−

 y y u y u u y u u u y

u u u u

= + + − + − −

+ − − −

0 0
2

0
3

01
1

2
1 2
3

1 2 3
!

( )
!

( ) ( )
!

( ) ( ) (

∆ ∆ ∆

))
!4

4
0

0∆ y u
x x
h

 when =
−

  

 Ï§F 

y y u y u u y u u u y

u u u u

= + + − + − −

+ − − −

0 0
2

0
3

01
1

2
1 2
3

1 2 3
!

( )
!

( ) ( )
!

( ) ( ) (

∆ ∆ ∆

))
!4

4
0

0∆ y u
x x
h

 when =
−

   h = 1, x0 = 0 k‰W« x = 0.2 MF«.

 
∴ = − =u 0 2 0

1
0 2. .

K‹neh¡F	ntWgh£L	m£ltiz	:

x y ∆y ∆2y ∆3y ∆4y
0

1

2

3

4

176

185

194

202

212

 
9

9

8

10

0

–1

2

-1

3
4

 

� = + +
−

+
− −

− +

y 176
0 2

9
0 2 0 2 1

2
0

0 2 0 2 1 0 2 2

3
1

.

!!
( )

. ( . )

!
( )

( . )( . )( . )

!
( )

(( . )( . )( . )( . )

!
( )

. . .

.

0 2 0 2 1 0 2 2 0 2 3

4
4

176 1 8 0 048 0 1344

177

− − −

= + − −

= 66176  

 x = 0.2 våš, y = 177.6176 MF«.
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vL¤J¡fh£L 6

 y75 = 2459, y80 = 2018, y85 = 1180 k‰W«

  y90 = 402 våš y82 I¡ fh©f.

Ô®Î :

 bfhL¡f¥g£l	étu§fis	Ã‹tUkhW	vGjyh«.

x   : 75 80 85 90
y   : 2459 2018 1180 402

 82	 v‹gJ	 (80,	 85)	 v‹w	 Ïilbtëæš	 cŸsJ.	 vdnt	 Ïil¢brUfY¡fhd	

»çnfhç-ãô£l‹	 K‹neh¡F	 N¤Âu¤ij¥	 ga‹gL¤Jnth«.	 eh‹F	 kÂ¥òfŸ	

bfhL¡f¥g£oU¥gjhš	Ïil¢brUfY¡fhd	N¤Âu«,

 
y y u y u u y u u u y

u
x x
h
h

= + + − + − −

=
−

=

0 0
2

0
3

0

0

1
1

2
1 2
3

5

!
( )

!
( )( )

!

,

∆ ∆ ∆

Here xx x

u

0 75 82
82 75

5
7
5

1 4

= =

∴ = − = = .

 Ï§F  

y y u y u u y u u u y

u
x x
h
h

= + + − + − −

=
−

=

0 0
2

0
3

0

0

1
1

2
1 2
3

5

!
( )

!
( )( )

!

,

∆ ∆ ∆

Here xx x

u

0 75 82
82 75

5
7
5

1 4

= =

∴ = − = = .
 

y y u y u u y u u u y

u
x x
h
h

= + + − + − −

=
−

=

0 0
2

0
3

0

0

1
1

2
1 2
3

5

!
( )

!
( )( )

!

,

∆ ∆ ∆

Here xx x

u

0 75 82
82 75

5
7
5

1 4

= =

∴ = − = = .

 

y y u y u u y u u u y

u
x x
h
h

= + + − + − −

=
−

=

0 0
2

0
3

0

0

1
1

2
1 2
3

5

!
( )

!
( )( )

!

,

∆ ∆ ∆

Here xx x

u

0 75 82
82 75

5
7
5

1 4

= =

∴ = − = = .
 

K‹neh¡F	ntWgh£L	m£ltiz	:

x y ∆ y ∆2y ∆3y
75

80

85

90

2459

2018

1180

402

 
– 441

– 838

– 778

– 397

60
457

 

∴ = + − + − − + − −y 2459 1 4
1

441 1 4 1 4 1
2

397 1 4 1 4 1 1 4 2
3

.
!

( ) . ( . )
!

( ) . ( . ) ( . )
!

(( )

. . .
.

457

2459 617 4 111 6 25 592
1704 408 82

= − − −
= =y xwhen   

 x = 82 våš, y = 1704.408

vL¤J¡fh£L 7

 bfhL¡f¥g£LŸs étu§fis¡ bfh©L e1.75 -‹ kÂ¥ig¡ fh©f.

x   : 1.7 1.8 1.9 2.0 2.1
ex   : 5.474 6.050 6.686 7.389 8.166
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Ô®Î :

 IªJ	kÂ¥òfŸ	bfhL¡f¥g£oU¥ghš,	Ïil¢	brU¡fY¡fhd	N¤Âu«.

 

y y u y u u y u u u y

u u u u

x = + + − + − −

+ − − −

0 0
2

0
3

01
1

2
1 2
3

1 2
!

( )
!

( ) ( )
!

( )( )(

∆ ∆ ∆

33
4

0 1 1 7 1 75
1 75 1

4
0

0

0

)
!

. , . .
. .

∆ y

u
x x
h

h x x

u

where  

Here   

=
−

= = =

∴ = − 77
0 1

0 05
0 1

0 5
.

.
.

.= =

 Ï§F 

y y u y u u y u u u y

u u u u

x = + + − + − −

+ − − −

0 0
2

0
3

01
1

2
1 2
3

1 2
!

( )
!

( ) ( )
!

( )( )(

∆ ∆ ∆

33
4

0 1 1 7 1 75
1 75 1

4
0

0

0

)
!

. , . .
. .

∆ y

u
x x
h

h x x

u

where  

Here   

=
−

= = =

∴ = − 77
0 1

0 05
0 1

0 5
.

.
.

.= =
 

y y u y u u y u u u y

u u u u

x = + + − + − −

+ − − −

0 0
2

0
3

01
1

2
1 2
3

1 2
!

( )
!

( ) ( )
!

( )( )(

∆ ∆ ∆

33
4

0 1 1 7 1 75
1 75 1

4
0

0

0

)
!

. , . .
. .

∆ y

u
x x
h

h x x

u

where  

Here   

=
−

= = =

∴ = − 77
0 1

0 05
0 1

0 5
.

.
.

.= =
 

y y u y u u y u u u y

u u u u

x = + + − + − −

+ − − −

0 0
2

0
3

01
1

2
1 2
3

1 2
!

( )
!

( ) ( )
!

( )( )(

∆ ∆ ∆

33
4

0 1 1 7 1 75
1 75 1

4
0

0

0

)
!

. , . .
. .

∆ y

u
x x
h

h x x

u

where  

Here   

=
−

= = =

∴ = − 77
0 1

0 05
0 1

0 5
.

.
.

.= =
 

K‹neh¡F	ntWgh£L	m£ltiz	:

x y ∆y ∆2y ∆3y ∆4y
1.7

1.8

1.9

2.0

2.1

5.474

6.050

6.686

7.389

8.156

 
0.576

0.636

0.703

0.777

0.060

0.067

0.074

0.007

0.007
0

 

∴ = + + − + − −y 5 474 0 5
1

0 576 0 5 0 5 1
2

0 06 0 5 0 5 1 0 5 2. .
!

( . ) . ( . )
!

( . ) . ( . )( . )
33

0 007

5 474 0 288 0 0075 0 0004375
5 7549375

!
( . )

. . . .

.
= + − +

∴ = =y xwhen 11 75.
 x = 1.75 våš, y = 5.7549375

vL¤J¡fh£L 8

 bfhL¡f¥g£LŸs étu§fis¡ bfh©L 80 br.Û èUªJ 90 br.Û tiu 

cauKŸs khzt®fë‹ v©â¡ifæid¡ fh©f.

cau« (br.Û)    x    : 40-60 60-80 80-100 100-120 120-140
khzt®fë‹ y   : 
v©â¡if 

250 120 100 70 50

Ô®Î :

 K‹neh¡F	ntWgh£L	m£ltiz

x y ∆y ∆2y ∆3y ∆4y

(	'¡F	Ñœ	cŸnsh®)



210

60

80

100

120

140

250

370

470

540

590

 
120

100

70

50

– 20

– 30

– 20

– 10

10
20

 90	 br.Û.¡F¡	 Fiwthd	 cau«	 cila	 khzt®fë‹	 v©â¡ifia¡	

fh©ngh«.

Ï§F  Here       x u
x x
h

y

= =
−

= − =

= + +

90 90 60
20

1 5

90 250 1 5 120 1

0 .

( ) ( . )( ) ( .55 1 5 1
2

20 1 5 1 5 1 1 5 2
3

10

1 5 1 5 1

)( . )
!

( ) ( . )( . )( . )
!

( )

( . )( . )(

− − + − − −

+ − 11 5 2 1 5 3
4

250 180 7 5 0 625 0 46875
423 59 424

. )( . )
!

. . .
.

− −

= + − + +
= 

80	br.Û.	èUªJ	90	br.Û.	tiu	cauKŸs	khzt®fë‹	

v©â¡if			 	  y(90) – y(80)

     ⇒    424 – 370 = 54.

vL¤J¡fh£L 9

 bfhL¡f¥g£LŸs étu§fis¡ bfh©L %.30 èUªJ %.35 tiu Tè 

bgWgt®fë‹ v©â¡ifia¡ fh©f.

Tè      x    : 20-30 30-40 40-50 50-60
eg®fë‹      y    :

   v©â¡if

9 30 35 42

Ô®Î :

 K‹neh¡F	ntWgh£L	m£ltiz

x

(	'¡F	Fiwthf)

     y ∆y ∆2y ∆3y

30

40

50

60

9

39

74

116

 
30

35

42

5

7
2

 %.35¡F«	Fiwthf	Tè	bgWgt®fë‹	v©â¡ifia¡	fh©ngh«.

(20)
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 Ï§F   For    x u
x x
h

= =
−

= − =35 35 30
10

0 50, .

»çnfhç-ãô£lå‹	K‹neh¡F	N¤Âu¤Â‹	go,

 

y( ) ( . ) ( ) ( . )( . )
!

( ) ( . )( . )( . )
!

35 9 0 5
1

30 0 5 0 5 1
2

5 0 5 0 5 1 0 5 2
3

= + + − + − − (( )

. .

2

9 15 0 6 0 1
24

= + − +
= (approximately)

           = 24 (njhuhakhf)

 %.30 èUªJ	%.35 tiu	Tè	bgWgt®fë‹	v©â¡if y(35) – y(30)    

⇒  24 – 9 = 15.

7.1.5  »çnfhç-ãô£lå‹ Ã‹neh¡F N¤Âu¤ij¤ jUé¡F« Kiw

F¿¥ò :

 N¤Âu¤ij jUé¡F« Kiw f‰wš Âwid nk«gL¤Jtj‰fhf 

bfhL¡f¥g£LŸsJ. jUé¡F« Kiw nj®éš nf£f¥glkh£lhJ.

 y = f (x) v‹gJ	 n M«	go	 gšYW¥ò¡nfhit	v‹f.	 x MdJ	 x0, x1, x2, ...... xn 

v‹»‹w	 rk	 	 ÏilbtëæY«,	 VW	tçiræY«	cŸs	 kÂ¥òfis¥	 bgW«	 bghGJ	 y 

MdJ		Kiwna	f (x0), f (x1), f (x2), ... f (xn) M»a	(n + 1) kÂ¥òfis	mil»‹wJ.

 x1 – x0 = x2 – x1 = x3 – x2 = ..... xn – xn-1 = h v‹f	(h xU	äif	v©)

 Ï§F f(x) v‹gij	Ã‹tUkhW	vGjyh«.

 

f x a a x x a x x x x
a x x x x

n n n

n n n

( ) ( ) ( )( ) ......
( ) ( ).

= + − + − − +
+ − −

−

−

0 1 2 1

1 ...( ) .......( )x x− 1 1  

 x = xn våš,   (1) ⇒  f(xn) = a0  mšyJ	 a0 = yn

 x = xn-1 våš,   (1) ⇒   f x a a x x
y y a h

a
y y

n n n

n n

n n

( ) ( )
( )

− −

−

−

= + −
= +

=
−

1 0 1 1

1 1

1

or     

or     11
1h
a

y
h
n=

∇ mšyJ	y y a -hn n ( )− = +1 1    mšyJ	
∆

a
y yn n−

=
−

1   11
1h
a

y

h
n=Þ

 x = xn-2 våš,   (1) ⇒

 

f x a a x x a x x x x

y y
y
h

n n n n n n n

n n
n

( ) ( ) ( ) ( )

(

− − − − −

−

= + − + − −

= +
∇

2 0 1 2 2 2 2 1

2 −− + − −

= − + ∇
= − + −

=

−

− −

2 2

2 2
2

2

2
2 2

2 1

h a h h

h a y y y
y y y y

y

n n n

n n n n

) ( ) ( )

( )
( )

nn n n n

n

y y y

a
y
h

− −− + = ∇

∴ =
∇

2 1
2

2

2

2

2

2!
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f x a a x x a x x x x

y y
y
h

n n n n n n n

n n
n

( ) ( ) ( ) ( )

(

− − − − −

−

= + − + − −

= +
∇

2 0 1 2 2 2 2 1

2 −− + − −

= − + ∇
= − + −

=

−

− −

2 2

2 2
2

2

2
2 2

2 1

h a h h

h a y y y
y y y y

y

n n n

n n n n

) ( ) ( )

( )
( )

nn n n n

n

y y y

a
y
h

− −− + = ∇

∴ =
∇

2 1
2

2

2

2

2

2!

Ïnj	ngh‹W	Ã‹tUtdt‰iw	eh«	bgwyh«.

 

a
y
h

a
y
h

a
y
n

f x y
y
h

x x

n n
n

n
n

n
n

n

3

3

3 4

4

43 4
=

∇
=

∇
=

∇

∴ = +
∇

− +
∇

!
,

!
.....

!

( ) ( )
22

2 1

1 1

2
y
h

x x x x

y
n

x x x x x x

n
n n

n
n

n n

!
( ) ( ) ......

!
( )( )...(

− − +

+
∇

− − −

−

− )) .....( )2

nkY«,		u = 
x x
h
n−

 våš,

 

x x hu

x x x x x x hu h h u

x x x x x

n

n n n n

n n n

− =

− = − − = + = +

− = − −

− −

−

1 1

2

1( )( ) ( )

( )( x hu h h u

x x h u

n

n

−

−

= + = +

− = +
2

3

2 2

3

) ( )

( )  

bghJthf

 x – xn-k = h(u + k)

Mjyhš	(2)	I	Ã‹tUkhW	vGjyh«.

 

f x y u y u u y

u u u n
n

n n n( )
!

( )
!

.......

( )....{ ( )}
!

= + ∇ + + ∇ +

+ + + − ∇

1
1

2
1 1

2

nn
n

ny u
x x
h

 where =
−

 ÏJnt	»çnfhç-ãô£lå‹	Ã‹neh¡F	N¤ÂukhF«.

vL¤J¡fh£L 10

 xU efu¤Â‹ k¡fŸ bjhif étu« ÑnH bfhL¡f¥g£LŸsJ.

M©L               x   : 1961 1971 1981 1991 2001
k¡fŸ bjhif   y   :
(Mæu§fëš)

46 66 81 93 101

 »çnfhç-ãô£l‹ N¤Âu¤ij¥ ga‹gL¤Â 1995 M« M©o‹ k¡fŸ  

bjhifia¡ fh©f.
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Ô®Î :

 1995	 v‹gJ	 filÁ	 Ïilbtë	 (1991,	 2001)š	 cŸsJ.	 vdnt	 »çnfhç-

ãô£lå‹	 Ã‹neh¡F¢	 N¤Âu¤ij¥	 ga‹gL¤Jnth«.	 IªJ	 kÂ¥òfŸ	

bfhL¡f¥g£oU¥gjhš	Ïil¢	brUfY¡fhd	N¤Âu«,

 
y y u y u u y u u u y

u u u u

= + ∇ + + ∇ + + + ∇

+ + + +

4 4
2

4
3

41
1

2
1 2
3

1 2 3
!

( )
!

( )( )
!

( )( )( ))
!

,
4

10 2001 1995
1995 2001

1

4
4

4

4

∇ =
−

= = =

∴ = −

y u x x
h

h x x

u

 where 

Here 

00
0 6= − .

y y u y u u y u u u y

u u u u

= + ∇ + + ∇ + + + ∇

+ + + +

4 4
2

4
3

41
1

2
1 2
3

1 2 3
!

( )
!

( )( )
!

( )( )( ))
!

,
4

10 2001 1995
1995 2001

1

4
4

4

4

∇ =
−

= = =

∴ = −

y u x x
h

h x x

u

 where 

Here 

00
0 6= − .

     Ï§F  

y y u y u u y u u u y

u u u u

= + ∇ + + ∇ + + + ∇

+ + + +

4 4
2

4
3

41
1

2
1 2
3

1 2 3
!

( )
!

( )( )
!

( )( )( ))
!

,
4

10 2001 1995
1995 2001

1

4
4

4

4

∇ =
−

= = =

∴ = −

y u x x
h

h x x

u

 where 

Here 

00
0 6= − .  ∴ 

y y u y u u y u u u y

u u u u

= + ∇ + + ∇ + + + ∇

+ + + +

4 4
2

4
3

41
1

2
1 2
3

1 2 3
!

( )
!

( )( )
!

( )( )( ))
!

,
4

10 2001 1995
1995 2001

1

4
4

4

4

∇ =
−

= = =

∴ = −

y u x x
h

h x x

u

 where 

Here 

00
0 6= − .

Ã‹neh¡F	ntWgh£L	m£ltiz	:

x   y     ∇y ∇2y     ∇3y ∇4y
1961

1971

1981

1991

2001

46

66

81

93

101

 
20

15

12

8

– 5

– 3

– 4

2

– 1
– 3

∴ = + − + − − + − + − − + −y 101 0 6
1

8 0 6 0 6 1
2

4 0 6 0 6 1 0( . )
!

( ) ( . )( . )
!

( ) ( . )( . )( .66 2
3

1

0 6 0 6 1 0 6 2 0 6 3
4

3

101 4 8 0

+ − +

− − + − + − + −

= − +

)
!

( )

( . )( . )( . )( . )
!

( )

. .. . . .48 0 056 0 1008 96 8368+ + ∴ =y

∴  1995	M«	M©o‹	k¡fŸ	bjhif	96.837	Mæu§fŸ.

vL¤J¡fh£L 11

 Ã‹tU« étu§fis¡ bfh©L 58 taÂš KÂ®¢Áail¡ Toa fh¥ÕL (policy) 
x‹¿‹ fh¥Õ£L¤ bjhifia¡ (premium) fh©f.

taJ            x    : 40 45 50 55 60
fh¥Õ£L¤    y    :
bjhif

114.84 96.16 83.32 74.48 68.48
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Ô®Î :

 IªJ	kÂ¥òfŸ	bfhL¡f¥g£oU¥gjhš		Ïil¢	brUfY¡fhd	N¤Âu«,

 
y y u y u u u u y

u

= + ∇ + + + + + ∇

= − = −

4 4
4

41
1 2 3

4
58 60

5

!
..... ( )( )( )

!

where   00 4. Ï§F  

y y u y u u u u y

u

= + ∇ + + + + + ∇

= − = −

4 4
4

41
1 2 3

4
58 60

5

!
..... ( )( )( )

!

where   00 4.

Ã‹neh¡F	ntWgh£L	m£ltiz	:

x   y     ∇y ∇2y     ∇3y ∇4y

40

45

50

55

60

114.84

96.16

83.32

74.48

68.48

 
– 18.68

– 12.84

– 8.84

– 6.00

5.84

4.00

2.84

– 1.84

– 1.16
0.68

� = +
−

− +
−

+
−

y 68 48
0 4

1
6

0 4 0 6

2
2 84

0 4 0 6 1 6

6
.

( . )

!
( )

( . )( . )
( . )

( . )( . )( . )
(( . )

( . )( . )( . )( . )
( . )

. . . .

−

+ −

= + − +

1 16

0 4 0 6 1 6 2 6

24
0 68

68 48 2 4 0 3408 0 007424 0 028288

70 5851052 70 59

−

� =
.

. .y ymšyJ

∴ 58	taÂš	KÂ®¢Áaila¡	Toa	fh¥ÕL	x‹¿‹	fh¥Õ£L¤	bjhif	70.59

vL¤J¡fh£L 12

 bfhL¡f¥g£LŸs étu§fis¡ bfh©L x = 4.5 ¡F y -‹ kÂ¥ig¡ fh©f.

x   : 1 2 3 4 5
y   : 1 8 27 64 125

Ô®Î :

 IªJ	kÂ¥òfŸ	bfhL¡f¥g£oU¥jhš	Ïil¢	brUfY¡fhd	N¤Âu«,

Ï§F  

y y
u

y
u u u u

y

u
x x

= + + + + + + ÑÑ

= −

4 4
4

41

1 2 3

4!
.......

( )( )( )

!

Ï§F      44

4 5 5

1
0 5

h

u = − =−.
.
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Ã‹neh¡F	ntWgh£L	m£ltiz	:

x   y ∇y ∇2y     ∇3y ∇4y

1

2

3

4

5

1

8

27

64

125

 
7

19

37

61

12

18

24

6

6
0

 
∴ = + − + − + −

∴ =

y

y

125 0 5
1

61 0 5 0 5
2

24 0 5 0 5 1 5
6

91

( . ) ( ) ( . )( . ) ( ) ( . )( . )( . )

.. .125 4 5when  x =
  

 x = 4.5 våš, y = 91.125

7.1.6  Ïy¡uhŠÁæ‹ N¤Âu«

 y = f (x) v‹gJ	n M«	go	 gšYW¥ò¡nfhit	v‹f. x MdJ	 x0, x1, x2, ......, xn 

v‹»‹w	VW	tçiræš	cŸs	kÂ¥òfis¥	bgW«	bghGJ	y Kiwna f (x0), f (x1), f (x2) 

....,  f (xn) M»a	 (n + 1) kÂ¥òfis	mil»‹wJ.	 (x v‹gJ	rk	Ïilbtëæš	ÏU¡f	

nt©oa	mtÁaäšiy).

 Ï§F f (x0) = y0, f (x1) = y1, ...., f (xn) = yn.

Ïy¡uhŠÁæ‹	N¤Âu«

 

f x y
x x x x x x
x x x x x x

y
x x

n

n
( )

( )( ) ( )
( )( ) ( )

( )(

=
− − −
− − −

+
−

0
1 2

0 1 0 2 0

1
0





xx x x x
x x x x x x

y
x x x x x x

n

n

n
n

− −
− − −

+ +
− − −

2

1 0 1 2 1

0 1

) ( )
( )( ) ( )

( )( ) (







 −−

−− − −
1

0 1 1

)
( )( ) ( )x x x x x xn n n n  

vL¤J¡fh£L 13

 Ã‹tU« m£ltizæš x = 42 Mf ÏU¡F« bghGJ y-‹ kÂ¥ig 

Ïy¡uhŠÁæ‹ N¤Âu¤ij¥ ga‹gL¤Â¡ fh©f.

x   : 40 50 60 70

y   : 31 73 124 159

(6)
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Ô®Î :

 bfhL¡f¥g£l	étu§fëèUªJ,

  x0 = 40, x1 = 50, x2 = 60,   x3 = 70 k‰W« x = 42 

  y0 = 31, y1 = 73, y2 = 124, y3 = 159

Ïy¡uhŠÁæ‹	N¤Âu¤ij¥	ga‹gL¤j	ek¡F¡	»il¥gJ,

 

y y
x x x x x x
x x x x x x

y
x x x x

=
− − −
− − −

+
− −

0
1 2 3

0 1 0 2 0 3

1
0 2

( )( )( )
( )( )( )

( )( )(( )
( )( )( )

( )( )( )
( )(

x x
x x x x x x

y
x x x x x x
x x x

−
− − −

+
− − −
−

3

1 0 1 2 1 3

2
0 1 3

2 0 22 1 2 3

3
0 1 2

3 0 3 1 3 2

− −

+
− − −
− − −

x x x

y
x x x x x x
x x x x x x

)( )
( )( )( )

( )( )( )  

 

y( ) ( )( )( )
( )( )( )

( )( )( )
( )(

42 31 8 18 28
10 20 30

73 2 18 28
10

= − − −
− − −

+ − −
−− −

+ − −
−

+ − −
10 20

124 2 8 28
20 10 10

159 2 8 18
30

)( )
( )( )( )
( )( )( )

( )( )( )
( ))( )( )

. . . .

.

20 10
20 832 36 792 27 776 7 632
37 48

= + − +
=y

vL¤J¡fh£L 14

 Ã‹tU« m£ltizia¡ bfh©L Ïy¡uhŠÁæ‹ N¤Âu¤ij¥ ga‹gL¤Â x 
= 4 Mf ÏU¡F« bghGJ y -‹ kÂ¥ig¡ fh©f.

x   : 0 3 5 6 8
y   : 276 460 414 343 110

Ô®Î :

 x0 = 0, x1 = 3, x2 = 5,   x3 = 6, x4 = 8 k‰W« x = 4

 y0 = 276, y1 = 460, y2 = 414, y3 = 343, y4 = 110 vd bfhL¡f¥g£LŸsJ

Ïy¡uhŠÁæ‹	N¤Âu¤ij¥	ga‹gL¤Â	ek¡F¡	»il¥gJ,

y y
x x x x x x x x

x x x x x x x x

y

= − − − −

− − − −

+

0
1 2 3 4

0 1 0 2 0 3 0 4

( )( )( )( )

( )( )( )( )

11
0 2 3 4

1 0 1 2 1 3 1 4

2

( )( )( )( )

( )( )( )( )

(

x x x x x x x x

x x x x x x x x

y

− − − −

− − − −

+
x x x x x x x x

x x x x x x x x

y
x

− − − −

− − − −

+
−

0 1 3 4

2 0 2 1 2 3 2 4

3

)( )( )( )

( )( )( )( )

( x x x x x x x

x x x x x x x x

y
x x

0 1 2 4

3 0 3 1 3 2 3 4

4
0

)( )( )( )

( )( )( )( )

(

− − −

− − − −

+
− ))( )( )( )

( )( )( )( )

x x x x x x

x x x x x x x x

− − −

− − − −
1 2 3

4 0 4 1 4 2 4 3
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y y
x x x x x x x x

x x x x x x x x

y

= − − − −

− − − −

+

0
1 2 3 4

0 1 0 2 0 3 0 4

( )( )( )( )

( )( )( )( )

11
0 2 3 4

1 0 1 2 1 3 1 4

2

( )( )( )( )

( )( )( )( )

(

x x x x x x x x

x x x x x x x x

y

− − − −

− − − −

+
x x x x x x x x

x x x x x x x x

y
x

− − − −

− − − −

+
−

0 1 3 4

2 0 2 1 2 3 2 4

3

)( )( )( )

( )( )( )( )

( x x x x x x x

x x x x x x x x

y
x x

0 1 2 4

3 0 3 1 3 2 3 4

4
0

)( )( )( )

( )( )( )( )

(

− − −

− − − −

+
− ))( )( )( )

( )( )( )( )

x x x x x x

x x x x x x x x

− − −

− − − −
1 2 3

4 0 4 1 4 2 4 3  

 

= − − −

− −
+ − − −

−
276

1 1 2 4

-5-3 6 8
460

4 1 2 4

3 2

( )( )( )( )

( )( )( )( )

( )( )( )( )

( )( ))( )( )

( )( )( )( )

( )( )( )( )

( )( )( )(

− −
+ − −

− −

+ − −

3 5
414

4 1 2 4

5 2 1 3

343
4 1 1 44

6 3 1 2
110

4 1 1 2

8 5 3 2

3 066 163

)

( )( )( )( )

( )( )( )( )

( )( )( )( )

. .

−
+ − −

= − + 555 441 6 152 44 3 666

453 311

+ − +
=

. . .

.y  

vL¤J¡fh£L 15

 Ã‹tU« m£ltizia¡ bfh©L Ïy¡uhŠÁæ‹ N¤Âu¤ij¥ ga‹gL¤Â  

y(11) ‹ kÂ¥ig¡ fh©f.

x   : 6 7 10 12
y   : 13 14 15 17

Ô®Î :

  x0 = 6,   x1 = 7,   x2 = 10,   x3 = 12 k‰W« x = 11

  y0 = 13, y1 = 14, y2 = 15,   y3 = 17 vd	bfhL¡f¥g£LŸsJ

Ïy¡uhŠÁæ‹	N¤Âu¤ij¥	ga‹gL¤j	ek¡F¡	»il¥gJ

 

= −
− − −

+ −
− −

+13 4 1 1
1 4 6

14 5 1 1
1 3 5

15 5 4( )( )( )
( )( )( )

( )( )( )
( )( )( )

( )( )(( )
( )( )( )

( )( )( )
( )( )( )

. . . .

−
−

+

= − + +

1
4 3 2

17 5 4 1
6 5 2

2 1666 4 6666 12 5 5 66666
15 6666y = .

gæ‰Á 7.1

1) ÑnH	bfhL¡f¥g£LŸs	étu§fis¡	bfh©L x = 42 Mf	ÏU¡F«	nghJ	y -‹	

kÂ¥ig	tiugl¤Â‹	_y«	fh©f.

x   : 20 30 40 50

y   : 51 43 34 24
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2) xU	efu¤Â‹	k¡fŸ	bjhif	ÑnH	bfhL¡f¥g£LŸsJ.

M©L x   : 1940 1950 1960 1970 1980 1990
k¡fŸbjhif	

(Ïy£r§fëš)

y   : 20 24 29 36 46 50

	 1976«	M©o‹	k¡fŸ	bjhifia	tiugl¤Â‹	_y«	fh©f.

3) bfhL¡f¥g£LŸs	étu§fis¡	bfh©L f (3) I¡	fh©f.

x   : 1 2 3 4 5
f(x)   : 2 5 - 14 32

4) bfhL¡f¥g£LŸs	étu§fis¡	bfh©L	éLg£l	v©iz¡	fh©f.

x   : 0 5 10 15 20 25
y   : 7 11 14 - 24 32

5) bfhL¡f¥g£LŸs	 étu§fis¡	 bfh©L	 2000	 M«	 M©o‹	 V‰WkÂia	

kÂ¥ÃLf.

M©L x   : 1999 2000 2001 2002 2003
V‰WkÂ	

(l‹fëš)

y   : 443 - 369 397 467

6) bfhL¡f¥g£LŸs	étu§fis¡	bfh©L x = 145 Mf	ÏU¡F«	bghGJ	y -‹	

kÂ¥ig	»çnfhç-ãô£l‹	N¤Âu¤ij¥	ga‹gL¤Â¡	fh©f.

x   : 140 150 160 170 180
y   : 46 66 81 93 101

7) bfhL¡f¥g£LŸs	étu§fis¡	bfh©L y(8) -‹	kÂ¥ig	»çnfhç-ãô£l‹	

N¤Âu¤ij¥	gad¥L¤Â¡	fh©f.

x   : 0 5 10 15 20 25
y   : 7 11 14 18 24 32

8) 1975	 M«	 M©o‹	 k¡fŸ	 bjhifia	 »çnfhç-ãô£l‹	 N¤Âu¤ij¥	

ga‹gL¤Â	fz¡»Lf.

tUl« 1961 1971 1981 1991 2001

k¡fŸbjhif 98572 132285 168076 198690 246050

9) bfhL¡f¥g£LŸs	étu§fis¡	bfh©L	é£l«	96	myFfŸ	cŸs	t£l¤Â‹	

gu¥ig	»çnfhç-ãô£l‹	N¤Âu¤ij¥	ga‹gL¤Â¡	fh©f.

é£l« x   : 80 85 90 95 100

gu¥ò y   : 5026 5674 6362 7088 7854

10) »çnfhç-ãô£l‹	N¤Âu¤ij¥	ga‹gL¤Â x = 85 Mf	ÏU¡F«	bghGJ y -‹	

kÂ¥ig¡	fh©f.

x   : 50 60 70 80 90 100
y   : 184 204 226 250 276 304
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11) »çnfhç-ãô£l‹	N¤Âu¤ij¥	ga‹gL¤Â y (22.4) -‹	kÂ¥ig¡	fh©f.

x   : 19 20 21 22 23
y   : 91 100 110 120 131

12) bfhL¡f¥g£LŸs	 étu§fis¡	 bfh©L	 Ïy¡uhŠÁæ‹	 N¤Âu¤ij¥	

ga‹gL¤Â y(25) -‹	kÂ¥ig¡	fh©f.

x   : 20 30 40 50
y   : 512 439 346 243

13) f(0) = 5, f(1) = 6, f(3) = 50, f(4) = 105, våš	 Ïy¡uhŠÁæ‹	 N¤Âu¤ij¥	

ga‹gL¤Â f(2) -‹	kÂ¥ig¡	fh©f.

14) bfhL¡f¥g£LŸs	 étu§fis¡	 bfh©L,	 Ïy¡uhŠÁæ‹	 N¤Âu¤ij¥	

ga‹gL¤Â x = 5 våš,	y	-‹	kÂ¥ig¡	fh©f.

x   : 1 2 3 4 7
y   : 2 4 8 16 128

7.2  ne®¡nfhL bghU¤Jjš

 bghJthf	 gy	 Jiwfëš	 Ïu©L	 (mšyJ	 mj‰F	 nk‰g£l)	 kh¿fS¡F	

Ïilna	cŸs	bjhl®òfŸ	F¿¤J	Muha	nt©oa	mtÁa«	cŸsJ.

	 cjhuzkhf	xU	FHªijæ‹	vilahdJ	mj‹	taJl‹	bjhl®òilaJ.	xU	

bghUë‹	 éiyahdJ	 m¥bghUë‹	 njitnahL	 bjhl®òilaJ.	 xU	 thfd¤Â‹	

guhkç¥ò¢	brythdJ	mJ	ga‹gL¤j¥g£l	fhy¤njhL	bjhl®òilaJ.

7.2.1  Ájwš tiugl« (Scatter diagram)

 ÏU	kh¿fŸ x k‰W« y v‹gd	xU	Mâ‹	taJ	

k‰W«	 vilia¡	 F¿¡»‹wJ	 vd	 vL¤J¡	 bfh©lhš, 
x1, x2, x3, . . . xn v‹gd	 n M©fë‹	 taijÍ« y1, 
y2, y3, ... yn v‹gd	 Kiwna	 mt®fë‹	 viliaÍ«	

F¿¡»‹wd	 v‹ngh«. (x1, y1), (x2, y2), (x3, y3) ..... (xn, 
yn) v‹w	 òŸëfis	 xU	 br›tfy	 Ma¤bjhiyfëš	

F¿æLnth«.	 Ï›thW	 F¿æLtjhš	 tiugl¤Âš	

»il¡F«	 òŸëfë‹	 fz¤ij	 Ájwš tiugl« 

v‹ngh«.

 Ájwš	 tiugl«	 _y«	 bfhL¡f¥g£l	 kÂ¥òfS¡fhd	 òŸëfis	 mQ»	

tUkhW	 xU	 Óuhd	 tistiu	 ÏU¡f¡TL«	 v‹gij	 eh«	 fhzyh«.	 Ï¤jifa	

tistiuia	 mQ» tU»‹w tistiu	 v‹ngh«.	 nkny	 cŸs	 gl«	 7.1	 š	

bfhL¡f¥g£l	 kÂ¥òfŸ	 xU	 ne®¡nfh£il	 mQ»	 tU»‹wd	 v‹gijÍ«	 k‰W«	

Ïu©L	kh¿fS¡»ilna	xU		neçaš	bjhl®ò	ÏU¥gijÍ«	czuyh«.

y

x
gl« 7.1
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7.2.2  Û¢ÁW t®¡f¡ bfhŸif  (Principle of least squares)

 bghJthf	 bfhL¡f¥g£l	 kÂ¥òfS¡F	 x‹W¡F«	 nk‰g£l	 tistiufŸ	

bghUªJtJ	 nghš	 njh‹W«.	 vdnt	 ne®¡nfhLfŸ	 tiuÍ«	 bghGJ	 äf¢	 Áwªj	

bghU¤jkhd	 xU	 neh®¡nfh£o‰Fça	 tiuaiwia¡	 ftd¤Âš	 bfhŸtJ	

mtÁakhF«.

 kÂ¥òfŸ (x1, y1), (x2, y2), (x3, y3) ..... (xn, yn) v‹gdt‰iw	òŸëfshf	vL¤J¡	

bfhŸnth«.	bfhL¡f¥g£l x = x1 v‹w	kÂ¥Ã‰F	V‰w y 
-‹	 kÂ¥Ã‰F«	 tistiu C -‹	_y«	»il¡f¡	Toa	

mnj y-‹	 kÂ¥Ã‰F«	 é¤Âahr«	 ÏU¡f¡	 TL«.	 (gl«	

7.2)

 Ïªj	é¤Âahr¤ij d1 v‹f.	d1 I	éy¡f«	mšyJ	

ÃiH	 vd¡	 Twyh«.	 Ï§F d1 v‹gJ	 äif	 v©,	 Fiw	

v©	mšyJ	ó¢Áakhf	ÏU¡fyh«.	mnj	 ngh‹W	 x2, x3, 
... xn -fS¡fhd	éy¡f§fŸ	Kiwna d2, d3, ... dn vd¡	

»il¡F«.

 bfhL¡f¥g£l	 kÂ¥òfS¡F	 V‰w	 äf¢	 Áwªj	 bghU¤jkhd	 tistiuæ‹	

msit d1
2, d2

2, ... dn
2 -fëèUªJ	bgwyh«.

 bfhL¡f¥g£l	 kÂ¥òfis	 mQ»	 tU»‹w	 mid¤J	 tistiufëY« 
d1

2 + d2
2 + d3

2 + ... + dn
2 MdJ	v›tistiu¡F	 Û¢ÁW	 kÂ¥ig¡	 bfh©LŸsnjh	

m›tistiuna	 äf¢	 Áwªj	 bghU¤jkhd	 tistiu	 v‹ngh«.	 m›thW	 mQ»	

tU»‹w	tistiuahdJ	 ne®¡nfhlhf	ÏU¥Ã‹	mjid	äf¢	Áwªj	bghU¤jkhd	

ne®¡nfhL	(line of best fit)	v‹ngh«.

7.2.3  Û¢ÁW t®¡f¡ bfhŸif _y« Ïašãiy¢ rk‹ghLfis¤ jUé¤jš

 bfhL¡f¥g£l	 (x1, y1), (x2, y2), ... (xn, yn) v‹w	 n òŸëfS¡F	 bghUªJ«	

ne®¡nfh£o‹	rk‹ghL

  y = ax + b    ------------(1)

 a k‰W« b -fë‹	 bt›ntW	 kÂ¥òfS¡F	 (1)	 MdJ	 ne®¡nfh£L¡	 FL«g«	

x‹iw¡	F¿¡F«.	 (1)-‰F	ÁwªjjhfÎ«	bghU¤jkhdjhfÎ«	cŸs a k‰W« b fë‹	

kÂ¥òfis	 eh«	 fhz	 nt©L«.	 Ï«kÂ¥òfis¡	 fhz	

Û¢ÁW	t®¡f¡	bfhŸifæid¥	ga‹gL¤J»‹nwh«.

 Pi (xi, yi) v‹gJ	 Ájwš	 tiugl¤Âš	 (gl«	

7.3)	 bghJthd	 xU	 òŸë	 v‹f.	 PiM I x-m¢R¡F	

br§F¤jhfÎ«,	 y = ax + b I Hi š	bt£LkhW«	tiuf. Hi 
‹ x m¢R¤	bjhiyÎ	xi k‰W« y -m¢R¤	bjhiyÎ	axi + b 
MF«.

 PiHi = PiM – HiM

 = yi - (axi + b) v‹gJ yi -‹	éy¡f«	MF«.

x

y
(x2, y2)

(x1 , 

, 

y1)

(xn yn)

dnd2

d1

C

gl« 7.2

y

xMO

Pi(xi, yi)

Hi(xi , axi +b)

gl« 7.3
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 Û¢ÁW	t®¡f¡	bfhŸifæ‹	go a k‰W« b fë‹	kÂ¥òfis¡	fhz	nt©L«.	

vdnt,

 E P H= = − +
= =
∑ ∑i i
i

n

i i
i

n
y ax b2

1

2

1
[ ( )] v‹gJ	ÁWk	kÂ¥ig¥	bgw	nt©L«.

 bgWk	 mšyJ	 ÁWk	 kÂ¥Ã‰fhd	 ãgªjidfë‹	 go	 a k‰W« b Ït‰iw¥	

bghW¤J E -‹	gFÂ	tif¡bfG¡fŸ	jå¤jåna	ó¢ÁakhF«.

 
∴ ∂

∂
= ⇒ − − + =

=
∑E

b
x y ax bi i i

i

n
0 2 0

1
[ ( )]

 
a x b x x yi
i

n

i
i

n

i i
i

n
2

1 1 1
2

== == ==
ÂÂ ÂÂ ÂÂ++ == ...( )

 
∴ ∂

∂
= ⇒ − − + =

=
∑E

b
y ax bi i

i

n
0 2 0

1
[ ( )]

 i.e., ∑yi – a∑xi – nb = 0

 
fifi ++ ==

== ==
ÂÂ ÂÂa x nb yi
i

n

i
i

n

1 1
3...( )

 

 rk‹ghLfŸ	 (2) k‰W« (3) M»ait	 Ïašãiy¢	 rk‹ghLfŸ	 vd¥gL«.	

Ïašãiy¢	rk‹ghLfis¤	Ô®¥gj‹	_y« a k‰W« b fë‹	kÂ¥òfis¡	fhzyh«.

F¿¥ò

 y = a + bx v‹w	 toéš	 cŸs	 rk‹ghL	 äf¥	 bghU¤jkhd	 ne®nfhlhf	

miktj‰fhd	Ïašãiy¢	rk‹ghLfŸ

  na + b∑xi = ∑yi

  a∑xi + b∑xi
2 = ∑xiyi

vL¤J¡fh£L 16

 ∑x = 10, ∑y = 19, ∑x2 = 30, ∑xy = 53 k‰W« n = 5 v‹gdt‰W¡F xU 

ne®¡nfh£il¥ bghU¤Jf.

Ô®Î :

 äf¥	bghU¤jkhd	ne®¡nfhL y = ax + b v‹f.

 ∑y = a∑x + nb

 ∑xy = a∑x2 + b∑x

⇒ 10a + 5b = 19   ... (1)

 30a + 10b = 53  ... (2)
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(1) k‰W« (2) fis¤	Ô®¥gj‹	thæyhf a = 1.5 k‰W« b = 0.8  vd¥	bgwyh«.	

∴	 vdnt	äf¥	bghU¤jkhd	ne®¡nfh£o‹	rk‹ghL

 y = 1.5x + 0.8

vL¤J¡fh£L 17

 ∑x = 10, ∑y = 16.9, ∑x2 = 30, ∑xy = 47.4 k‰W« n = 7 v‹gdt‰W¡F j¡fgo 

tiua¥g£l äf¥ bghU¤jkhd nfh£oš x - m¢Á‹ bt£L¤ J©il¡ fh©f.

Ô®Î :

 äf¥	bghU¤jkhd	ne®nfhL y = ax + b v‹f.

	 Ïašãiy¢	rk‹ghLfŸ

 ∑y = a∑x + nb

 ∑xy = a∑x2 + b∑x

⇒ 10a + 7b = 16.9   ... (1)

 30a + 10b = 47.4   ... (2)

(1)	k‰W«	(2)fis¤	Ô®¥gj‹	_y«,

 a = 1.48 k‰W« b = 0.3 vd¡	»il¡F«.

∴ äf¥	bghU¤jkhd	ne®¡nfh£o‹	rk‹ghL	

  y = 1.48x + 0.3

∴ vdnt x-m¢Á‹	bt£L¤J©L – 0 3
1 48

.
.

vL¤J¡fh£L 18

 bfhL¡f¥g£LŸs étu§fS¡F xU ne®¡nfhL bghU¤Jf.

x   : 0 1 2 3 4
y   : 1 1 3 4 6

Ô®Î :

 äf¥	bghU¤jkhd	ne®¡nfhL y = ax + b

 Ïašãiy¢	rk‹ghLfŸ

 a∑x + nb = ∑y  ... (1)

 a∑x2 + b∑x = ∑xy  ... (2)

bfhL¡f¥g£LŸs	étu§fëèUªJ
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x y      x2     xy
0
1
2
3
4

1
1
3
4
6

0
1
4
9

16

0
1
6

12
24

10 15 30 43

Ï«kÂ¥òfis	rk‹ghLfŸ	(1)	k‰W«	(2)	fëš	ÃuÂæl	ek¡F¡	»il¥gJ,

 10a + 5b = 15    ... (3)

 30a + 10b = 43   ... (4)

Ït‰iw¤	Ô®¡f,	ek¡F¡	»il¥gJ,

 a = 1.3 k‰W« b = 0.4

∴		äf¥	bghU¤jkhd	ne®¡nfh£o‹	rk‹ghL y = 1.3x + 0.4.

vL¤J¡fh£L 19

 bfhL¡f¥g£LŸs étu§fS¡F xU ne®¡nfhL bghU¤Jf.

x   : 4 8 12 16 20 24
y   : 7 9 13 17 21 25

Ô®Î :

 MÂia 
12 16

2
+

= 14 v‹w	Ïl¤Âš	vL¤J¡	bfhŸnth«.

 ui = 
xi −14

2
 v‹f.	Ï§F n = 6

 äf¥	bghU¤jkhd	ne®¡nfhL y = au + b v‹f.

 Ïašãiy¢	rk‹ghLfŸ,

   a∑u + nb = ∑y  ... (1)

   a∑u2 + b∑u = ∑uy  ... (2)

x y u      u2     uy
4
8

12
16
20
24

7
9

13
17
21
25

-5
-3
-1
1
3
5

25
9
1
1
9

25

-35
-27
-13
17
63

125
bkh¤j« 92 0 70 130
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 Ï«kÂ¥òfis	(1)	k‰W«	(2)	fëš	ÃuÂæl	ek¡F¡	»il¥gJ,

 a = 1.86 k‰W« b = 15.33

 ∴  äf¥	bghU¤jkhd	ne®¡nfhL

   y = 1.86 x −





14
2

+ 15.33 = 0.93x + 2.31

vL¤J¡fh£L 20

 Ã‹tU« étu§fS¡F xU ne®¡nfhL bghU¤Jf.

x   : 100 200 300 400 500 600

y   : 90.2 92.3 94.2 96.3 98.2 100.3

Ô®Î :

 u = 
xi − 350

50
 k‰W« vi = yi – 94.2 v‹f.	Ï§F	n = 6

 äf¥	bghU¤jkhd	ne®¡nfhL v = au + b

 Ïašãiy¢	rk‹ghLfŸ a∑u + nb = ∑v  ... (1)

     a∑u2 + b∑u = ∑uv  ... (2)

x y u v      u2                uv

100

200

300

400

500

600

90.2

92.3

94.2

96.3

98.2

100.3

-5

-3

-1

1

3

5

-4

-1.9

0

2.1

4

6.1

25

9

1

1

9

25

20

5.7

0

2.1

12

30.5

bkh¤j« 0 63 70 70.3

 Ï«kÂ¥òfis	rk‹ghLfŸ	(1)	k‰W«	(2)	fëš	ÃuÂæl	ek¡F¡	»il¥gJ

  a = 1.0043 k‰W« b = 1.05

 äf¥	bghU¤jkhd	ne®¡nfhL v = 1.0043 u + 1.05

     ⇒ y = 0.02x + 88.25
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gæ‰Á 7.2

1) Ájwš	tiugl«	-	és¡Ff.

2) Û¢ÁW	t®¡f¡	bfhŸifia¡	TWf.

3) ∑x = 75, ∑y = 115, ∑x2 = 1375, ∑xy = 1875 k‰W« n = 6 våš,	xU	äf¢	Áwªj	

ne®¡nfhL	bghU¤Jf.

4) ∑x = 10, ∑y = 25, ∑x2 = 30, ∑xy = 90 k‰W« n = 5 våš,	xU	äf¥	bghU¤jkhd	

ne®¡nfh£oid¥	 bghU¤Â	 mj‹	 rhŒÎ	 k‰W«	 y-m¢Á‹	 bt£L¤J©L	

M»at‰iw¡	fh©f.

5) Ã‹tU«	 étu§fis¡	 bfh©L	 Û¢ÁW	 t®¡f¡	 bfhŸifia¥	 ga‹gL¤Â	 

y = ax + b vD«	ne®¡nfh£il¥	bghU¤Jf.

x   : 0 1 3 6 8
y   : 1 3 2 5 4

6) 5	khzt®fis¡	bfh©l	FG	x‹W	xU	gæ‰Á¡F	K‹ò«	mj‹	Ã‹ò«	bg‰w	

kÂ¥bg©fë‹	étu«.

gæ‰Á¡F	K‹ò	bg‰w	kÂ¥bg©fŸ 3 4 4 6 8
gæ‰Á¡F	Ã‹ò	bg‰w	kÂ¥bg©fŸ 4 5 6 8 10

 Û¢ÁW	t®¡f¡	bfhŸifia¥	ga‹gL¤Â	bghU¤jkhd	ne®¡nfh£oid¡	fh©f.

7) Ã‹tU«	 étu§fS¡F	 Û¢ÁW	 t®¡f¡	 bfhŸifia¥	 ga‹gL¤Â	 äf¥	

bghU¤jkhd	ne®¡nfh£oid¡	fh©f.

x   : 100 120 140 160 180 200
y   : 0.45 0.55 0.60 0.70 0.80 0.85

8) Ã‹tU«	 étu§fS¡F	 äf¥	 bghU¤jkhd	 ne®¡nfh£oid¡	 fh©f.	 nkY«  
x = 3.5 våš y -‹	kÂ¥ig¡	fz¡»Lf.

x   : 0 1 2 3 4
y   : 1 1.8 3.3 4.5 6.3

9) Ã‹tU«	 étu§fS¡F	 Û¢ÁW	 t®¡f¡	 bfhŸifia¥	 ga‹gL¤Â	 äf¥	

bghU¤jkhd	ne®¡nfhL	fh©f.

ga‹gL¤j¥g£l	

Úç‹	MH«	

(br.Û.fëš)

x     : 0 12 24 36 48

ruhrç	éis¢rš	

(l‹fŸ/V¡f®)

y     : 35 55 65 80 90
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10) khÂç¡fhf	vL¤J¡	bfhŸs¥g£l	MW	kUªJ¡	filfë‹	és«gu¢	bryÎfŸ	

(bkh¤j¢	bryé‹	éG¡fh£oš)	 k‰W«	ãfu	yhg§fŸ	 	 	 (bkh¤j	é‰gidæ‹	

éG¡fh£oš)	Ã‹tUkhW	ju¥g£LŸsJ.

és«gu¢	bryÎ						: 0.4 1.0 1.3 1.5 2.0 2.8
ãfu	Ïyhg«													: 1.90 2.8 2.9 3.6 4.3 5.4

 äf¥	bghU¤jkhd	ne®¡nfh£il¥	bghU¤Jf.

11) g¤J	 khzt®fŸ	 M§»y¥	 ghl«	 go¤j	 neu«	 (kâfëš)	 k‰W«	 mt®fŸ	

nj®éš	bg‰w	kÂ¥bg©fŸ	étu«	Ã‹tUkhW	ju¥g£LŸsJ.

go¤j	neu«	(kâfëš) x     : 4 9 10 12 14 22
nj®éš	bg‰w	kÂ¥bg©fŸ y     : 31 58 65 68 73 91

 (i) y = ax + b v‹w	ne®¡nfh£il¥	bghU¤Jf.

 (ii) 17	kâ	neu«	go¤j	xU	khzt®	bgW«	kÂ¥bg©iz¡	fh©f.

gæ‰Á 7.3
1) ∆f(x) =

 (a) f(x + h)  (b) f(x)– f(x + h) (c) f(x + h) – f(x) (d) f(x) –  f(x – h)

2) E2f(x) =

 (a) f(x + h)  (b) f(x + 2h)  (c) f(2h)  (d) f(2x)

3) E =

 (a) 1 + ∆  (b) 1 – ∆  (c)  + 1  (d)  – 1

4) f(x + 3h) =

 (a) f(x + 2h)     (b) f(x + 3h) – f(x + 2h)

 (c) f(x + 3h)     (d) f(x + 2h) – f(x – 3h)

5) h = 1 våš, ∆(x2) =

 (a) 2x   (b) 2x – 1  (c) 2x + 1  (d) 1

6) y = ax + b v‹gJ	äf¢	Áwªj	bghU¤jkhd	ne®nfhlhf	miktj‰fhd a k‰W« 
b v‹gdt‰iw¡	fz¡»l	njitahd	Ïašãiy¢	rk‹ghLfŸ

 (a) a∑xi
2 + b∑xi = ∑xiyi k‰W« a∑xi + nb = ∑yi

 (b) a∑xi + b∑xi
2 = ∑xiyi k‰W« a∑xi

2 + nb = ∑yi

 (c) a∑xi + nb = ∑xiyi k‰W« a∑xi
2 + b∑xi = ∑yi

 (d) a∑xi
2 + nb = ∑xiyi k‰W« a∑xi + b∑xi = ∑yi
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7) äf¥	bghU¤jkhd	ne®¡nfhlhd	y = 5.8 (x – 1994) + 41.6 -š x = 1997 våš, y ‹	

kÂ¥ò

  (a) 50   (b) 54   (c) 59   (d) 60

8) X®	 ne®¡nfh£il¥	 bghU¤Jtj‰fhd	 IªJ	 kÂ¥òfŸ	 bfhL¡f¥g£LŸsd	

nkY« ∑x = 0 k‰W« ∑y = 15 MF«. Ï¥bghGJ	 äf¢	 Áwªj	 bghU¤jkhd	

ne®¡nfh£o‹	y-m¢Á‹	bt£L¤J©L

 (a) 1   (b) 2   (c) 3   (d) 4

9) y = ax + b v‹w	 ne®¡nfh£il¥	 bghU¤Jtj‰fhd	 Ïašãiy¢	 rk‹ghLfŸ  
10a + 5b = 15 k‰W« 30a + 10b = 43 MF«. Ï¥bghGJ	 äf¥bghU¤jkhd	

ne®¡nfh£o‹	rhŒÎ,

 (a) 1.2   (b) 1.3   (c) 13   (d) 12

10) n òŸëfŸ	 (x, y) I	 Û¢ÁW	 t®¡f	 Kiwæš y = ax + b vD«	 ne®¡nfh£oš	

bghU¤J«	 bghGJ 4 = 4a + b k‰W« ∑xy = 120a + 24b v‹w	 Ïašãiy¢	

rk‹ghLfŸ	»il¡»‹wd	våš, n =

 (a) 30   (b) 5   (c) 6   (d) 4



228

ãfœjfÎ gutšfŸ

__________________________________________________

8.1  rkthŒ¥ò kh¿ k‰W« ãfœjfÎ rh®ò 

     (Random variable and probability function)

rkthŒ¥ò kh¿

 rkthŒ¥ò kh¿	v‹gJ	TWbtë S-‹	ÛJ	tiuaW¡f¥g£LŸs	bkŒ	kÂ¥òila	

xU	rh®ghF«	k‰W«	Ï«kh¿	– ∞ èUªJ ∞ tiuæyhd	bkŒkÂ¥òfis	bgW«.

8.1.1  jå¤j rkthŒ¥ò kh¿

 X v‹w	 kh¿	 KoÎW	 mšyJ	 KoÎwh	 Mdhš	 v©âl¤j¡f	 kÂ¥òfŸ	

bgWkhæ‹	m«kh¿	xU	jå¤j rkthŒ¥ò	kh¿ahF«.

cjhuz§fŸ

(i)  xU	 ehza¤ij	 ÏUKiw	 R©Ljiy	 xU	 nrhjidahf	 fUJnth«.	

Ï¢nrhjidæ‹	TW¥òŸëfŸ	s1 = (H, H), s2 = (H, T), s3 = (T, H) k‰W« s4 = (T, T) 
MF«.

 rkthŒ¥ò	kh¿ X : ÏUKiw	R©L«	bghGJ	»il¤j	“jiyfë‹	v©â¡if''

  vdnt     X(s1) = 2   X(s2) = 1

       X(s3) = 1   X(s4) = 0

         RX = {0, 1, 2}

s v‹gJ	TWbtëæš	cŸs	xU	cW¥ghF«.	Ï›thwhf X(s) v‹gJ	btë¥ghL s -ia	

bjhl®ò	bfh©l	rkthŒ¥ò	kh¿ X-ia	F¿¡»‹w	bkŒ	v©zhF«.

 X-‹	 všyh	 kÂ¥òfisÍ«	 bfh©l	 fz«	 RX , X -‹	 Å¢R¡ fz«	 vd	

miH¡f¥gL»wJ.

(ii)   xU	nrho	gfilfis	cU£Ltij	nrhjidahf¡	bfhŸnth«.	vdnt	TWbtë

 S = {(1, 1)   (1, 2) ............  (1, 6)

  . .  .

  . .  .

  . .  .

          (6, 1)  (6, 2) ............ (6, 6)}

8
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 rkthŒ¥ò	kh¿ X : ÏU	gfilfë‹	ÛJ	fhQ«	v©fë‹	TLjš	v‹gJ	MF«.	

vdnt	 RX = {2, 3, 4, ......, 12}.

(iii)  xnu	neu¤Âš	3	ehza§fis	R©Ltij	nrhjidahf	bfhŸnth«.

 rkthŒ¥ò	 kh¿	 X :	 Ï¢nrhjidæš	 »il¡F«	 jiyfë‹	 v©â¡ifia	 

	 F¿¥gjhæ‹,	Ï§F	0,	1,	2,	3	v‹»w	kÂ¥òfis	 X V‰»wJ.

  S = {HHH, HHT, HTT, TTT, TTH, THH, HTH, THT}

  RX = {0, 1, 2, 3}

(iv) xnu	neu¤Âš	4	ehza§fis	R©L»‹w	xU	rkthŒ¥ò	nrhjidæš,		 	

	 »il¡f¥	bgW»‹w	jiyfë‹	v©â¡ifia	F¿¥ÃLifæš

 RX = {0, 1, 2, 3, 4} v‹gjhF«.

 xU	ò¤jf¤Âš	x›bthU	g¡f¤Âš	fhz¥gL«	m¢R¥ÃiHfë‹	v©â¡if,	

xU	 ãWtd¤Â‹	 bjhiyngÁ	 gâahsuhš	 bgw¥gL«	 bjhiyngÁ	 miH¥òfë‹	

v©â¡if	M»ait	jå¤j	rkthŒ¥ò	kh¿fS¡fhd	Áy	cjhuz§fshF«.

8.1.2  jå¤j rkthŒ¥ò kh¿æ‹ ãfœjfÎ rh®ò k‰W« ãfœjfÎ gutš

 X v‹w	jå¤j	rkthŒ¥ò	kh¿	bgW«	kÂ¥òfŸ	x1, x2, x3... v‹f.	p(xi) = P[X = xi]  
v‹wthW	cŸs	rh®ò	p MdJ

 (i) p(xi) > 0  i = 1, 2, ...

 (ii) ∑i p (xi) = 1

 v‹w	ãgªjidfis	ãiwÎ	brŒÍkhæ‹, p ãfœjfÎ	 rh®ò	mšyJ	ãfœjfÎ	

Â©k¢ rh®ò v‹W	miH¡f¥gL»wJ.

  (xi, p(xi)) v‹»w	všyh	nrhofë‹	bjhF¥ò	X -‹	ãfœjfÎ	gutš	MF«.

vL¤J¡fh£L 1

 ÏU ehza§fis R©L»w nrhjidia fUJnth«. X v‹»w rkthŒ¥ò kh¿ 

nrhjidæš bgw¥gL« jiyfë‹ v©â¡ifia F¿¥gjhf bfhŸnth«.

X         : 0 1 2

p (xi)   :
1
4

1
2

1
4

p(xi) xU ãfœjfÎ Â©k¢ rh®gh vd m¿f.

Ô®Î :

(i) Ï§F	x›bthU	p(xi) > 0 k‰W«

(ii) ∑p(xi)  = p (0) + p (1) + p (2) v‹gjid	vëÂš	fhzyh«.
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= + + =1

4
1
2

1
4

1
 

 vdnt	p(xi) ãfœjfÎ	Â©k¢	rh®ghF«.

vL¤J¡fh£L 2

 ÏU gfilfis cU£L« nghJ »il¡F« v©fë‹ TLjš bjhifia X 
v‹»w rkthŒ¥ò kh¿ F¿¥gjhf bfhŸnth«. X -‹ ãfœjfÎ gutyhdJ

X         : 2 3 4 5 6 7 8 9 10 11 12

p (xi)   :
1
36

2
36

3
36

4
36

5
36

6
36

5
36

4
36

3
36

2
36

1
36

p(xi) xU ãfœjfÎ Â©k¢ rh®gh vd MuhŒf?

Ô®Î :

 Ï§F	x›bthU	p(xi) > 0 k‰W«

( ) ( ) .............ii ∑ = + + + + =p xi
1
36

2
36

3
36

1
36

1  vdÎ«	ÏU¥gJ	ftå¡f¤j¡fJ.

 vdnt p(xi) ãfœjfÎ	Â©k¢rh®ghF«.

8.1.3  Fé¥ò¥ gutš rh®ò (c.d.f.)

 X xU	jå¤j	rkthŒ¥òkh¿	v‹f.

    F(x)  = P(X ≤ x) 

  = ∑ p(xi) i -‹	všyh	kÂ¥òfS¡F«	xi ≤ x vd	mikÍkhW	T£L¤bjhif	

fz¡»l¥gL»wJ	våš	rh®ò	F(x) -ia X-‹	Fé¥ò¥	gutš	rh®ò	vd	miH¡»nwh«.

F¿¥ò : P (a < X ≤ b) = F(b) – F(a)

vL¤J¡fh£L 3

 X v‹»w rkthŒ¥ò kh¿æ‹ ãfœjfÎ rh®ò Ã‹tUkhW.

X ‹ kÂ¥ò, x   : – 2 – 1 0 1 2 3
p(x)   : 0.1 k 0.2 2k 0.3 k

(i) k -‹ kÂ¥ig¡ fh©f.

(ii) X-‹ Fé¥ò¥ gutš rh®ig¡ fz¡»Lf.

i
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Ô®Î :

(i) ∑ p(xi) = 1 Mifahš

 p (– 2) + p (– 1) + p (0) + p (1) + p (2) + p (3) = 1

 0.1 + k + 0.2 + 2k + 0.3 + k = 1

 0.6 + 4k = 1 ⇒ 4k = 1 – 0.6

 4k = 0.4  ∴ = =k . .4
4

0 1

 vdnt	bfhL¡f¥g£LŸs	ãfœjfÎ	rh®ò	Ã‹tUkhW	khW»wJ.

x   : – 2 – 1 0 1 2 3

p(y)   : 0.1 0.1 0.2 0.2 0.3 0.1

(ii) Fé¥ò¥	gutš	rh®ò	 F(x) = P (X ≤ x)

x F(x) = P(X ≤ x)

–2

–1

0

1

2

3

F (–2) = P(X ≤ –2)  

F (–1) = P(X ≤ -1)    

F(0)    = P(X ≤ 0)  

F(1)    = P(X ≤ 1)

F(2)    = P(X ≤ 2)

F(3)    = P(X ≤ 3)

= 0.1

= P(X = –2) + P(X = –1)

= 0.1 + 0.1   = 0.2

= P(X = –2) + P(X = –1) + P(X = 0)

= 0.1 + 0.1 + 0.2 = 0.4

= 0.6

= 0.9

= 1

 vdnt F(x)  = 0 , x < –2 våš

            = 0.1 , – 2 ≤ x < –1 våš

            = 0.2 ,  – 1 ≤ x < 0 våš

            = 0.4 , 0 ≤ x < 1 våš

            = 0.6 , 1 ≤ x < 2 våš

            = 0.9, , 2 ≤ x < 3 våš

            = 1 ,  x ≥ 3 våš

i
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vL¤J¡fh£L 4

 X v‹»w rkthŒ¥ò kh¿æ‹ ãfœjfÎ rh®ò Ã‹tUkhW.

X         : 0 1 2 3

p (x)    :
1
6

1
2

3
10

1
30

(i) P (X ≤ 1) (ii) P (X ≤ 2)  (iii) P (0 < X < 2) Ït‰iw¡ fh©f.

Ô®Î :

(i) P (X 1) = P (X = 0) + P(X = 1)
= 

≤
+

= + = =

p p( ) ( )0 1
1
6

1
2

4
6

2
3

(ii) P (X 2) = P (X = 0) + P(X = 1) + P (X = 2)≤

= + + =1
6

1
2

3
10

299
30

ÃçbjhU	Kiw

 

P (X 2) = 1 P(X > 2)

=1 P (X = 3) = 1

≤ −

− − =1
30

29
30

(iii) P (0 < X < 2) = P (X = 1) = 1
2

8.1.4  bjhl® rkthŒ¥ò kh¿

 bjhl®¢Áahd	 (continuous) kÂ¥òfis	 V‰F«,	 mjhtJ	 tiuaW¡f¥g£l	 X®	

ÏilbtëæYŸs	všyh	kÂ¥òfisÍ«	bgwtšy	rkthŒ¥ò	kh¿na,	bjhl® rkthŒ¥ò 

kh¿	vd¥gL«.

cjhuzkhf,

(i) kiHehëš	bghêÍ«	kiHæ‹	msÎ

(ii) jåeg®fë‹	cau§fŸ (iii) jåeg®fë‹	vilfŸ

8.1.5  ãfœjfÎ ml®¤Â¢ rh®ò (Probability density function)

 rh®ò f MdJ	 X v‹»w	 bjhl®	 rkthŒ¥ò	 kh¿æ‹	 ãfœjfÎ rh®ò mšyJ 

ãfœjfÎ ml®¤Â¢ rh®ghf (p.d.f) ÏU¡f	 nt©Lkhdhš	 Ñœf©l	 ãgªjidfis	

ãiwÎ	brŒa	nt©L«.
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 (i) f (x) ≥ 0 (x-‹	všyh	kÂ¥òfS¡F«) 

 (ii) ¦ x dx( ) = 1
−

F¿¥ò :

(i) rkthŒ¥ò	kh¿ X, (a, b) v‹w	Ïilbtëæš	ÏU¥gj‰fhd	ãfœjfÎ

 P (a < X < b) = ¦ x dx
a

b

( ) .

(ii) P (X = a) = f x dx
a

a
( ) =∫ 0

(iii)  P (a ≤ X ≤ b) = P (a ≤ X < b) = P (a < X ≤ b) = P (a < X < b)

8.1.6  bjhl® gutš rh®ò

 X v‹gJ		f (x) v‹»w	ãfœjfÎ	ml®¤Â	rh®ig	cila	xU	bjhl®	rkthŒ¥ò	

kh¿	våš  FX(x) = P (X ≤ x)

   
=

−∞
∫ f t dt
x

( )
  

v‹w	rh®ò	X -‹	gutš	rh®ò	mšyJ	Fé¥ò¥ gutš rh®ò vd	miH¡f¥gL»wJ.

g©òfŸ :

	 Fé¥ò	gutš	rh®ò	Ñœf©l	g©òfis	bg‰WŸsJ.

(i) Lt F
x

x
� -¥

=( ) 0  mjhtJ F (– ∞) = 0

(ii) Lt F
x

x
→∞

=( ) 1   mjhtJ F(∞) = 1

(iii)  bjhl®	rkthŒ¥ò	kh¿ X -‹	Fé¥ò¥	gutš	rh®ò F k‰W«	ãfœjfÎ	rh®ò f våš	

F tifæl¤j¡f	òŸëfëš 

 f (x) = 
d
dx

F(x) 

vL¤J¡fh£L 5

 bjhl® rkthŒ¥ò kh¿ X -‹ ãfœjfÎ ml®¤Â rh®ò

 

f x
k x x

( )
( )

==
-- << <<ÏÏ

ÌÌ
ÓÓ

2 0 2
0

for 
otherwise

;  0 < x < 2 våš

    ;          k‰wgo
  

 våš k -‹ kÂ¥ig fh©f.
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Ô®Î :

 f (x)  v‹gJ	ãfœjfÎ	rh®ò					∴ If  be the p.d.f., then f x f x dx

f x dx f x dx

( ) ( )

( ) ( )

=

+ +

−∞

∞

−∞

∫

∫

1

0
ff x dx

f x dx

k x dx

k dx xdx

( )

( )

( )

=

⇒ + + =

⇒ − =

−




∞

∫∫

∫

∫

∫

1

0 0 1

2 1

2

20

2

0

2

0

2

0

2





 = ∴ =

=
− < <






1 1
2

1
2

2 0 2

0

k

f x
x x

Hence 
for 

otherwise
( )

( ) 

If  be the p.d.f., then f x f x dx

f x dx f x dx

( ) ( )

( ) ( )

=

+ +

−∞

∞

−∞

∫

∫

1

0
ff x dx

f x dx

k x dx

k dx xdx

( )

( )

( )

=

⇒ + + =

⇒ − =

−




∞

∫∫

∫

∫

∫

1

0 0 1

2 1

2

20

2

0

2

0

2

0

2





 = ∴ =

=
− < <






1 1
2

1
2

2 0 2

0

k

f x
x x

Hence 
for 

otherwise
( )

( )

 vdnt	 = − < <1

2
2 0 2

0

¦ x x x( ) ( )

;

;{
k‰wgo

 våš

vL¤J¡fh£L 6

   ;  0 < x < 1 våš

   ;         k‰wgo
f x x x( ) == << <<ÏÏ

ÌÌ
ÔÔ

ÓÓÔÔ
3 0 1

0

2 for 
otherwise

 

 f (x) xU ãfœjfÎ ml®¤Â¢ rh®ò v‹W rçgh®¡fÎ«

 
( ) ) )i P (X  (ii) P ( X££ ££ ££1

3
1
3

1
2

Ô®Î :

 x  -‹	všyh	kÂ¥òfS¡F«,	f (x) > 0 v‹gJ	bjëth»wJ.

k‰W«

 

f x dx f x dx x dx( ) ( )
−∞

∞

∫ ∫ ∫= = =
0

1
2

0

1
3 1

vdnt	ju¥g£l	rh®ò	xU	ãfœjfÎ	ml®¤Â¢	rh®ò	MF«.
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( ) ) ( ) ( ) ( )i P (X P X≤ = ≤ =

= =

−∞ −∞
∫ ∫

∫

1
3

3 1
27

1
3

2

0

1
3

f x dx x f t dt

x dx

x

( ) ) ( )ii P ( X
1

3

1

2

3
1

8

1

27

19

216

1

3

1

2

2

1

2

£ £ =

= = − =

�

�

¦ x dx

x dx
1

3

vL¤J¡fh£L 7

 xU bjhl® rkthŒ¥ò kh¿ X -‹ ãfœjfÎ ml®¤Â¢ rh®ò

 

;  0 < x < 1 våš

;          k‰wgo

f x
kx x x

( )
( )

==
-- << <<ÏÏ

ÌÌ
ÓÓ

1 0 1
0

for 
otherwise

 

 våš k k‰W« Fé¥ò¥ gutš rh®ig¡ fh©f.

Ô®Î :

 X v‹gJ  f (x) v‹»w	ãfœjfÎ	ml®¤Â¢	rh®ig	bfh©l	xU	bjhl®	rkthŒ¥ò	

kh¿	våš

 

f x dx

k x x

k x x k

( )

( )

−∞

∞

∫

∫

=

− =

−












= ∴ =

1

1 1

2 3
1 6

0

1

2 3

0

1

 

f x dx

k x x

k x x k

( )

( )

−∞

∞

∫

∫

=

− =

−












= ∴ =

1

1 1

2 3
1 6

0

1

2 3

0

1

vdnt	ju¥g£l	ãfœjfÎ	ml®¤Â¢	rh®ig

 

;  0 < x < 1 våš

;          k‰wgo
f x

x x x
( )

( )
=

− < <



6 1 0 1
0

for 
otherwise

Since
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v‹W	bgW»nwh«.	Fé¥ò¥	gutš	rh®ò f (x) I¡	fhz,

 F (x) = 0   ;  x ≤ 0  våš

 

F P (X( ) ) ( )

( )

x x ¦ x dx

x x dx x x

x

x

= £ =

= − = −

−

6 1 3 2
0

2 3 0 1< <x; våš

 F (x) = 1   ;  x > 1  våš

∴ X -‹	Fé¥ò¥	gutš	rh®ò	:

 F (x) = 0      ; x ≤ 0 våš

          = 3x2 – 2x3   ; 0 < x < 1 våš

          = 1               ; x ≥ 1 våš

vL¤J¡fh£L 8

 thbdhè FHè‹ xU F¿¥Ã£l gFÂæ‹ MÍŸ fhy¤ij (kâfëš) bjhl® 

rkthŒ¥ò kh¿ vd¡ bfh©L mjDila ãfœjfÎ ml®¤Â rh®ò

 

;  x > 100 våš

        ;  k‰wgo

f x x
x

( ) ==
≥≥ÏÏ

ÌÌ
ÔÔ

ÓÓÔÔ

100 100

0

2 when 

elsewhere
 

(i)  Kjš 150 kâ neu Ïa¡f¤Âš bfhL¡f¥g£l thbdhè bg£oæš cŸs _‹W 

FHšfisÍ« kh‰Wtj‰fhd ãfœjfÎ v‹d ?

(ii)  Kjš 150 kâneu Ïa¡f¤Âš _‹W FHšfëš x‹iw¡Tl kh‰whkš 

ÏU¥gj‰fhd ãfœjfÎ v‹d ?

Ô®Î :

(i)  thbdhè	 bg£oæš	 cŸs	 xU	 FHš	 kh‰w¥gl	 nt©Lbkåš,	 m¡FHè‹	

MÍŸ	150	kâ	neu¤Â‰F	Fiwthdjhf	ÏU¡f	nt©L« (< 150) vdnt,	Kjš	

150	kâ	neu¤Âš	xU	FHš	kh‰Wtj‰fhd	ãfœjfÎ ‘p’ v‹gJ

p f x dx

x
dx

= ≤ =

= =

∫

∫

P(X 150) ( )
100

150

2
100

150 100 1
3
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 vdnt	Kjš	150	kâ	neu¤Âš	_‹W	FHšfisÍ«	kh‰Wtj‰fhd	ãfœjfÎ = 

  p3 = 
1
3

1
27

3





= .

(ii)  Kjš	150	kâ	neu	Ïa¡f¤Âš	xU	FHš	kh‰w«	brŒa¥glhkš	ÏU¥gj‰fhd	

ãfœjfÎ

 P(X > 150) = 1  P (X 150) = − ≤ − =1 1
3

2
3  vd	bfhL¡f¥g£LŸsJ.	

∴ Kjš	 150	 kâ	 neu	 Ïa¡f¤Âš	 _‹W	 FHšfëš	 x‹iw¡	 Tl	 kh‰whkš	

ÏU¥gj‰fhd	ãfœjfÎ = 2
3

8
27

3





=

gæ‰Á 8.1

1) Ñœf©l	 rh®òfSŸ	 vit S = [x1, x2, x3] -‹	 ÛJ	 ãfœjfÎ	 gutiy	

tiuaW¡»wJ?

 
( ) ( ) ( ) ( )i p x p x p x1 2 3

1
3

1
2

1
4

= = =

 
( ) ( ) ( ) ( )ii p x p x p x1 2 3

1
3

1
6

1
2

= = =
 

 
( ) ( ) ( ) ( )iii p x p x p x1 2 30 1

3
2
3

= = =
 

 
( ) ( ) ( ) ( )iv p x p x p x1 2 3

2
3

1
3

= = =
  

2) xU	 gfilia	 cU£L»‹w	 nrhjidia	 fU¤Âš	 bfhŸnth«.	 gfilæ‹	

ÛJŸs	v© X v‹w	rkthŒ¥ò	kh¿	Ñœf©l	kÂ¥òfis¥	bgW»wJ.

 X : 1 2 3 4 5 6

 p (xi) : 1
6

 1
6

 1
6

 1
6

 1
6

 1
6

  

 p (xi) v‹gJ	xU	ãfœjfÎ	rh®gh	?

3) xU	rkthŒ¥ò	kh¿	Ñœf©l	ãfœjfÎ	gutiy¥	bg‰WŸsJ. X -‹	kÂ¥òfŸ

 X-‹	kÂ¥òfŸ, x : 0 1 2 3 4 5 6   7 8

   p (x) : a 3a 5a 7a 9a 11a 13a   15a 17a

 (i)  a -‹	kÂ¥ig¡	fh©f.

 (ii) P(X < 3), P(X > 3) k‰W« P(0 < X < 5) M»at‰iw¡	fh©f.
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4) Ñœf©l	 rh®ò	 ãfœjfÎ	 Â©k¢	 rh®ò	 v‹gij¢	 rçgh®¡f.	 m›thW	 våš,	

Fé¥ò	gutiy¡	fh©f.

 

p x

x

x( ) =

=

=













1
3

1

2
3

2

 for 

 for 

0 otherwise

x = 1 våš

x = 2 våš

k‰wgo   

5) Ñœf©l	rh®ò	ãfœjfÎ	ml®¤Â¢	rh®bgåš,	k -‹	kÂ¥ig¡	fh©f.

 

x = 0 våš

x = 2 våš

x = 4 våš

k‰wgo

p x

k x

k x

k x

( ) =

=

=

=
















6
0

3
2

2
4

0

for

for

for

otherwise

6) xU	rkthŒ¥ò	kh¿ X Ñœf©l	ãfœjfÎ¢	rh®ig¥	bg‰WŸsJ

 X-‹	kÂ¥òfŸ, x : – 2 0 5

   p(x) : 
1
4

 
1
4

 
1
2

 (a) P (X ≤ 0)  (b) P (X < 0) (c) P (0 ≤ X ≤ 10)

 M»at‰¿‹	kÂ¥òfis¡	fh©f.

7) xU	rkthŒ¥ò	kh¿ X Ñœf©l	ãfœjfÎ	ml®¤Â¢	rh®ig¥	bg‰WŸsJ.

  X-‹	kÂ¥òfŸ,      x    :   0 1 2 3

          p(x)    : 1
16

 3
8

 k 5
16

 (i) k -‹	kÂ¥ig¡	fh©f. (ii) X -‹	Fé¥ò¥	gutiy¡	fh©f.

8) xU	bjhl®	rkthŒ¥ò	kh¿	Ñœf©l	ãfœjfÎ	ml®¤Â¢	rh®ig¥	bg‰¿U¡»wJ.

 f (x) = kx2, 0 ≤ x ≤ 10 våš

        = 0 k‰wgo

 k-‹	kÂ¥ig¡	fh©f						(i) P (0.2 ≤ X ≤ 0.5) (ii) P (X ≤ 3) M»at‰iw	kÂ¥ÃLf.

9) f(x) xU	ãfœjfÎ	ml®¤Â¢	rh®ò	våš, c	-‹	kÂ¥ig¡	fh©f.

 f(x) = ce–x,  0 ≤ x < ∞

;

;

;

;

;
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10) bjhl®	rkthŒ¥ò	kh¿	Ñœf©l	ãfœjfÎ	ml®¤Â¢	rh®ig	bg‰WŸsJ	våš,

 

f x

ax x
a x
ax a x

( )

,
,

,
=

< ≤
≤ ≤

− + ≤ ≤










0 1
1 2

3 2 3
0 otherwisek‰wgo

 (i) a-‹	kÂ¥ig¡	fh©f.

 (ii) P (X ≤ 1.5) kÂ¥ig¡	fh©f.

11) xU	 F¿¥Ã£l	 tif	 ä‹	 és¡Ffë‹	 vçÍ«	 fhy¤ij	 (kâfëš) X 
F¿¡»wJ.

 

f x a
x

x( ) ,= ≤ ≤

=

2 1000 2000

0 otherwise.,  k‰wgo

,  1000 < x < 2000 våš

 v‹gJ	mj‹	ãfœjfÎ	gutyhf	ÏU¡f	'a' Ï‹	kÂ¥ig¡	fh©f.

12) xU	F¿¥Ã£l	fh®laiu	ga‹gL¤j¡	Toa	bjhiyit	 (Mæu«	»nyhÛ£lçš) 
X v‹w	rkthŒ¥ò	F¿¡»wJ.	mj‹ p.d.f.

 

f x e x

x

x

( ) ,= >

= ≤

−1
20

0

0 0

20 for 

for 

 x > 0 våš

 x < 0 våš

 xU	la®	Ã‹tU«	bjhiyÎfŸ	ga‹gl	ãfœjfÎ	fh©f.

 (i) mÂfg£r«	10,000 ».Û.

 (ii) 16,000 Ïš	ÏUªJ	24,000 ».Û.	tiu

 (iii) Fiwªjg£r«	30,000 ».Û.

8.2  fz¡»aš vÂ®gh®¤jš

 fz¡»aš vÂ®gh®¤jš (Mathematical expectation) v‹»w	 fU¤J¥got«,	

òŸëæaèš	äf	K¡»a	g§F	t»¡»‹wJ.	xU	rk	thŒ¥ò	kh¿æ‹	vÂ®gh®¡f¥gL«	

kÂ¥ò	v‹gJ,	xU	nrhjidæ‹	ãfH¡Toa	všyh	btë¥ghLfë‹	ãiwæ£l	ruhrç	

MF«.

	 xU	jå¤j	rkthŒ¥ò	kh¿	X: x1, x2, ... xn v‹w	kÂ¥òfis	Kiwna	ãfœjfÎfŸ	

p(xi) = P[X = xi]; i = 1, 2 ... n vd¡	bfh©oUªjhš	m«kh¿æ‹	fz¡»aš	vÂ®gh®¤jš,

 E (X) =  Here  x p x x p xi i
i

n

i i
i

n
( ) , ( ( ) )

= =
∑ ∑ =

1 1
1 (	Ï§F	  p xi

i

n

( ) )
=

=
1

1  v‹W	tiuaW¡f¥gL»wJ.



240

 X v‹gJ	 f(x) v‹»w	ãfœjfÎ	ml®¤Â	rh®ig	cila,	 bjhl®	 rkthŒ¥ò	 kh¿	

våš,

 
E (X) = x f x dx( )

−∞

∞

∫
F¿¥ò

 E(X) v‹gJ,	xU	rkthŒ¥ò	kh¿ X	-‹	ruhrç	v‹W«	Twyh«.

g©òfŸ

1) E(c) = c,  Ï§F c v‹gJ	kh¿èahF«.

2)  E(X + Y) = E(X) + E(Y)

3)  E(aX + b) = aE(X) + b,  Ï§F a k‰W« b kh¿èahF«.

4)  E(XY) = E(X) E(Y) våš, X k‰W« Y v‹gd	rhuh	kh¿fŸ.

F¿¥ò

 nk‰f©l	 g©òfŸ	 jå¤j	 k‰W«	 bjhl®	M»a	 ÏU	 rkthŒ¥ò	 kh¿fS¡F«	

bghUªJ«.

gut‰go (Variance)

 X xU	 rkthŒ¥ò	 kh¿	 vd¡	 bfhŸf. Var (X) mšyJ σ2
x v‹»w	 F¿p£lhš	

F¿¡f¥gL«,	X-‹	gut‰go

 Var (X) = σ2
x  = E [X – E(X)]2

   = E(X2) – [E(X)]2  v‹W	tiuaW¡f¥g£LŸsJ.

 gut‰goæ‹	 äif	 t®¡f_y	 kÂ¥ò	 X -‹ Â£léy¡f« MF«.	 mjid σx 
vd¡F¿¥ngh«.

vL¤J¡fh£L 9

 xU g©zh£L t§», j‹Dila tho¡ifahs®fŸ V.o.v« ATM trÂia 

ga‹gL¤Jtj‰F K‹ò fh¤ÂU¡F« neu¤ij fz¡»l (ãäl§fëš) éU«ÃaJ. 

rkthŒ¥ò Twhf vL¤J¡ bfhŸs¥g£l 500 tho¡ifahs®fis ftå¤j bghGJ 

»il¡f¥bg‰w ãfœjfÎ¥ gutš ÑnH bfhL¡f¥g£LŸsJ.

 X : 0 1 2 3 4 5 6 7 8

 p (x) : .20 .18 .16 .12 .10 .09 .08 .04 .03

 tho¡ifahs® fh¤ÂU¡F« fhy« X -‹ vÂ®gh®¡f¥gL« kÂ¥ig¡ fh©f.
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Ô®Î :

 xU	tho¡ifahs®	fh¤ÂU¡F«	fhy¤ij	(ãäl§fëš) X v‹f.

 X : 0 1 2 3 4 5 6 7 8

 p (x) : .20 .18 .16 .12 .10 .09 .08 .04 .03

       vdnt E(X) = ∑ x p(x)

  = (0 × .2) + (1 × 0.18) + ........ + (8 × 0.03) = 2.71

 X -‹	 vÂ®gh®¡f¥gL«	 fhy«	 2.71 ãäl§fshF«.	 Ï›thwhf, ATM trÂia 

ga‹gL¤Jtj‰F	 K‹	 tho¡ifahs®fë‹	 ruhrç	 fh¤ÂU¡F«	 neu«	 2.71	

ãäl§fshF«.

vL¤J¡fh£L 10

 Óuhd ÏU ehza§fis R©L« bghGJ, éG« jiyfë‹ v©â¡iffë‹ 

vÂ®gh®¤jiy¡ fh©f.

Ô®Î :

 ÏU	 ehza§fis	 xU	 Kiw	 R©L«	 bghGJJ	 »il¡F«	 jiyfë‹	

v©â¡ifia¡	F¿¡F«	rkthŒ¥ò	kh¿ X v‹f.

 X -‹	V‰f¡	Toa	kÂ¥òfŸ : 0 1 2

 ãfœjfÎfŸ						 p (xi) : 
1
4  

1
2

 
1
4

 vdnt X -‹	vÂ®gh®¤jè‹	kÂ¥ò

 

E (X) = + +x p x x p x x p x1 1( ) ( ) ( )2 2 3 3

 

 Mifahš	 ÏU	 ehza§fis	 R©L«	 bghGJ	 éG«	 jiyfë‹	

v©â¡iffë‹	vÂ®gh®¤jš	1	MF«.

vL¤J¡fh£L 11

 xU eg® X® F¿¥Ã£l Ïl¤Âš 1, 2, 3 k‰W« 4 Û‹fis Ão¥gj‰fhd 

ãfœjfÎfŸ Kiwna 0.4, 0.3, 0.2 k‰W« 0.1 MF«. ÃogL« Û‹fë‹ 

v©â¡iffë‹ vÂ®gh®¤jš ahJ ?

Ô®Î :

 X -‹	V‰f¡	Toa	kÂ¥òfŸ : 1 2 3 4

 ãfœjfÎfŸ						 p (xi) : 0.4 0.3 0.2 0.1
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∴ = ∑

= + + +
=

E(X) 

1(.4) + 2

i
i ix p x

x p x x p x x p x x p x

( )

( ) ( ) ( ) ( )1 1 2 2 2 3 4 4

((.3) + 3(.2) + 4(.1)
    = + + + =. . . .4 6 6 4 2

vL¤J¡fh£L 12

 xU Óuhd gfilia cU£L« nghJ éG« v©â‹ t®¡f¤Â‹ kÂ¥Ã‰F 

<lhd gz¤ij xUt® bgW»wh® våš mt® bgW« bjhifæ‹ vÂ®gh®¤jš ahJ ?

Ô®Î :

 rkthŒ¥ò	kh¿	X: gfilæš	njh‹W«	v©â‹	t®¡f¤Â‰F	<lhd	gz«

 X -‹	V‰f¡	Toa	kÂ¥òfŸ : 12 22 32 42 52 62

 ãfœjfÎfŸ						 p (xi)   : 1
6

 1
6

 1
6

 1
6

 1
6

 1
6

  

 mt®	bgw¡Toa	gz¤Â‹	vÂ®gh®¤jš

 

E(X)

% .

= + + +

=

1
1

6
2

1

6
6

1

6

91

6

2 2 2.......

  

           = %.	15.17 

vL¤J¡fh£L 13

 xU éisah£L Åu® ÏU ehza§fis R©L« bghGJ ÏU jiyfŸ 

éGªjhš %.5 -«, 1 jiy éGªjhš %. 2 « bgW»wh®. jiy éHhkš ÏUªjhš 1 

%ghia bgW»wh®. mt® bgW« bjhifæ‹ vÂ®gh®¤jiy¡ fh©f.

Ô®Î :

 ÏU	ehza§fis	R©L«	nrhjidia¡	fU¤Âš	bfhŸnth«.

 Ï§F S = {HH, HT, TH, TT}

 éisah£L	Åu®	bgW«	bjhifia	X vD«	rkthŒ¥ò	kh¿ahš	F¿¥ngh«.

 Mfnt,

 X	V‰f¡Toa	kÂ¥òfŸ	(%.) : 5 2 1

 ãfœjfÎfŸ																p (xi) : 
1
4  

1
2

 
1
4
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E(X)

Rs.

= 





+ 





+ 





= + + = =

=

5 1
4

2 1
2

1 1
4

5
4

1 1
4

10
4

5
2

2 50.
 

           = %.	2.50

 vdnt	vÂ®gh®¡f¥gL«	bjhif	%ghŒ	2.50

vL¤J¡fh£L 14

 xU rkthŒ¥ò kh¿ X Ñœf©l ãfœjfÎ rh®ig¥ bg‰WŸsJ

 X-‹ kÂ¥òfŸ  : – 1 0 1

 ãfœjfÎfŸ      : 0.2 0.3 0.5

 (i) E(3X +1)   (ii) E(X2)   (iii) Var(X)

 M»at‰¿‹ kÂ¥òfis fh©f.

Ô®Î :

 X : – 1 0 1

 p (xi) : 0.2 0.3 0.5

(i) E(3X + 1)= 3E(X) + 1

 E(X) = – 1 × 0.2 + 0 × 0.3 + 1 × 0.5

     = – 1 × 0.2 + 0 + 0.5 = 0.3

 E(3X + 1) = 3(0.3) + 1 = 1.9

(ii) E(X2) = ∑x2 p(x)

  = (–1)2 × 0.2 + (0)2 × 0.3 + (1)2 × 0.5

  = 0.2 + 0 + 0.5 = 0.7

(iii)  Var(X)  = E(X2) – [E(X)]2

  = .7 - (.3)2 = .61

vL¤J¡fh£L 15

 Ñœf©l ãfœjfÎ gutY¡fhd ruhrç, gut‰go k‰W« Â£léy¡f« 

M»at‰iw¡ fh©f.

 X-‹ kÂ¥òfŸ    x : 1 2 3 4

 ãfœjfÎfŸ,   p(x) : 0.1 0.3 0.4 0.2
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Ô®Î :

 ruhrç = E(X) = ∑x p(x)

  = 1(0.1) + 2(0.3) + 3(0.4) + 4(0.2) = 2.7

        gut‰go  = E(X2) – [E(X)]2

 E(X2)  = ∑x2 p(x)

  = 12(0.1) + 22(0.3) + 32(0.4) + 42(0.2) = 8.1

∴     gut‰go  = 8.1 – (2.7)2

  = 8.1 – 7.29 = 0. 81

Â£léy¡f« = 0 81.  = 0.9

vL¤J¡fh£L 16

 xU bjhl® rkthŒ¥ò kh¿ X Ñœf©l ãfœjfÎ ml®¤Â rh®ig¥ bg‰WŸsJ.

 ,  k‰wgo

,  –1 < x < 1 våšf x
x

( ) ==
<< <<ÏÏ

ÌÌ
ÔÔ

ÓÓÔÔ

1
2

1

0

for -1

otherwise  

 (i) E(X)  (ii) E(X2)  (iii) Var(X) M»at‰¿‹ kÂ¥òfiis¡ fh©f.

Ô®Î :

( ( )i)         E(X) = (by definition)

             

xf x dx
−∞

∞

∫

          = 

ii)        E(X

1
2

1
2 2

0
1

1 2

1

1

2

x dx x

− −
∫ =













=

=( ) xx f x dx

x dx

2

1

1

2

1

1 1
2

( )
−

−

∫

∫=                      

                       

iii)        Var(X) = E(X)

=












=
−

1
2 3

1
3

3

1

1

2

x

( −−

= − =

[ )]E(X

                      

2

1
3

0 1
3

   (tiuaiwæ‹	go)



245

gæ‰Á 8.2

1)  xU	Óuhd	gfil	cU£l¥gL»wJJ.	1,	3	k‰W«	5	M»a	v©fëš	VnjD«	x‹W	

njh‹¿dhš	xUt®	%.10	I	bgW»wh®.	 2,	 4	 k‰W«	 6	M»a	v©fëš	VnjD«	

x‹W	 njh‹¿dhš	 %.5	 I	 ÏH¡»‹wh®.	 gfilia	 gy	 jlitfŸ	 cU£L«	

bghGJ	ruhrçahf	xU	cU£lY¡F	mt®	v›tsÎ	bjhifia	vÂ®gh®¡»wh®	?

2)  Ïu©L	Óuhd	gfilfŸ	xnu	rka¤Âš	cU£l¥gL»‹wd.	njh‹W«	v©fë‹	

TLjY¡fhd	vÂ®gh®¤jš	kÂ¥ig¡	fh©f.

3) xU	 eg®	 ÏU	 ehza§fis¢	 R©L»wh®.	 ÏU	 jiyfŸ	 éGe¤hš	 %.	 4	

bgW»wh®.	 xU	 jiy	éGªjhš	%.	 2	 bgW»wh®.	Mdhš	Ïu©L	 ó	éGªjhš	

%ghŒ	 3-I	 mt®	 mguhjkhf	 brY¤J»wh®.	 mt®	 bgW«	 bjhifæ‹	

vÂ®gh®¤jiy¡	fh©f.

4)  xU	 F¿¥Ã£l	 bghUë‹	 Âd¤njit	 D-‹	 ãfœjfÎ	 gutš	 ÑnH	

bfhL¡f¥g£LŸsJ. E(D) -I	kÂ¥ÃLf.

 D :   1 2 3 4 5

 P [D = d]  : 0.1 0.1 0.3 0.3 0.2

5) Ñœf©l	 ãfœjfÎ	 gutY¡fhd E (2X – 7) k‰W« E (4X + 5) M»at‰¿‹	

kÂ¥òfis¡	fh©f.

 X : – 3 – 2 – 1 0 1 2 3

 p(x) : .05 .1 .3 0 .3 .15 .1

6) Ñœf©l	 ãfœjfÎ	 gutY¡fhd	 ruhrç,	 gut‰go	 k‰W«	 Â£l	 éy¡f«	

M»at‰iw¡	fh©f.

 X-‹	kÂ¥òfŸ : – 3 – 2 – 1 0 1 2 3

	 ãfœjfÎ	 p (x) : 1
7

 1
7

 1
7

 1
7

 1
7

 1
7

 1
7

7) Ñœf©l	ãfœjfÎ	gutY¡fhd	ruhrç	k‰W«	gut‰go	M»at‰iw¡	fh©f.

 

¦ x
e x

x

x

( )
,

,
= >

£

−2 0

0 0

2{
 

8.3  jå¤j ãfœjfÎ gutšfŸ

 eh«	 ãfœbt©	 gutš	 g‰¿	 m¿ªÂU¡»‹nwh«.	 nrfç¡f¥g£l	 TWfë‹	

jftšfëèUªJ	 f©l¿ªj	 étu¤Â‹	 mo¥gilæš	 ãfœbt©	 gutšfŸ	

mikªÂU¡»‹wd.	cjhuzkhf,	X®	tF¥Ãš	cŸs	khzt®fŸ	bg‰w	kÂ¥bg©fŸ	

Ã‹tU«	ãfœbt©	gutèš	mik¡f¥g£oU¡»wJ
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kÂ¥bg©fŸ khzt®fë‹	

v©â¡if

0 - 20

20 - 40

40 - 60

60 - 80

80 - 100

10

12

25

15

18
bkh¤j« 80

 f©l¿ªj	 ãfœbt©	 gutšfŸ	 bjhF¡f¥g£l	 étu§fë‹	 mo¥gilæš	

mik»‹wJ	 v‹gjid	 nk‰f©l	 cjhuz«	 bjëthf	 fh£L»wJ.	 ruhrç,	 Ájwš,	

X£LwÎ	ngh‹w	msitfŸ	f©l¿ªj	étu§fŸ	mid¤ijÍ«	g‰¿	xu	x£L	bkh¤j	

f©nzh£l¤ij	 më¡»‹wJ.	 xU	 KGétu	 bjhF¥Ã‹	 FzhÂra§fis¥	 g‰¿	

fU¤J¡fŸ	cUth¡f	nk‰f©l	msitfŸ	e‹F	ga‹gL¤j¥gL»‹wJ.

 k‰bwhU	 tif	 gutš,	 m¿Kiw	 ãfœjfÎ	 gutš	 v‹W	 miH¡f¥gL»wJ.	

Ï¥gutèš	 kh¿fŸ	 Áy	 ãfœjfÎ	 éÂ	 k‰W«	 fâjéaè‹	 go	 étç¡f¡	 Toa	

éj¤Ây	guéæU¡F«.

 ãfœjfÎ	 gutš	 v‹gJ,	 xU	 rkthŒ¥ò	 kh¿	 V‰W¡	 bfhŸS«	 bt›ntW	

kÂ¥òfŸ	 k‰W«	 m«kÂ¥òfnshL	 bjhl®òila	 ãfœjfÎfŸ	 M»at‰¿‹	 bkh¤j	

g£oayhF«.	X®	c‰g¤Â	brŒa¥gL«	ãWtd¤Âš	ÏaªÂu¡	nfhshç‹	gutš	tif	xU	

cjhuzkhF«.	 rkthŒ¥ò	kh¿	ÏaªÂu¡	 nfhshç‹	bt›ntW	kÂ¥òfŸ	V‰f	ÏaY«.	

Ïa‰Âu¡	 nfhshç‹	 x›bthU	 kÂ¥òlD«	 bjhl®òila	 ãfœjfÎ	 v‹gJ	 ÏaªÂu¡	

nfhshW	V‰gLtj‰fhd	rh®»‹w	miy	v©zhF«	 (Relative frequency). c©ikæš	

V‰gl¡	 Toa	 ÏaªÂu¡	 nfhshiu¥	 g‰¿,	 bt›ntW	 	 fhy¡f£l§fëš	 étç¤J,	

ÏªãfœjfÎ	gutiy	mik¡fyh«.

 mo¥gilæš	m¿Kiw	ãfœjfÎ	gutšfŸ	Ïu©L	tif¥gL«.

  (i) jå¤j	gutšfŸ	(random distribution)

  (ii) bjhl®	gutšfŸ	(Continuous distribution)

 Ï¥gFÂæš	 eh«	 jå¤j	 gutšfshd,	 <UW¥ò	 gutš	 k‰W«	 ghŒ[h‹	 gutš	

Ïitfis¥	g‰¿	f‰w¿nth«.

8.3.1  <UW¥ò gutš (Binomial Distribution)

 Ï¥gutš	 xU	 nrhjidæ‹	 ÂU«g¤	 ÂU«g	 brŒÍ«	 rh®g‰w	 Ka‰ÁfnshL	

bjhl®òilaJ.	 bt‰¿	 mšyJ	 njhšé	 v‹gJ	 bghJthf	 miH¡f¥gL«,	 Ïu©L	

V‰f¡	 Toa	 btë¥ghLfis	 x›bthU	 Ka‰ÁÍ«	 bg‰¿U¡F«.	 m«Ka‰Á	

“bg®ndhèa‹	Ka‰Á''	vd¥gL«.
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  (i) xU	ehza¤ij	xU	Kiw	R©Ljš	(ó	mšyJ	jiy)

  (ii) xU	gfilia	cU£Ljš	(Ïu£il	mšyJ	x‰iw	v©)

 M»ait	bg®ndhè	Ka‰Áæ‹	Áy	cjhuz§fshF«.

	 ÂU«g¤	ÂU«g¢	brŒÍ«	bg®ndhè	Ka‰Áfë‹	v©â¡ifia	cŸsl¡»a	

nrhjid,	<UW¥ò	nrhjid	vd	miH¡f¥gL»wJ.

	 xU	<UW¥ò¢	nrhjid	Ñœf©l	g©òfis¥	bg‰¿U¡F«.

(i)  Ka‰ÁfŸ	ãiyahd	v©â¡ifæš	ÏU¡F«.

(ii)  všyh	 Ka‰Áfë‹	 bt‰¿¡fhd	 ãfœjfÎ	 (p) xnu	 khÂçahf	 ÏU¡F«.	

mjhtJ,	ÏU	btë¥ghLfŸ	“bt‰¿''	mšyJ	“njhšé''	v‹W	eh«	T¿dhš	(p) 
v‹»w	bt‰¿¡fhd	ãfœjfÎ	nrhjid	KGtÂY«	kh¿è	Mf	ÏU¡F«.

(iii)  x›bthU	Ka‰ÁÍ«,	k‰wt‰¿¡F	rh®g‰wjhf	ÏU¡F«.	xU	Ka‰Áæ‹	KoÎ,	

Kªija	Ka‰Áæ‹	Kothš	ghÂ¡f¥glhJ.

 <UW¥ò	 nrrhjidæ‹	 'n' Ka‰Áfëš	 bg‰w	 bt‰¿fis,	 X v‹w	 kh¿	

F¿¡»wJ	 våš	 X, n, p v‹»w	 g©gsitfnshL	 <UW¥ò gutiy	 Ã‹g‰W»wJ. 
X~B(n, p) v‹»w	F¿p£lhš	F¿¡f¥gL»wJ.

 X v‹»w	 rkthŒ¥ò	 kh¿	 Fiw	 v©	 mšyhj	 kÂ¥òfis	 V‰F«	 våš,	 mJ	

<UW¥ò	 gutiy	 n, p v‹»w	 g©gsitnfshL	 Ã‹g‰W»wJ.	 mt‰¿‹	 ãfœjfÎ	

Â©k¢	rh®ò	Ã‹tUkhW	tiuaW¡f¥gL»wJ.

 P[X = x] = p(x) = nCx p
x qn-x ; x = 0, 1, 2, ..n ; q = 1 –  p

F¿¥ò

 

( ) ( ) ( )

( ) ( ) ...(

i C

ii C

∑ = ∑ = + =

= − − −
= =

−

x

n

x

n
n
x
x n x n

n
r

p x p q q p

n n n r
0 0

1

1 11
1 2 3

)
. . .... r

ruhrç k‰W« gut‰go

   <UW¥ò	gutY¡fhd	ruhrç  = np

    gut‰go  = npq; 

                 Â£léy¡f«   = npq v‹gjhF«.

vL¤J¡fh£L 17

 Óuhd xU ehza¤ij 8 Kiw R©L« bghGJ, rçahf 3 jiyfŸ éGtj‰fhd 

ãfœjfÎ ahJ ?
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Ô®Î :

 p jiy	éGtj‰fhd	ãfœjfit	F¿¥gjhf	bfhŸf. X v‹gJ	8	Kiw	R©L«	

bghGJ	éG«	jiyfë‹	v©â¡if	vd¡	bfhŸf.	Mifahš,

 p = 1
2

,   q = 1
2

     k‰W« n = 8 

 rçahf	3	jiyfŸ	éGtj‰fhd	ãfœjfÎ

 

P (X = 3) = C8
3

3 5

8

1
2

1
2

8 7 6
1 2 3

1
2

7
32













= × ×
× ×







=
 

vL¤J¡fh£L 18

 ruhrç 20 k‰W« gut‰go 4. Ït‰¿‹ <UW¥ò gutiy vGjÎ«.

Ô®Î :

 ruhrç, np = 20 ; gut‰go, npq = 4 M»ait	bfhL¡f¥g£LŸsJ.

 
Now       

From     we have

q npq
np

p q

np

n

= = = ∴ = − =

=

=

4
20

1
5

1 4
5

20
2

,
00 20 254

5
p

= =

 

     np = 20 ÏÂèUªJ

 

Now       

From     we have

q npq
np

p q

np

n

= = = ∴ = − =

=

=

4
20

1
5

1 4
5

20
2

,
00 20 254

5
p

= =  v‹gij¥	bgwyh«.

	 			vdnt	<UW¥ò	gutš	v‹gJ

 
p x p q xn

x
x n x

x

x n x
( ) , , , , ....,= = 











=−
−

C C25 4
5

1
5

0 1 2 25
 

vL¤J¡fh£L 19

 x›bthU g¤J f¥gšfëY« ruhrçahf xU f¥gš _œF»wJ våš, ÛÂ¡ 

f¥gšfŸ fiuia nrU« v‹W vÂ®gh®¡f¥gL« 5 f¥gšfëš Fiwªjg£r« 4 f¥gšfŸ 

ghJfh¥ghf fiuia nr®tj‰fhd ãfœjfÎ v‹d ?

Ô®Î :

 xU	f¥gš	ghJfh¥ghf	fiuia	nrUtj‰fhd	ãfœjfÎ p = 9
10

 våš	xU	f¥gš	

_œFtj‰fhd	ãfœjfÎ  q = 1 – p = 1
10
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 f¥gšfë‹	v©â¡if n = 5

 vdnt	 5	 f¥gšfëš	 Fiwªj	 g£r«	 4	 f¥gšfŸ	 ghJfh¥ghf	 fiuia	

nr®tj‰fhd	ãfœjfÎ

 

P (X 4) = P (X = 4) + P (X = 5)

= C C

≥







+ 


5
4

4
5

5
9

10
1

10
9

10



= + =

5

4 55 9 1 9 91854(. ) (. ) (. ) .  

vL¤J¡fh£L 20

 n = 5, p = 0.3 v‹w g©gsitfis bfh©l <UW¥ò gutè‹ (i) Fiwªj g£r« 

3 bt‰¿fŸ (ii) mÂfg£rkhf 3 bt‰¿fŸ bgWtj‰fhd ãfœjfit¡ fh©f.

Ô®Î :
 n = 5, p = 0.3  ∴ q =0.7

 bt‰¿fë‹	v©â¡ifia	X v‹f.

(i) Fiwªjg£r«	3	bt‰¿fŸ	bgWtj‰fhd	ãfœjfÎ

 P (X ≥ 3) = P (X = 3) + P (X = 4) + P (X = 5)

      = 5C3 (0.3)3 (0.7)2 + 5C4 (0.3)4 (0.7) + 5C5 (.3)5 (7)0

      = .1631

(ii) mÂfg£r«	3	bt‰¿fŸ	bgWtj‰fhd	ãfœjfÎ

 P (X ≤ 3) = P (X = 0) + P (X = 1) + P (X = 2) + P (X = 3)

     = (.7)5 + 5C1 (.7)4 (.3) + 5C2 (.7)3 (.3)2 + 5C3 (.7)2 (.3)3

     = 0.9692

8.3.2  ghŒrh‹ gutš (Poisson distribution)

 ghŒrh‹	 gutY«	 xU	 jå¤j	 ãfœjfÎ	 gutš	 MF«	 k‰W«	 Ï¥gutš	

òŸëæaèš	 mÂf	 mséš	 ga‹gL¤j¥gL»‹wJ.	 xU	 nrhjidæ‹	 KoÎ‰w	

Ka‰Áfë‹	 v©â¡ifæ‹	 btë¥ghLfshf	 mšyhkš	 mnj	 rka«	 rkthŒ¥òŸs	

neu¤ÂY«	 Ïl¤ÂY«	 ãfœ»‹w	 ãfœ¢ÁfŸ	 ghŒrh‹	 gutiy	 F¿¡»‹wJ.	 Mdhš	

eh«	 eilbgW»‹w	 ãfœ¢Áfë‹	 v©â¡ifæš	 jh‹	 M®t«	 bfh©LŸnsh«.	

eilbgwhj	ãfœ¢Áfë‹	v©â¡ifæš	eh«	M®t«	bfh©oU¥gÂšiy.

	 mça	ãfœ¢Áfshd,

 (i) rhiy	ég¤Jfë‹	v©â¡if

 (ii) xU	ò¤jf¤ÂYŸs	m¢R¥ÃiHfë‹	v©â¡if

 (iii) xU	efu¤Âš	gÂthd	j‰bfhiyfë‹	v©â¡if
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	 M»at‰¿‹	ngh¡Ffis	étç¥gj‰fhf	Ï¥gutš	ga‹gL»wJ.

 Ka‰Áfë‹	 v©â¡if n äf¥bgçajhfÎ«,	 bt‰¿æ‹	 ãfœjfÎ	 p 
ó{ía¤Â‰F	 btF	 mU»Y«	 ÏU¡F«	 nghJ ghŒrh‹ gutš	 v‹»w	 jå¤j	

kh¿¥gutš	ruhrç = np v‹»w	kh¿è	g©gsitÍl‹	<UW¥ò¥	gutè‹	beU¡fkhf¥	

bgw¥gL»wJ.

 X v‹»w	 rkthŒ¥ò	 kh¿	 Fiw	 v©fŸ	 m‰w	 kÂ¥òfis	 V‰W	 Ñœf©l	

ãfœjfÎ	rh®ig

 
P (X = x p x e

x
x

x
] ( )

!
; , , , ......= = =

−λλ 0 1 2
 

 bg‰¿U¡Fbkåš,	 m«kh¿	 λ > 0 v‹w	 g©gsitnahL	 ghŒrh‹ gutiy 

Ã‹g‰W»wJ	v‹W	Tw¥gL»wJ.

F¿¥ò

 ∑ = = ∑ =
=

∞

=

∞

x x
x p x

0 0
1P X[ ] ( )  v‹gJ	ftå¡fj¡fJ.

ruhrç k‰W« gut‰go

 rkthŒ¥ò	 kh¿	 X, λ v‹w	 g©gsitnahL	 ghŒrh‹	 gutiy	 Ã‹g‰Wtjhf	

vL¤J¡	bfh©lhš, 

 ruhrç E(X) = λ ,   gut‰go Var(X) = λ,   Â£léy¡f« = λ

F¿¥ò

 ghŒrh‹	gutèš	ruhrç	k‰W«	gut‰go	M»a	Ïu©L«	rkkhf	ÏU¡F«.

vL¤J¡fh£L 21

 mDgtßÂahf 2 éG¡fhL cUF ÏiHfŸ (fuses) FiwghLŸsjhf ÏU¡F« 

v‹gij czU« g£r¤Âš, 200 cUF ÏiHfŸ cŸs xU bg£oæš mÂfg£rkhf 5 
cUF ÏiHfŸ gGJŸsitahf ÏU¥gj‰fhd ãfœjfÎ v‹d ? (e–4 = 0.0183)

Ô®Î :

 p = cUF	ÏiH	FiwÍŸsjhf	ÏU¥gj‰fhd	ãfœjfÎ

     = 2
100

   n = 200

 
∴ = = × =λ np 2

100
200 4

 

 xU	 bg£oæš	 fhz¥gL«	 FiwÍŸs	 cUF	 ÏiHfë‹	 v©â¡ifia X 
F¿¡»wJ.
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 gutš P [X = = =
−

x p x e
x

x
] ( )

!

4 4

 Mfnt,	200	cUF	ÏiHfŸ	bfh©l	bg£oæš	mÂfg£rkhf	4	gGJŸs	cUF	

ÏiHfŸ	ÏU¥gj‰fhd	ãfœjfÎ.

 

= ≤
=

P (X 5)
P (X = 0) + P (X = 1) + P (X = 2) + P (X = 3) + P  (X = 4) + P (X = 5)

= + + + + +−
− − − −

e e e e e e4
4 4 2 4 3 4 44

1
4

2
4

3
4

4! ! ! !

−−

−= + + + + +

= × =

4 5

4
2 3 4 5

4
5

1 4
1

4
2

4
3

4
4

4
5

0 0183 643
15

0 785

!

(
! ! ! ! !

)

. .

e

 

vL¤J¡fh£L 22

 F¿¥Ã£l efu¤Âš xU tUl¤Âš ruhrçahf 1000 -š 1 Å£o‰F Ô ég¤J 

V‰gL»wJ. mªj efu¤Âš 2000 ÅLfŸ cŸsbjåš, xU tUl¤Âš rçahf 5 

ÅLfëš Ô ég¤J V‰gl ãfœjfÎ ahJ ? (e–2 = .13534)

Ô®Î :

 p = xU	Å£oš	Ô	ég¤J	V‰gLtj‰fhd	ãfœjfÎ = 
1

1000

 Ï§F n = 2000 ∴ λ = np = 2000 × 
1

1000
 = 2

	 Ô	ég¤J¡F	cŸshd	ÅLfë‹	v©â¡ifia X F¿¥gjhf	bfhŸf.	

 P (X = x] = 
e
x

x−2 2
!

, x = 0, 1, 2, ......

 xU	tUl¤Âš	rçahf	5	ÅLfëš	Ô	ég¤J	V‰gLtj‰fhd	ãfœjfÎ,

 

P (X = 5) =

= × =

−e 2 52
5

13534 32
120

0361

!
. .

vL¤J¡fh£L 23

 fh® X£Le®fŸ xU M©oš V‰gL¤J« ég¤J¡fë‹ v©â¡if, ruhrç 3I 

cila ghŒrh‹ gutiy Ã‹ bjhl®»wJ. fh® X£Le®fŸ 1000 ngçš

 (i)  X® M©oš xU ég¤ij Tl V‰gL¤jhj

 (ii)  X® M©oš 3¡F« nk‰g£l ég¤J¡fŸ V‰gL¤Âa
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 fh® X£Le®fë‹ v©â¡ifia njhuhakhf fh©f. (e–3 = 0.04979)

Ô®Î :

 Ï§F λ = np = 3 våš

                 N = 1000

 P [X = x] = 
e
x

x−33
!

 X ég¤J¡fë‹	v©â¡ifia	F¿¡»wJ.

(i) P (xU	M©oš	xU	ég¤J	Tl	Ïšiy) = P (X = 0)

         = e–3 = 0.05

 ∴ ég¤JfŸ	V‰gL¤jhj	X£Leç‹	v©â¡if = 1000 × 0.05 = 50

(ii) P (xU	M©oš	3¡F	nk‰g£l	ég¤JfŸ	V‰gL»‹wd) 

 = P (X > 3)

 

= − <

= − + + +

= − + +

−
− − −

−

1

1
3

1

3

2

3

3

1 1 3

3
3 1 3 2 3 3

3

P(X 3)

e
e e e

e

! ! !

[ 44 5 4 5

1 13 1 65 353

. . ]

( ) . .

+

= − = − =e 0   

 ∴ _‹W¡F«	nk‰g£l	ég¤JfŸ	V‰gL¤Âa	X£Leç‹	v©â¡if

 = 1000 × 0.35 = 350

gæ‰Á 8.3

1) xnu	 rka¤Âš	 10	 ehza§fŸ	 R©l¥gL»‹wd.	 Fiwªjg£r«	 7	 jiyfŸ	

éGtj‰fhd	ãfœjfit	f©LÃo¡fÎ«.

2) rh®g‰w	 5	 Ka‰Áfis	 cŸsl¡»a	 xU	 <UW¥ò	 gutèš	 1	 k‰W«	 2	

bt‰¿fS¡fhd	 ãfœjfÎfŸ	 Kiwna 0.4096, 0.2048 MF«.	 gutè‹	

g©gsit ‘p’ -ia¡	f©LÃo¡fÎ«.

3) X®	 <UW¥ò	 gutè‹	ruhrç	 6	 k‰W«	Â£l	éy¡f«	 2 .	 Ï¥gutè‹	mid¤J	

cW¥òfisÍ«	vGJf.

4) xU	F¿¥Ã£l	nj®é‹	ruhrç	njhšéæ‹	éG¡fhL	40	MF«.	xU	bjhF¥Ãš	

cŸs	6	eg®fëš	Fiwªj	g£r«	4	ng®	nj®¢Á	bgWtj‰fhd	ãfœjfÎ	v‹d	?

5) xU	Óuhd	ehza«	MW	Kiw	R©l¥gL»wJ.	eh‹F	mšyJ	mj‰F	nk‰g£l	

jiyfŸ	bgWtj‰fhd	ãfœjfÎ	ahJ	?
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6) 2% ÃnsLfŸ	 gGjhdit	 v‹W	m¥ÃnsLfë‹	c‰g¤Âahs®	 bjçé¡»wh®.	

xU	bjhF¥ÃèUªJ	rkthŒ¥ò	khÂçfshf 200 ÃnsLfŸ	vL¡f¥gL»‹wd 3 
mšyJ	mj‰F	nk‰g£l	ÃnsLfŸ	gGJŸsitahf	ÏU¥gj‰fhd	ãfœjfit¡	

fh©f. (e–4 = 0.01832)

7) 2% ÂUF	 kiwfŸ	 gGJŸsit	 v‹W	 vÂ¥h®¡f¥gL«	 våš,	 200	 ÂUF	

kiwfŸ	 bfh©l	 xU	 bg£ofëš,	 mÂf¥goahf	 5	 gGJŸs	 ÂUF	 kiwfŸ	

fhz¥gLtj‰fhd	ãfœjfit¡	fh©f	?	(e–4 = 0.01832)

8) fh®	ég¤Âš	xUt®	j«	ÏU	f©fisÍ«	ÏHªjhš	ÏH¥Ãid	<L	brŒtj‰fhf	

xU	 fh¥Õ£L	 ãWtd«	 4,000	 eg®fS¡F	 fh¥ÕL	 brŒJŸsJ.	 Kªija	

étu§fë‹	go	 1,00,000	ngçš	ruhrç	 10	ng®	x›bthU	tUlK«	fh®	ég¤Âš	

Ï«khÂç	 Cd«	 V‰gLtjhf	 it¤J¡	 bfh©L	 fh¥Õ£L	 bjhif	 Åj§fŸ	

fz¡ÑL	 brŒa¥g£LŸsJ.	 3	 ngU¡F	 nkš	 CdK‰wt®fŸ	 xU	 tUl¤Âš	

fh¥Õ£L	bjhifia	bgWtj‰fhd	ãfœjfÎ	ahJ	? ( e–0.4 = 0.6703)

9) xU	 ãWtd«	 c‰g¤Â	 brŒÍ«	 ä‹és¡Ffëš 3% gGJŸsit	 v‹W	

bfhL¡f¥g£LŸsJ	 100	 ä‹és¡FfŸ	 cŸs	 xU	 T¿š, (i) x‹W«	 gGJ	

milaéšiy	(ii) rçahf	x‹W	gGJŸsit	v‹gj‰fhd	ãfœfjÎ	v‹d	? 

 (e–3 = 0.0498) .

10) xU	F¿¥Ã£l	ÏaªÂu«	jahç¡F«	bghU£fëš	gGJŸsitahf	ÏU¥gj‰fhd	

ãfœjfÎ	 .2	MF«.	mªj	ÏaªÂu«	jahç¡F«	bghU£fëèUªJ	 10	bghU£fŸ	

rkthŒ¥ò	Kiwæš	nj®ªbjL¡f¥g£lhš,	x‹W¡F	äfhj	bghUŸ	gGJŸsjhf	

ÏU¥gj‰fhd	ãfœjfÎ	v‹d	? (e–2 = 0.13534)

8.4  bjhl® gutš

 K‹	 gFÂæš	 f©l¿ªj	 <UW¥ò	 gutš,	 ghŒrh‹	 gutš	 m¿Kiw	 gutšfŸ	

MF«.	 jåkåjå‹	 cau«	 vil	 ngh‹w	 bjhl®¢Áahf	 kh¿¡	 bfh©oU¡F«	

msÎfë‹	 fâj¥	 gutY¡F	 cfªj	 X®	 bjhl®gutš	 njit¥gL»wJ.	 Ïašãiy	

gutš	v‹gJ	btFthf	ga‹gL¤j¥gL«	xU	bjhl®	gutyhF«.

8.4.1  Ïašãiy gutš (Normal Distribution)

 òŸëæaèš	 ga‹gL¤j¥gL»‹w	 mid¤J	 gutšfSŸ	 Ïašãiy	 gutš,	

xU	 äf	 K¡»a	 k‰W«	 M‰wš	 ä¡f	 gutyhf	 fUj¥gL»wJ.	 ãfœjfÎ	 Ïaè‹	

ts®¢Á¡fhf	Ï¥gutiy	Kj‹	Kjèš	“O	khŒt®''	 (De Moivre) v‹gt® 1733 M©L	

m¿Kf¥gL¤Âdh®.	yh¥yh° (Laplace) (1749 - 1827) k‰W«	~fh°	(Gauss) (1827 - 1855) 
M»nahU«	Ïašãiy¥	gutè‹	ts®¢Áæš	j§fis	<LgL¤Â¡	bfh©lh®fŸ.

 ruhrç μ k‰W« gut‰go σ2 M»at‰iw	bfh©l	xU	rkthŒ¥ò	kh¿ X Ñœf©l	

ãfœjfÎ	ml®¤Â¢	rh®ig

 
¦ x e x

x

( ) , , ,

( )

= − < < − < < >
−

−
1

2
0

2

22

s p
m s

m
s

 



254

bg‰¿U¡Fbkåš,	m«kh¿	Ïašãiy gutiy	bgW»wJ	vdyh«.	mJ	X ~ (μ, σ2) v‹w	

F¿p£lhš	F¿¡f¥gL»wJ.

F¿¥ò :

 g©gsitfŸ μ k‰W« σ2 Ïašãiy¥	 gutš	 KGtijÍ«	 étç¡»‹wJ.	

Ñœ¡f©l	ãgªjidfëš,	Ïašãiy¥	gutš	<UW¥ò	gutè‹	beU§»a	všiy	v‹W	

fUj	KoÍ«	:

 (i) n, Ka‰Áfë‹	v©â¡if	äf¥bgçaJ	(m-J) n → ∞

 (ii)  p mšyJ	q äf¢Á¿ajšy.

 Ïašãiy	gutY¡fhd	ml®¤Â¢	rh®Ã‹	tiugl«, Ïašãiy tistiu v‹W	

miH¡f¥gL»wJ	k‰W«	mJ	Ñœ¡f©l	tiugl¤Âš	bfhL¡f¥g£LŸsJ.

x = m
Ïašãiy ãfœjfÎ gutš

f(x)

8.4.2  Ïašãiy¥ gutè‹ g©òfŸ

 Ïašãiy	 tistiu	 k‰W«	 Ïašãiy¥	 gutè‹	 K¡»akhd	 g©òfŸ	 ÑnH	

bfhL¡f¥g£LŸsJ.

(i)  tistiu	 “Myakâ''	 ngh‹w	 tot¤ÂY«,	 x = μ v‹w	 nfh£il	 bghW¤J	

ÏUòwK«	rk¢Ó®	cilajhfÎ«	ÏU¡F«.

(ii)  Ï¥gutè‹	ruhrç,	Ïilãiy,	KfL	M»a	_‹W«	xnu	òŸëæš	mik»‹wd.

(iii)  tistiuæ‹	 xnu	 bgUk¥òŸë	 ruhrç	 μ-š	 mikÍ«.	 tistiuæ‹	 ruhrç	

nfh£il	 éy»	 bršy	 bršy	 tistiuæ‹	 cau«	 ÏUòwK«	 Fiwtij¡	

fhzyh«.

(iv)  tistiuæ‹	 ÏUòwK«	 cŸs	 filÁ	 gFÂfŸ	 Koéšyhkš	 »ilk£l	

nfh£il	(x	m¢R)	bjhlhkš	mQ»	brš»wJ.

(v)  xnu	xU	bgUk¥òŸëia	bg‰¿U¥gjhš	Ïašãiy¥	gutY¡F	xU	KfL	jh‹	

c©L.

(vi)  ãfœjfÎ f (x) v¥bghGJ«	 Fiw	 kÂ¥òfis	 bgw	 KoahJ.	 Mifahš	

tistiuæ‹	v›éj	gFÂÍ« x -	m¢R¡F	ÑnH	mikahJ.
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(vii)  tistiuæ‹	tisÎ	kh‰w¥	òŸë x = μ + σ v‹w	Ïl§fëš	mikÍ«.

(viii)  ruhrçia¥	bghU¤J	ruhrç	éy¡f« 2 4
5π

σ σ=

(ix) ruhrç	 k‰W«	 Â£léy¡f«	 bjçªÂUªjhš,	 tistiuæ‹	 rk‹gh£il	

f©l¿ayh«.	(m-J)	bfhL¡f¥g£LŸs	ruhrç μ, Â£léy¡f« σ-¡F«	xnu	xU	

Ïašãiy	gutš	jh‹	c©L.

(x) gu¥gsÎ	 g©ò	 :	 ruhrç μ, Â£léy¡f« σ	 M»at‰iw	 bfh©l	 Ïašãiy	

tistiuæ‹	Ñœ	mikÍ«,	gu¥ò	x‹W	MF«.

 (a) P(μ – σ < X < μ + σ) = 0.6826

   (m-J)	(ruhrç) ± 1σ, 68.27% gu¥ig	cŸsl¡F»wJ.

 (b) P(μ – 2σ < X < μ + 2σ) = 0.9544

   (m-J)	(ruhrç)	 ± 2σ, 95.45% gu¥ig	cŸsl¡F»wJ.

 (c)  P(μ – 3σ < X < μ + 3σ) = 0.9973

   (m-J)	(ruhrç)	 ± 3σ, 99.73% gu¥ig	cŸsl¡F»wJ.

8.4.3  Â£l Ïašãiy¥ gutš

 xU	rkthŒ¥ò	kh¿ X ruhrç	μ = 0 Â£léy¡f«	σ = 1 v‹»w	Ïašãiy	gutiy	

bg‰¿Uªjhš	m«kh¿	Â£l Ïašãiy¥ gutš	v‹wiH¡f¥gL»wJ.

F¿¥ò

(i)  X~N(μ, σ2) våš	Z = 
X − µ

σ
 v‹gJ	Â£l Ïašãiy kh¿	MF«.	Ï§F	E(Z) = 0,  

var(Z) = 1 vd	mikÍ«.

 Z ~ N(0, 1) v‹w	F¿p£lhš	F¿¡fyh«.

(ii) Â£l	Ïašãiy¥	gutš,	k‰w	Ïašãiy¥	gutšfë‹	tot¤njhL	x¤ÂU¡F«.	

Mdhš μ = 0, σ = 1 v‹»w	 Áw¥ò	 g©òfis	 Â£l	 Ïašãiy¥	 gutš	

bg‰¿U¡F«.

ZZ = 0

ϕ (Z)
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 xU	rkthŒ¥ò	kh¿ Z -‹	ãfœjfÎ	ml®¤Â¢	rh®ò

 j
p

( ) ,Z = − < <
−1

2

z2

2e z  v‹W	 mikÍkhæ‹	 Ï«kh¿	 Â£l 

Ïašãiy¥ gutiy	bg‰¿U¡»wJ.

vL¤J¡fh£L 24

 Z v‹w Â£l Ïašãiy kh¿ahdJ

 (a) 0 k‰W« 1.83 ¡F Ïilna mikªjhš

 (b) 1.54 I él¥ bgçaJ våš

 (c) – 0.86 I él¥ bgçaJ våš

 (d) 0.43 k‰W« 1.12 ¡F Ïilna mikªjhš

 (e) 0.77 I él Á¿aJ

 våš ãfœjfÎ v‹d ?

Ô®Î :

(a) 0 k‰W« 1.83 ¡F Ïilna Z cŸsJ.

1.83 ZZ = 0

 P(0 ≤ Z ≤ 1.83) = 0.4664 (m£ltizæèUªJ)

(b) 1.54 I él Z bgçaJ (m-J) P(Z ≥ 1.54)

1.54 ZZ = 0

 Z = 0 ‹	 ty¥g¡f	 KGgu¥ò	 0.5, Z = 0 k‰W« 1.54 ¡F	 Ïilna	 gu¥ò	

(m£ltizæèUªJ)	0.4382
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 P(Z ≥ 1.54) = 0.5 – P(0 ≤ Z ≤ 1.54)

         = 0.5 – .4382 = .0618

(c) – 0.86 I él Z bgçaJ (m-J) P(Z ≥ -0.86)

-.86 ZZ = 0

 Ï§F	njitahd	gu¥ò P(Z ≥ – 0.86) ÏU	gFÂfshF«.

 (i) Z = -0.86 k‰W« Z = 0 ¡F	Ïil¥g£l	gu¥ò	=	0.3051 (m£ltizæèUªJ)

 (ii) Z > 0, (m-J)	gu¥ò	= 0.5

  ∴ P(Z ≥ – 0.86) = 0.3051 + 0.5 = 0.8051

(d) 0.43 k‰W« 1.12 ¡F Ïilna Z cŸsJ.

1.12 Z
Z = 0 .43

 ∴ P(0.43 ≤ Z ≤ 1.12)  = P(0 ≤ Z ≤ 1.12) – P(0 ≤ Z ≤ 0.43)

    = 0.3686 - 0.1664 (m£ltizæèUªJ)

    = 0.2022.

(e) 0.77 I él Z Á¿aJ

.77 ZZ = 0

 P( Z ≤ 0.77)  = 0.5 + P(0 ≤ Z ≤ 0.77)

   = 0.5 + .2794 = .7794 (m£ltizæèUªJ)
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vL¤J¡fh£L 25

 ruhrç 100 k‰W« gut‰go 36 M»at‰iw bfh©l X v‹gJ xU Ïašãiy 

rkthŒ¥ò kh¿ våš (i) P(X > 112) (ii) P(X < 106) (iii) P(94 < X < 106) M»at‰iw¡ 

fh©f.

Ô®Î :

 ruhrç	μ = 100 ; gut‰go σ2 = 36 ; Â£léy¡f« σ = 6

 vdnt	Â£l	Ïašãiy	kh¿ Z

 Z X X= − = −µ
σ

100
6

 v‹gJ	MF«.

(i) X = 112, våš	Z = 
112 100

6
−

 = 2.

 ∴ P (X > 112) = P (Z > 2)

2 ZZ = 0

  = P (0 < Z < ∞) - P(0 ≤ Z ≤ 2)

  = 0.5 - 0.4772 = 0.0228 (m£ltizæèUªJ)

(ii) bfhL¡f¥g£LŸs	kÂ¥ò	X = 106, Z = 
106 100

6
−

= 1

1 ZZ = 0

 P(X < 106) = P (Z < 1)

         = P (– ∞ < Z < 0) + P(0 < Z < 1)

          = 0.5 + 0.3413 = 0.8413 (m£ltizæèUªJ)
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(iii) X = 94, våš	When X Z

X Z

= = − = −

= = − = +

94
94 100

6
1

106
106 100

6
1

,

,
 X = 106,  

When X Z

X Z

= = − = −

= = − = +

94
94 100

6
1

106
106 100

6
1

,

,

1 ZZ = 0-1

∴  P(94 < X < 106) = P(-1 < Z < 1)

      = P(-1 < Z < 0) + P(0 < Z < 1)

      = 2 P(0 < Z < 1) (rk¢Óuhjyhš)

      = 2 (0.3413)

      = 0.6826

vL¤J¡fh£L 26

 nj®Î vGÂat®fëèUªJ 1000 eg®fis¡ bfh©l TW vL¤jèš ruhrç 

kÂ¥bg©fŸ 45 k‰W« Â£léy¡f« 15 vd cŸsJ. Ï¥gutš, Ïašãiyæš cŸsJ 

vd¡ bfh©L, Ñœf©lt‰iw¡ fh©f.

 (i) 40 k‰W« 60¡F« Ïilæš kÂ¥bg© bg‰wt®fŸ v¤jid ng® ?

 (ii) 50¡F« nkš kÂ¥bg© bg‰wt®fŸ v¤jid ng® ?

 (iii) 30¡F« Ñœ kÂ¥bg© bg‰wt®fŸ v¤jid ng® ?

Ô®Î :

 ruhrç = μ = 45 k‰W«	Â£léy¡f«	= σ = 15

  vdnt		Then Z
X X= − = −µ

σ
45

15

( ) ( )i P X P Z

P Z

40 60
40 45

15

60 45

15

1

3
1

< < = − < < −





= − < <







260

 
1 Z

Z = 01--
3

  = P(– 
1

3
 < Z < 0) + P(0 < Z < 1)

  = P(0 < Z < 0.33) + P(0 < Z < 1)

  = 0.1293 + 0.3413 (m£ltizæèUªJ)

 P(40 < X < 60) = 0.4706

vdnt	40	k‰W«	60¡F	Ïilæš	kÂ¥bg©	bg‰wt®fë‹	v©â¡if

  = 1000 x 0.4706 = 470.6 ~ 471

(ii) P (X > 50) = P (Z > 
1

3
)

1-
3

Z
Z = 0

   = 0.5 - P(0 < Z <  
1

3
) = 0.5 – P(0 < Z < 0.33)

   = 0.5 - 0.1293 = 0.3707 (m£ltizæèUªJ)

vdnt	50¡F«	nkš	kÂ¥bg©	bg‰wt®fë‹	v©â¡if

   = 1000 × 0.3707 = 371.

(iii) P(X < 30) = P(Z < – 1)

-1 ZZ = 0
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   = 0.5 – P(–1 < Z < 0)

   = 0.5 – P(0 < Z < 1) 

   = 0.5 – 0.3413 = 0.1587 (m£ltizæèUªJ)

∴ vdnt	30¡F	Ñœ	kÂ¥bg©	bg‰wt®fë‹	v©â¡if

   = 1000 × 0.1587 = 159

vL¤J¡fh£L 27

 1000 gŸë¡ FHªijfë‹ E©z¿Î <é‹ ruhrç 96 MfÎ« k‰W« 

Â£léy¡f« 12 MfÎ« ÏU¡»wJ. gŸë¡ FHªijfë‹ E©z¿Î <Î gutš 

Ïašãiy vd¡ bfh©L

 (i) 72 ¡F Fiwthf (ii) 80 k‰W« 120 ¡F Ïilæš E©z¿Î <Î bfh©l 

khzt®fë‹ v©â¡ifæid njhuhakhf fh©f.

Ô®Î :

 N = 1000, μ = 96 k‰W« σ = 12 v‹W	bfhL¡f¥g£LŸsJ

 
Then Z

X X= − = −µ
σ

96

12  

(i) P (X < 72) = P (Z < – 2)

-2 ZZ = 0

  = P(– ∞ < Z < 0) - P(-2 < Z < 0)

  = P(0 < Z < ∞) - P(0 < Z < 2)

  = 0.5 – 0.4772 = 0.0228 (m£ltizæèUªJ).

∴  72 ¡F	Fiwthd	E©z¿Î	<Î	bfh©l	FHªijfë‹	v©â¡if

  = 1000 × 0.0228 = 22.8 ~ 23

(ii)  P(80 < X < 120) = P(-1.33 < Z < 2)
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2 ZZ = 0-1.33

  = P(-1.33 ≤ Z < 0) + P(0 ≤ Z ≤ 2)

  = P(0 ≤ Z ≤ 1.33) + P(0 ≤ Z ≤ 2)

  = 0.4082 + 0.4772 (m£ltizæèUªJ)

  = 0.8854

∴ 80 k‰W« 120 ¡F	Ïilæš	E©z¿Î	<Î	bfh©l	FHªijfë‹	v©â¡if

  = 1000 × .8854 = 885.

vL¤J¡fh£L 28

 xU Ïašãiy¥ gutèš 20 éG¡fhL cU¥gofŸ 100¡F FiwthfÎ«, 

30 éG¡fhL cU¥gofŸ 200¡F« nkny cŸsJ våš m¥gutè‹ ruhrç k‰W« 

Â£léy¡f¤ij¡ fh©f.

Ô®Î :

 bfhL¡f¥g£l	étu§fis	tiugl¤Âš	fh©f.

X=200
Z=Z2

X =100
Z  =-Z1

ZZ = 0

tiugl¤ÂèUªJ

  P (– Z1 < Z < 0) = 0.3

(m-J)  P (0 < Z < Z1)    = 0.3

∴  Z1 = 0.84 (m£ltizæèUªJ)

vdnt   – 0.84 = 
100 − µ

σ
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 (m-J) 100 – μ = – 0.84 σ   ...... (1)

  P (0 < Z < Z2) = 0.2

∴  Z2 = 0.525 (m£ltizæèUªJ)

vdnt     0.525 = 
200 − µ

σ

 (m-J) 200 – μ = 0.525 σ   .... (2)

(1) k‰W« (2) I	Ô®Î	brŒa, μ = 161.53

   σ = 73.26

gæ‰Á 8.4

1) Â£l	Ïašãiy	tistiuæ‹	Ñœ	mikÍ«	gu¥Ãid

 (i) Z = 2.70 ‹	tyJòw«	k‰W«

 (ii) Z = 1.73 ‹	ÏlJòw«	-	fh©f.

2) Â£l	Ïašãiy	tistiuæ‹	Ñœ	mikÍ«	gu¥Ãid

 (i)  Z = 1.25 k‰W« Z = 1.67 ¡F	Ïilæš,

 (ii)  Z = -0.90 k‰W« Z = -1.85 ¡F	Ïilæš	-	fh©f.

3) xU	 FGéš	 cŸs	 khzt®fŸ	 bg‰w	 kÂ¥bg©fë‹	 gutš	 Ïašãiyæš	

cŸsjhf	fUj¥gL»wJ.	mj‹	ruhrç	50	kÂ¥bg©fŸ	k‰W«	Â£léy¡f«	15	

kÂ¥bg©fŸ	våš	35	¡F	Fiwthd	kÂ¥bg©fŸ	bg‰w	khzt®fë‹	é»j	

msit	kÂ¥ÃLf.

4) xU	 bghJ¤nj®éš	 bghUëæaš	 ghl¤Âš	 khzt®fŸ	 bg‰w	 kÂ¥bg©fŸ	

ruhrç	 45	 k‰W«	 Â£léy¡f«	 3	 M»at‰nwhL	 Â£l	 Ïašãiy¥	 gutiy	

Ã‹g‰W»wJ	v‹W	fUj¥gL»wJ.	Ï¥ghl¤ij	gæY«	xU	khzt‹	rkthŒ¥ò	

Kiwæš	 nj®ªbjL¡f¥gL»wh®.	 m«khztç‹	 kÂ¥bg©fŸ	 70	 ¡F	 nkš	

ÏU¥gj‰fhd	ãfœjfÎ	v‹d	?

5) ÏuhQt	Åu®fë‹	ruhrç	cau«	k‰W«	 gut‰go	Kiwna 68.22″, 10.8″ MF«.	

1000	 ng®	 cila	 xU	 gilaâæš	 6	 mo	 cau¤Â‰F	 nkš	 v¤jid	 Åu®fŸ	

cŸsd®	v‹gij	fz¡»Lf.

6) xU	 V¡f®	 gu¥òŸs	 ãy¥gFÂæ‹	 éis¢rè‹	 ruhrç	 663	 ».»	 k‰W«	 Â£l	

éy¡f«	 32	 ».».	 MF«.	 Ï›étu¤ij	 Ïašãiy	 gutyhf	 fUÂ	 1000	 ãy¥	

gFÂfis	bfh©l	bjhFÂæš, (i) 700	».».é‰F	nkš	 (ii) 650	».».é‰F	Ñœ	

éis¢riy	 V‰gL¤j¡	 Toa	 xU	 V¡f®	 gu¥òŸs	 ãy§fë‹	 v©â¡if	

ahJ?
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7) ãiwa	 v©â¡ifæš	cŸs	msÎfŸ	 ruhrç 65.5" k‰W«	Â£léy¡f«	 6.2" 

M»at‰iw	 bfh©L	 Ïašãiy¥	 gutèš	 mikªJŸsd. 54.8" k‰W« 68.8" 

M»at‰¿‰»ilæš	mikÍ«	msÎfë‹	éG¡fhL	fh©f.

8) xU	bjhê‰rhiy	c‰g¤Â	brŒÍ«	ÏaªÂu	RHš	j©Lfë‹	é£l«	Ïašãiy¥	

gutyhf	cŸsJ.	 RHš	 j©Lfëš 31% ,	 45 ä.Û.¡F	Fiwthd	é£l¤ijÍ«, 
8%  64	 ä.Û¡F	 nkyhd	 é£l¤ijÍ«	 bfh©LŸsd.	 RHš	 j©Lfë‹	

é£l¤Â‹	ruhrç	k‰W«	Â£l	éy¡f«	fh©f.

9) xU	F¿¥Ã£l¤	nj®é‹	KoÎfŸ	RU¡fkhf	ÑnH	ju¥g£LŸsd.

KoÎfŸ khzt®fë‹	éG¡fhL

1.	Áw¥òl‹	bt‰¿¥	bg‰wt® 10
2.	bt‰¿¥	bg‰wt® 60
3.	njhšéailªjt® 30

 40¡F	 Ñœ	 kÂ¥bg©	 bg‰wt®fŸ,	 nj®éš	 njhšéailªjt®fŸ	 v‹W«	

75¡F	 nkš	 kÂ¥bg©	bg‰wt®fŸ	 nj®éš	Áw¥òl‹	bt‰¿¥	bg‰wt®	 v‹W«	

bjç»wJ.	gutiy	Ïašãiy	gutyhf¡	bfh©L	ruhrç,	Â£léy¡f«	fh©f.

gæ‰Á 8.5

V‰òila éilia¤ bjçÎ brŒf.

1) xU	 Óuuhd	 ehza«	_‹W	Kiw	 R©l¥gL»wJ	 våš	 jiy	 »il¥gj‰fhd	

v©â¡if x -‹	ãfœjfÎ	rh®ghdJ 

 (a) x

p x

0 1 2 3

1

8

1

8

2

8

3

8
( )

   (b) x

p x

0 1 2 3

1

8

3

8

3

8

1

8
( )

 (c) x

p x

0 1 2 3

1

8

1

8

2

8

3

8
( )

   (d) Ït‰¿š	VJäšiy

2) xU	jå¤j	rkthŒ¥ò	kh¿æ‹	ãfœjfÎ	Â©k¢	rh®ò

 
x
p x k k k k

0 1 2 3

2 3 5( )
 våš k -‹	kÂ¥ò

 (a) 1

11
   (b) 

2

11
   (c) 

3

11
   (d) 

4

11
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3) X v‹w	xU	kh¿æ‹	ãfœjfÎ	ml®¤Â	rh®ò	 f (x) = Cx (2 – x), 0 < x < 2 vd	

tiuaW¡f¥g£lhš	C -‹	kÂ¥ò

 (a) 
4

3
   (b) 

6

4
   (c) 

3

4
   (d) 

3

5

4) <UW¥ò	gutè‹	ruhrç	k‰W«	gut‰go	Kiwna

 (a) np, npq  (b) pq, npq  (c) np,  npq   (d) np, nq

5) X~N (μ, σ), v‹w	Â£l	Ïaš	kh¿æ‹	gutyhdJ,

 (a) N(0, 0)   (b) N(1, 0)   (c) N(0, 1)   (d) N(1, 1)

6) Ïašãiy	gutè‹	tistiuahdJ

 (a) ÏU	KfL	cilaJ

 (b) xU	KfL	cilaJ

 (c) nfh£l«	cilaJ	(Skewed)

 (d) Ït‰¿š	VJäšiy

7) X xU	ghŒrh‹	kh¿	k‰W«	P(X = 1) = P(X = 2) våš	mj‹	ruhrçahdJ

 (a) 1    (b) 2    (c) – 2    (d) 3

8)  xU	ghŒrh‹	kh¿æ‹	Â£léy¡f«	2	våš,	mj‹	ruhrç

 (a) 2    (b) 4  (c) 2     (d) 1

2

9) X, Y v‹w	rkthŒ¥ò	kh¿fŸ	rh®g‰wit	våš

 (a) E(X Y) = 1    (b) E(XY) = 0 

 (c) E(X Y) = E(X) E(Y)   (d) E(X+Y) = E(X) + E(Y)

10) <UW¥ò	 gutè‹	 ruhrç	 k‰W«	 gut‰go	 Kiwna	 8	 k‰W«	 4	 P(X = 1) ‹	

kÂ¥ghdJ

 (a) 
1

212
  (b) 1

24
  (c) 

1

26    (d) 
1

210

11) X~N (μ, σ2) våš,	Ïašãiy	gutè‹	tisÎ	kh‰w¥	òŸëfŸ

 (a) ± μ    (b) μ ± σ  (c) σ ± μ   (d) μ ± 2σ
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12) X~N (μ, σ2) våš	Ïašãiy	gutè‹	tisÎ	kh‰w¥	 òŸëæš	V‰gL«	bgUk	

ãfœjfÎ

 (a) 
1

2

1
2

π
e   (b) 

1

2

1
2

π
e

−
  (c) 

1

2σ π
  (d) 

1

2π

13) rkthŒ¥ò X -‹	ãfœjfÎ	gutš

 

X − −1 2 1 2

1

3

1

6

1

6

1

3
p x( )

 våš X-‹	vÂ®gh®¤jyhdJ

 (a) 3

2
   (b) 

1

6
   (c) 

1

2
   (d) 1

3

14) X ~ N (5, 1) våš	Ïašãiy	kh¿	X -‹	ãfœjfÎ	ml®¤Â¢	rh®ghdJ

 (a) 
1

5 2

1
2

1
5

2

π
e

x− −



     (b) 

1

2

1
2

1
5

2

π
e

x− −





 (c) 1

2

1
2

5 2

π
e

x− −( )
    (d) 

1
1
2

5 2

π
e

x− −( )

15) X~N (8, 64) våš,	Â£l	Ïaš	ãiy	kh¿	Z =

 (a) 
X − 64

8
  (b) 

X − 8

64
  (c) 

X − 8

8
  (d) 

X − 8

8
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TbwL¥ò c¤ÂfŸ k‰W« òŸëæaš cŒ¤Jz®jš

__________________________________________________

9.1  TbwL¤jš k‰W« ÃiHfë‹ tiffŸ (Sampling and types of errors)

 TbwL¤jš	 e«	 m‹whl	 thœéš	 ga‹gL¤j¥gL»wJ.	 rik¡F«	 bghGJ	

xU	 Áy	 nrh‰iw	 gj«	 gh®¤J	 mitfŸ	 e‹whf	 rik¡f¥g£LŸsdth	 vd	 xUt®	

nrhÂ¥gJ«	k‰W«	jhåa	tif	x‹¿id	th§f	éU«ò«	éahghç	xUt®,	ÁW	mséš	

jhåa¤ij	nrhÂ¥gJ«	TbwL¤jY¡fhd	cjhuz§fshF«.	ekJ	bgU«gh‹ikahd	

KoÎfŸ	xU	Áy	cUgofis	nrhÂ¤j¿ªJ	vL¡f¥gL»‹wd.

 FG	 x‹¿id¢	 rh®ªj	 cW¥òfë‹	 x‹W	 mšyJ	 mj‰F	 nk‰g£l	

Áw¥Ãašòfë‹	khWgh£ilnah,	mitfë‹	msit	kÂ¥ÃLjènyh	jh‹	òŸëæaš	

MŒÎ	x‹¿‹	ika¡	fU¤jhf	cŸsJ.	òŸëaš	MŒé‰F	c£gL¤j¥gL«	Ï¤jifa	

cW¥ò¡fë‹	 mšyJ	 myFfë‹	 (units) bjhFÂia KGik¤ bjhFÂ (Population) 
v‹ngh«.	vdnt	MuhŒjY¡Fça	Ï¤jifa	cW¥ò¡fë‹	nr®¥ò	mšyJ	bjhF¥Ãid	

òŸëæaèš	KGik¤	bjhFÂ	vd¥gL»wJ.	KGik¤	bjhFÂ	MdJ	KoÎW	mšyJ	

KoÎwh	bjhFÂahf	ÏU¡fyh«.

9.1.1  TbwL¤jš k‰W« TWfŸ

 òŸëæaèš	 MŒÎ¡fhd	 KGik¤	 bjhFÂæèUªJ	 xU	 F¿¥Ã£l	

v©â¡ifæš	 myFfis	 (cjhuzkhf	 FL«g§fŸ,	 Ef®nth®,	 ãWtd§fŸ	

ngh‹wt‰iw)	 MuhŒtj‰F	 vL¤J¡	 bfhŸS«	 KiwahdJ	 TbwL¥ò	 (sampling) 
KiwahF«.	 òŸëæaš	 Kiwik (statistical regularity) ia¥	 Ã‹g‰¿na	 TbwL¥ò	

KiwfŸ	 ifahs¥gL»‹wd.	 Ïªj	 bfhŸifæ‹	 go	 xU	 bgça	 bjhFÂæèUªJ	

vL¡f¥gL«	njitahd	v©â¡ifæš	mikªj	xU	T¿YŸs	cW¥òfŸ,	ruhrçahf	

mªj	 bjhFÂæYŸs	 cW¥òfë‹	 Áw¥Ãašòfis¥	 bg‰¿U¥gJ	 mnefkhf	 cWÂ	

MF«.

 KGik¤	 bjhFÂæ‹	 Ãç¡f	 Ïayhj	 äf¢Á¿a¥	 gFÂia	 myF	 mšyJ	

cW¥ò (unit) v‹»nwh«.	cW¥ig	rçahfÎ«,	bjëthfÎ«	tiuaW¡f¥glš	nt©L«.	

cjhuzkhf	FL«g«	v‹w	cW¥ig	tiuaW¡F«	bghGJ,	xU	eg®	ÏU	FL«g§fis¢	

nr®ªjtuhf	ÏU¤jš	TlhJ.	nkY«	xU	FL«g¤Âš	cŸs	vªj	egU«	éLglhkèU¡f	

nt©L«.

	 xU	KGik¤	bjhFÂæ‹	KoÎW	cgfz¤ij	TW (sample)	vdÎ«,	T¿YŸs	

cW¥ò¡fë‹	v©â¡ifia	T¿‹ msÎ	(sample size) vdÎ«	tiuaW¥ngh«.

 T¿èUªJ	 bgw¥g£l	 étu§fis	 gF¤j¿ªJ	 mj‹	 _y«	 eh«	 KGik¤	

bjhFÂia¥	g‰¿	m¿ªJ	bfhŸsyh«.

9
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9.1.2  KGik¤ bjhFÂ msit k‰W« TW msit (Parameter and Statistic)

 KGik¤	 bjhFÂæ‹	 òŸëæaš	 kh¿fshd	 ruhrç (μ), gut‰go (σ2), é»j	

rk« (proportion) (P) v‹gd	 KGik¤bjhFÂæ‹	 msitfshF«.	 TbwL¤jèš	

ÏUªJ	»il¡f¥gL«	òŸëæaš	msÎfshd	ruhrç (X), gut‰go (σ2), é»j	rk«	(p)  
v‹gd	TW msitfŸ	vd¥gL«.

 TbwL¥ò	KiwfŸ	KGik¤	bjhFÂæ‹	msitfis¥	 g‰¿	m¿ªJ	bfhŸs	

cjÎ«	fUéahf	cŸsd.	KGik¤bjhFÂ	msitfis¥	g‰¿	ca¤Jzu,	TbwL¥ò	

étu§fŸ	mo¥gilæš	kÂ¥ÃLtnj	TW	msitahF«.

9.1.3  TbwL¤jè‹ mtÁa« (Need for Sampling)

 xU	 f«bgåæ‹	 f¢rh	 bghU£fŸ	 JiwahdJ	 cUgofis	 mÂf	 mséš	

jUé¤J	 mij	 j‹	 c‰g¤Â	 Jiw¡F	 v¥bghGJ	 njitnah	 m¥bghGJ	 jU»wJ	

v‹f.	 mªj	 cUgofis	 vL¤J¡	 bfhŸtj‰F	 K‹	 MŒÎ¤	 JiwahdJ	 mjid	

MŒÎ	mšyJ	nrhjid	brŒJ	j§fSila	njit¡nf‰w	ju«	bfh©LŸsitfshf	

cŸsdth	vd	nrhÂ¡»wJ.	m¥bghGJ

(i)  jUé¡f¥g£l	všyh	cUgofisÍ«	nrhÂ¡fyh«	mšyJ

(ii)  mÂèUªJ	 TW	 x‹iw	 vL¤J,	 mÂYŸs	 FiwghLfSila	 cUgofis	

MŒÎ		 brŒJ	 f©l¿tÂ‹	 _y«,	 	 KGik¤	 bjhFÂæš	 FiwghLfŸ	 cŸs	 

	 cUgofë‹	v©â¡ifia	njhuhakhf	fz¡»lyh«.

 Kjš	 tifahdJ	 KG¡ fz¡»lš Kiw (census) vd¥gL«.	 Ïªj	 Kiwæš	

cŸs	Ïu©L	FiwghLfshtd	:

 (i) neu«	ÅzhFjš (ii) bryÎfŸ	mÂfkhjš

	 Ïu©lhtJ	TbwL¥ò	Kiwæš	Ïu©L	e‹ikfŸ	cŸsd.	(i) Fiwªj	bryÎ	

(ii) Fiwthd	V‰òila	neu¤Âš	ešy	KoÎfŸ.

	 njitæšyhjitfis	 xJ¡f	 nt©oa	 rka¤Âš	 TbwL¥ò	 Kiw	

äfÎ«	 ga‹gl¡	 Toajhf	 cŸsJ.	 e‹F	 tiuaW¡f¥g£l	 òŸëæaš	 TbwL¥ò	

KiwæèUªJ,	 Fiwªj	 neu¤Âš,	 Fiwªj	 bryéš,	 äf	 Jšèakhd	 KoÎfis¥	

bgwyh«.	 Mfnt	 ešy	 KoÎfis	 vÂ®gh®¡F«	 Ïl§fëš	 äf¢Áwªj	 fUéahf	

TbwL¥ò	Kiw	cŸsJ	våš	mJ	äifahfhJ.

9.1.4  TbwL¥ò Kiw Â£l¤Âš cŸs gofŸ (Elements of Sampling Plan)

 TbwL¤jiy	 Â£läLtÂY«	 mij	 ãiw	 nt‰WtÂY«	 cŸs	 K¡»akhd	

gofŸ	Ã‹tUkhW	:

(i)  neh¡f§fŸ (Objectives)

 òŸëæaš	 fz¡bfL¥Ã‰fhd	 mo¥gil	 neh¡f§fis	 Â£lt£lkhfÎ«	

bjëthfÎ«	Kjèš	KoÎ	 brŒa	 nt©L«.	 m›thW	 rçahf	 tiuaW¡f¥gléšiy	

våš,	 òŸëæaš	MŒé‹	 neh¡f«	Åzh»éL«.	cjhuzkhf,	 njÁa	 kakh¡f¥g£l	

t§»	 x‹W,	 j‹ål«	 nrä¥ò¡	 fz¡F	 it¤JŸs	 tho¡ifahs®fS¡F	 Xuh©L	
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fhy¤Âš	 mJ	 tH§»a	 nritæ‹	 ju¤ij	 m¿a	 éU«ò»wJ	 vd¡	 bfhŸf.	

tho¡ifahs®fëläUªJ,	 j‹Dila	 nritæ‹	 ju¤ij	 m¿ªJ	 MuhŒjš	

v‹gijna	TbwL¤jè‹	neh¡fkhf¡	bfhŸs	nt©L«.

(ii)  fU¤Âš bfhŸs nt©oa KGik¤ bjhFÂ (Population to be covered)

 òŸëæaš	 fz¡bfL¥Ã‹	 mo¥gil	 neh¡f§fis¥	 bghW¤J,	 KGik¤	

bjhFÂ	e‹whf	tiuaiw	brŒa¥gl	 nt©L«.	 nrhÂ¡f¥gL«	KGik¤	bjhFÂæ‹	

Áw¥ÃašòfisÍ«	 bjëthf	 tiuaW¤jš	 nt©L«.	 cjhuzkhf,	 j‹	 nritæ‹	

ju¤ij¥	 g‰¿	 nrhÂ¡f,	 xU	 t§»	 j‹	 nrä¥ò¡	 fz¡F	 tho¡ifahs®fë‹	

fU¤Jz®Îfis	 MuhÍ«	 bghGJ,	 m›t§»æYŸs	 všyh	 nrä¥ò¡	 fz¡F	

tho¡ifahs®fisÍ«	 fU¤Âš	 bfhŸs	 nt©L«.	 t§»æYŸs	 nrä¥ò¡	 fz¡F	

tho¡ifahs®fŸmidtiuÍ«	nrhÂ¡f¥gl¡Toa	KGik¤	bjhFÂahf	(population) 
fUj	nt©L«.

(iii)  TbwL¥Ã‹ tot« (Sampling frame)

 Ô®khå¤j	 KGik¤	 bjhFÂia¥	 bgWtj‰F	 têfh£Ljyhf	 g£oaš,	 gl«	

mšyJ	eh«	V‰f¤	j¡f	toéš	VnjD«	x‹W	ÏU¤jš	mtÁa«.	Ï¤jifa	g£oaš	

mšyJ	 gl«	 ngh‹wt‰iwna	 eh«	 TbwL¥Ã‹	 tot«	 (frame) v‹»nwh«.	 g£oaš	

mšyJ	gl«	MdJ	Koªj	tiuæš	Fiwfs‰wjhf	ÏU¤jš	nt©L«.	Ïªj	tot«,	

ek¡F	T¿‹	cW¥ò¡fis¤	bjçÎ	brŒa	cjÎ«.	xU	t§»	jh‹	tH§»a	nritia¥	

g‰¿	 nrä¥ò¡	 fz¡F	 tho¡ifahs®fë‹	 fU¤J¡fis	 m¿Í«	 nrhjidæš,	

mid¤J	 tho¡ifahs®fë‹	 nrä¥ò¡	 fz¡F	 v©fis	 TbwL¥ò	 totkhf¡	

bfhŸnth«.

(iv)  TbwL¤jè‹ X® myF mšyJ cW¥ò (Sampling unit)

 TW	 x‹¿id	 bjçÎ	 brŒtj‰F	 VJthf	KGik¤	 bjhFÂia	myFfshf¥	

Ãç¡f	 nt©L«.	 Ï¤jifa	 Ãç¥ò	 bjëthf	 ÏU¤jš	 mtÁa«.	 KGik¤	

bjhFÂæ‹	 x›bthU	 cW¥ò«	 VnjD«	 xnubahU	 T¿š	 jh‹	 ÏU¡f	 nt©L«.	

xU	 t§»æYŸs	 mid¤J	 nrä¥ò¡	 fz¡F	 tho¡ifahs®fisÍ«	 bfh©l	

KGik¤	 bjhFÂæèUªJ	 TbwL¤jhš,	 m¡TWŸs	 x›bthU	 nrä¥ò¡	 fz¡F	

tho¡ifahsU«	X®	cW¥ò	mšyJ	myF	vd	miH¡f¥gLt®.

(v)  TW nj®Î brŒjš (Sampling selection)

 òŸëæaš	 nrhjid¡fhd	 mo¥gil	 neh¡f§fis¡	 fU¤Â‰	 bfh©nl,	

xU	 T¿‹	 cW¥ò¡fë‹	 v©â¡ifiaÍ«	 k‰W«	 cW¥ò¡fis¤	 nj®Î	 brŒÍ«	

KiwiaÍ«	 KoÎ	 brŒjš	 nt©L«.	 kÂ¥ÕL	 brŒa	 cŸs	 KGik¤	 bjhFÂæ‹	

msit¥	bghW¤nj	T¿id¤	nj®ªbjL¡f	nt©L«.

(vi)  étu§fis¢ nrfç¤jš (Collection of data)

 bryéd§fis¡	 fU¤Âš	 bfh©L«,	 vÂ®gh®¡F«	 kÂ¥Õ£o‹	 Jšèa¤ij¥	

bghW¤J«,	 étu§fis	 nrfç¡F«	 Kiwia	 Ô®khå¤jš	 nt©L«.	 étu§fis	

neçilahf¡	 f©l¿jš,	 éilaë¥gtçl«	 ne®fhzš	 k‰W«	 mŠrš	 _y«	

étu§fis¢	nrfç¤jš	ngh‹w	Áy	Kiwfëš	étu§fis	nrfç¡fyh«.
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(vii)  étu§fis gF¤jhŒjš (Analysis of data)

 nrfç¡f¥g£l	 étu§fis	 Kiwahf	 tif¥gL¤Âa	 Ã‹d®,	 cfªj	 MŒÎ	

Kiw¡F	 c£gL¤j	 nt©L«.	 gF¤jhŒé‹	 KoÎfis¥	 bghW¤nj,	 KGik¤	

bjhFÂæ‹	msit¥	g‰¿	ÏWÂ	KoÎ	fhz	nt©L«.

9.1.5  TbwL¤jè‹ tiffŸ

TbwL¤jè‹	

tiffŸ

vëa	 

rkthŒ¥ò	

TbwL¥ò

gLif 

TbwL¥ò

Kiw¥	

gL¤Âa	

TbwL¥ò

ÂuŸ	

TbwL¥ò

trÂahd 

TbwL¥ò

xJ¡Ñ£L

TbwL¥ò

ãòz®	

fU¤J¢	

rh®ªj 

TbwL¥ò

ãfœjfÎ	rh®ªj	

TbwL¥ò	mšyJ	

rkthŒ¥ò	TbwL¥ò

ãfœjfÎ	rhuh	TbwL¥ò	

mšyJ

rkthŒ¥ò	rhuh	TbwL¥ò

 étu§fë‹	 j‹ik	 k‰W«	 érhuizæ‹	 tif	 M»adt‰iw¥	 bghW¤nj,	

KGik¤	 bjhFÂæèUªJ,	 TW	 x‹¿id¤	 nj®ªbjL¡F«	 Kiw	 mikÍ«.	

TbwL¤jiy	Ã‹tUkhW	Ïu©L	jiy¥òfëš	tif¥gL¤jyh«.

 (i)   ãfœjfÎ rh®ªj TbwL¥ò mšyJ rkthŒ¥ò¡ TbwL¥ò

 (ii)  ãfœjfÎ rh®ªÂuhj TbwL¥ò mšyJ rkthŒ¥ò rh®ªÂuhj TbwL¥ò.

(i)  ãfœjfÎ rh®ªj TbwL¥ò (Probability sampling)

 ãfœjfÎ	 rh®ªj	 TbwL¥ò	 Kiwæš	 KGik¤	 bjhFÂæYŸs	 x›bthU	

cW¥ò«	xU	TW¡FŸ	nr®¡f¥gLtj‰fhd	ãfœjfÎ	ó¢Áak‰wjhf	(non-zero chance) 
ÏU¡f	nt©L«.

	 ãfœjfÎ	rh®ªj	TbwL¥Ã‹	tiffŸ	:

(a)  vëa rkthŒ¥ò TbwL¥ò (Simple Random Sampling)

 ãfœjfÎ	 rh®ªj	 TbwL¥Ã‹	 mo¥gil	 vëa	 thŒ¥ò¡	 TbwL¥ghF«.	

vëa	 rkthŒ¥ò¡	 TbwL¥ghdJ	 ãfœjfÎ	 rh®ªj	 TbwL¥Ã‹	 tiffëš	

mo¥gilahdjhF«.	 vëa	 rkthŒ¥ò	 TbwL¥ò	 Kiwæš,	 KGik¤	 bjhFÂæYŸs	

x›bthU	 cW¥ò«	 TW	 x‹¿š	 nr®¡f¥gLtj‰fhd	 ãfœjfÎ	 rkkhf	 ÏU¡F«.	

Ï«Kiwæš	 KGik¤	 bjhFÂæYŸs	 njit¥gL«	 v©â¡ifæš	 cW¥òfë‹	
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nr®¥ò¡fis	 TbwL¤jY¡F¥	 ga‹gL¤j¡	 Toa	 thŒ¥ò	 rk	 mséš	 ÏU¡F«.	

cW¥ò¡fis,	KGik¤	 bjhFÂæš	 Ûs	Ïlš	 (replacement) mšyJ	 Ûs	ÏlhÂU¤jš 
(without replacement) vD«	 tifæš	 TbwL¥Ãid	 ãfœ¤jyh«.	 TbwL¥ghdJ,	

Ûs	 Ïlš	 Kiwæš	 ÏU¥Ã‹,	 xU	 cW¥Ãid¤	 nj®Î	 brŒj	 Ã‹d®,	 mªj	

cW¥Ãid	 ntbwhU	 cW¥Ãid¤	 nj®Î	 brŒtj‰F	 K‹ghfnt	 Û©L«	 KGik¤	

bjhFÂæš	 nr®¡f¥gLjš	 nt©L«.	 vdnt	TbwL¥ò	 Ûs	Ïlš	Kiwæš,	KGik¤	

bjhFÂæYŸs	 cW¥ò¡fë‹	 v©â¡if	 xU	 kh¿èahf	 ÏU¡F«.	 mjhtJ	

KGik¤	bjhFÂæ‹	msÎ	khwhÂU¡F«.

 N cW¥òfis¡	 bfh©l	 KGik¤	 bjhFÂæèUªJ	 n cW¥òfis	 Ûs	

ÏlhÂU¤jš	 Kiwæš	 bjçÎ	 brŒa	 xUt®	 éU«ò»wh®	 våš	 x›bthU	 bjçÎ	

brŒa¥g£l	n cW¥òfshyhd	TW¡F«	rkkhd	ãfœjfÎ	ÏUªjhf	nt©L«.	Mfnt	

N TWfŸ	bfh©l	KGik¤	bjhFÂæèUªJ	n cW¥ò¡fŸ	bfh©L	T¿id	vL¡f	 
Ncn têfŸ	 cŸsd. n cW¥ò¡fis¡	 bfh©l	 TW	 x‹W	 N msÎŸs	 KGik¤	

bjhFÂæèUªJ	bjçÎ	brŒa¥gLtj‰fhd	ãfœjfÎ 1
N cn

MF«.

 vL¤J¡fh£lhf,	xU	t§»ahdJ	Xuh©L	fhy¤Âš	jh‹	tH§»a	nritæ‹	

ju«	 g‰¿	fU¤Âid	nrä¥ò¡	fz¡F	tho¡ifahs®fëläUªJ	m¿a	éU«ò»wJ	

vd¡	 bfhŸnth«.	 nrä¥ò¡	 fz¡F	 tho¡ifahs®fŸ	 g£oaèYŸs	 eg®fë‹	

v©â¡if	500	v‹f.	Ïªj	500	èUªJ	50	eg®fis¡	bfh©l	TW	x‹¿id	bjçÎ	

brŒJ,	 ne®fhziy	 el¤Jtj‰F	 gy	 têKiwfŸ	 cŸsd.	 mitfëš	 bghJthd	

Ïu©L	têfŸ	Ã‹tUkhW	:

(1) FY¡fš Kiw (Lottery method) : nrä¥ò¡	 fz¡F	 it¤ÂU¥gt®fë‹	

fz¡F	 gÂÎ	 v©fis	 x›bth‹whf	 500	 J©L	 fh»j¤Âš	 vGÂ	 mij	

xU	 bg£oæš	 Ï£L	 e‹whf	 FY¡»	 mÂèUªJ	 50	 J©L	 Ó£L¡fis¤	

bjçªbjL¡fyh«.	 KGik¤	 bjhFÂæš	 cŸs	 cW¥òfë‹	 v©â¡if	

FiwthfÎ«	 mij	 vL¤jhs	 nghJkhdjhfÎ«	 ÏUªjhš	 k£Lnk	 Ïªj	

Kiwia¥	Ã‹gL¤jyh«.

(2) rk thŒ¥ò v©fŸ Kiw (Random numbers method) : KGik¤	 bjhFÂæ‹	

msÎ	 bgçajhf	 ÏUªjhš,	 äf¢	 Á¡fdkhf	 eilKiw¥gL¤j¡	 Toa	 Kiw	

thŒ¥ò	 v©fŸ	 Kiw	 MF«.	 thŒ¥ò	 m£ltizia	 Ïªj	 Kiw¡F	 eh«	

ga‹gL¤Â	TW	x‹¿id¤	bjçÎ	brŒayh«.

(b)  gLif TbwL¥ò (Stratified Random Sampling)

 Ï«Kiwæš,	 KGik¤	 bjhFÂahdJ,	 gy	 ÃçÎfshf	 mšyJ	 gLiffshf¥	

(strata) Ãç¡f¥gL»‹wJ.	 x›bthU	 gLifæYŸs	 cW¥òfŸ	 xnu	 go¤jhditahf	

(homogeneous) ÏU¡F« (hetrogeneous). bt›ntW	 gLiffëYŸs	 cW¥òfŸ	 gy	

go¤jhditfshf	 ÏU¡F«.	 Ïj‰F	 mL¤jgoahf	 x›bthU	 gLifæèUªJ«	

njitahd	 msÎ	 bfh©l	 vëa	 rkthŒ¥ò	 TbwL¥ig	 bjçªbjL¡f	 nt©L«.	

x›bthU	 gLifæèUªJ«	 TW	 vL¡F«	 bghGJ	 m¡T¿YŸs	 cW¥òfë‹	

v©â¡ifia	Ã‹tU«	Ïu©L	têfëš	KoÎ	brŒayh« (i) mid¤J¡	TWfS«	
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rk	msÎ	v©â¡ifæèU¤jš (ii) gLifæYŸs	cW¥òfë‹	v©â¡if¡F	rk	

é»j¤ÂèU¤jš.

 cjhuzkhf,	 xU	 Ef®bghUŸ	 jahç¡F«	 ãWtd¤Â‹	 nkyhs®,	 é‰gidia	

mÂfç¡F«	 neh¡»š,	 òÂa	 jahç¥ò¥	 bghUis¥	 g‰¿a	 Ef®nthç‹	 eh£l¤Âid	

m¿a	éU«ò»‹wh®.	 é‰gidæš	 kh‰w¤Âid	 V‰gL¤j¡	Toa	_‹W	 efu§fis,	

_‹W	 gLiffshf¡	 fUJ»‹wh®.	 Ef®nth®fŸ	 xU	 efu¤Âš	 xnu	 khÂçahfÎ«,	

efuf§fS¡»ilna	khWg£L«	cŸsd®.	x›bthU	efu¤ÂèUªJ«	Ef®nth®fis¤	

bjçÎ	 brŒJ,	 mt®fis¡	 bfh©L	 xnu	 rkthŒ¥ò¡	 TbwL¤J	 MŒÎ	 brŒayh«.	

TbwL¤jè‹	KoÎis¡	bfh©L	KGik¤	bjhFÂahd	mid¤J	Ef®nth®fë‹	

eh£l¤ij¤	Ô®khå¡fyh«.

(c)  Kiw¥gL¤Âa TbwL¥ò :

 Kiw¥gL¤Âa	TbwL¤jš	MdJ	TW	x‹¿id	bjçÎ	 brŒtj‰F	 VJthd	

Kiw	 MF«.	 vëa	 rkthŒ¥ò	 TbwL¤jYl‹	 x¥ÃLifæš,	 Ï«Kiw¡F	 MF«	

fhyK«,	bryÎ«	Fiwthf	ÏU¡F«.

 Ïªj	 Kiwæš	 KGik¤	 bjhFÂæèUªJ	 cW¥òfŸ	 Óuhd	 Ïilbtëfëš	

bjçªbjL¡f¥gL»‹wd.	 Ïj‰F	 VJthf,	 cW¥òfis	 v©fŸ,	 mfutçir,	

ÏlŠrh®ªj	ngh‹w	VjhtJ	xU	tçiræš	mik¤jš	nt©L«.	KGik¤	bjhFÂæ‹	

g£oaš	KGikahf	»il¡f¥	bg¿‹	Ïªj	Kiw	ga‹gL¤j¥gL»‹wJ.

 N msÎŸs	 KGik¤	 bjhFÂæèUªJ	 n msÎŸs	 TW	 x‹¿id	

Kiw¥gL¤Âa	TbwL¤jèš	bjçÎ	brŒa	nt©Lkhdhš,	Kjèš	1 ≤ j ≤ k vDkhW	j 
MtJ	cW¥Ãid	thŒ¥ò	Kiwæš	vL¡fÎ«.	Ï§F k = N

n +1
 k‰W« k I	KG	v©zhf	

kh‰w	nt©L«.	 j, j + k, j + 2k , ... , j + (n – 1) k -	MtJ	cW¥òfŸ	Kiw¥gL¤Âa	TW	

x‹¿id	mik¡»‹wd.

 cjhuzkhf,	 1, 2, ..., 105 v‹wthW	 tçirahÍŸs 105 khzt®fëèUªJ	 9	

khzt®fis	Kiw¥gL¤Âa	TbwL¤jèš	Kiwæš	bjçÎ	brŒtjhf¡	bfhŸnth«.	

vdnt k = 105

10
= 10.5 ~  11 MF«.	Kjèš 1, 2, ........ 11 ¡FŸ	cŸs	xU	khztid	

bjçÎ	 brŒa	 nt©L«.	 Ï«khzt‹	 3	M«	Ïl¤Âš	 cŸsjhf¡	 bfhŸnth«.	 3, 14, 

25, 36, 47, 58, 69, 80, 91 M»a	Ïl§fëYŸs	9 khzt®fis¡	bfh©l	xU	T¿id	

Ï«Kiwæš,	bjçÎ	brŒayh«.

(d)  ÂuŸ TbwL¥ò (Cluster sampling)

 x›bthU	 ÂuS«	 KGik¤	 bjhFÂæ‹	 ÃuÂãÂahf	 mikÍ«	 t©z«,	

KGik¤	 bjhFÂia	 gy	 ÂuŸfshf¥	 Ãç¡F«	 bghGJ,	 ÂuŸKiw¡	 TbwL¤jš	

ga‹gL¤j¥	gL»wJ.

	 br‹id	 khefu¤Âš	 x›bthU	 FL«g¤ÂYŸs	 FHªijfë‹	

v©â¡ifia¡	 fhQ«	 bghU£L	 X®	 MŒÎ	 nk‰bfhŸs¥gL»wJ	 v‹f.	

Ïªefu¤Âid	gy¤	ÂuŸfshf¥	Ãç¤J,	mitfëš	ÏUªJ	thŒ¥ò	Kiwæš	xU	Áy	

ÂuŸfis¤	 bjçÎ	 brŒayh«.	 Ï›thW	 bjçÎ	 brŒa¥g£l	 ÂuŸfëYŸs	 x›bthU	

FL«gK«	nr®ªJ	»il¥gJ	xU	TwhF«.
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	 ÂuŸ	TbwL¤jè‹	bghGJ	Ã‹tUtdt‰iw¡	fU¤Âš	bfhŸs	nt©L«.

(i)  Jšèakhd	 KoÎfis¥	 bgWtj‰F	 ÂuŸfŸ	 Á¿a	 msÎfëš	 ÏU¤jš	 

	 nt©L«.

(ii)  x›bthU¤	ÂuëY«	cŸs	cW¥òfë‹	v©â¡if	Toa	tiu	rkkhf	ÏU¡f	 

	 nt©L«.

(ii)  ãfœjfÎ rhuh TbwL¥ò (Non-Probability Sampling)

 ãfœjfÎ	 rh®ªj	 TbwL¥ò	 k‰W«	 ãfœjfÎ	 rhuh	 TbwL¥ò	

M»aitfS¡»ilna	cŸs	äf	K¡»akhd	 ntWghL,	 ãfœjfÎ	 rhuh	TbwL¥Ãš,	

KGik¤	 bjhFÂæYŸs	 xU	 cW¥ò,	 TW	 x‹¿š	 nr®¡f¥gLtj‰fhd	 thŒ¥Ãid	

Tw	 ÏayhJ	 v‹gjhF«.	 Ï«Kiwæš	 ãfœjfÎ¡	 bfhŸif (principle of probability) 
ia¥	 ga‹gL¤jhkš	TbwL¤jY¡fhf	 cW¥òfŸ	 bjçÎ	 brŒa¥gL»‹wd.	 Fiwªj	

bryÎ,	 éiuthf	 MuhŒjš	 brayh¡f¤Âš	 trÂ	 ngh‹w	 ãiwfŸ	 ãfœjfÎ	 rhuh¡	

TbwL¤jèš	 fhz¥g£lhY«,	 bjçÎ	 brŒtÂYŸs	 rhjf¤j‹ikahš	 Jšèakhd	

KoÎfis¥	 bgw	 ÏayhJ.	 KjyhŒéš (pilot studies) ãfœjfÎ	 rhuh¡	 TbwL¤jš	

ga‹gL¤j¥gL»wJ.

	 ãfœjfÎ	rhuh¡	TbwL¥Ã‹	KiwfŸ	:

(a)  neh¡fKŸs TbwL¥ò (Purposive sampling)

 Ï›tif	 TbwL¤jèš,	 tiuaW¡f¥g£l	 neh¡f¤njhL	 TW	 bjçÎ	

brŒa¥gL»wJ.	T¿YŸs	cW¥òfŸ,	MŒÎ	brŒgtç‹	éU¥g¤Â‰nf‰g	mik»‹wd.

	 cjhuzkhf,	 kJiu	 efu	 k¡fëilna	 thœ¡if¤	 ju«	 ca®ªJŸsjhf	 j«	

MŒéš	 brhšy	 éU«ò«	 xU	 MŒths®,	 kJiu	 efçš	 ViHfŸ	 tÁ¡F«	 gFÂia	

xJ¡»	 é£L,	 trÂ	 gil¤njh®	 thG«	 gFÂæèUªJ	 eg®fis¤	 bjçÎ	 brŒJ	

TW	 mik¥gh®.	 Ï›thW	 TbwL¤jiy	 j«	 trÂ¡nf‰g	 brŒJ	 bfhŸS«	 ãiy,	

neh¡fKŸs	TbwL¤jš	tifæš	V‰gL«.

(b)  xJ¡Ñ£L TbwL¥ò (Quota sampling)

 neh¡fKŸs	 TbwL¤jè‹	 f£L¥gL¤j¥g£l	 tif¡	 TbwL¥ng,	 xJ¡Ñ£L	

TbwL¥ghF«.	 KGik¤	 bjhFÂæYŸs	 gy	 FG¡fëèUªJ	 vL¡f¥gléU¡F«	

TWfS¡F	 xJ¡ÑL	 brŒj	 Ã‹d®,	 m¡FG¡fëèUªJ	 njitahd	 TWfis	

neh¡fKŸs	 TbwL¥ò	 Kiwæš	 vL¡fyh«.	 fU¤J¡fâ¥ò	 k‰W«	 rªij	 MŒÎ	

fz¡bfL¥ò	M»at‰¿š	xJ¡Ñ£L	TbwL¥ò	ga‹gL¤j¥gL»wJ.

(c)  ãòz® fU¤J¢ rh®ªj TbwL¥ò (Expert opinion sampling or expert sampling)

 KoÎfis	 nk‰bfhŸtj‰F	 VJthf	 cŸs	 Jiwia¢	 rh®ªj	 ãòz®fë‹	

mDgt§fŸ	 k‰W«	 fU¤J¡fis¡	 bfh©L	 TbwL¤jš	 mikªjhš,	 mJ	 ãòz®	

fU¤Â‹	 ngçš	 V‰gL¤j¥g£l	 TbwL¤jyhF«.	 étu§fŸ	 rçtu	 mika¥	 bgwhj	

rka§fëš	 Ï«Kiw	 gadë¡F«.	 ãòz®fŸ	 ghug£rkhf	 ÏUªjhY«,	 KoÎfis	

ghÂ¡FkhW	mt®fë‹	éU¥ò	btW¥òfŸ	mikªjhY«	Ï›tif	TbwL¤jèš	Fiw	

V‰gL«.
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9.1.6 TbwL¥ò Kiw rh®ªj k‰W« rhuh ÃiHfŸ (Sampling and non-sampling errors)

 étu§fis	nrfç¤jš,	étu§fis	Kiw¥gL¤Jjš,	étu§fis	gF¤jhŒjš	

M»adt‰¿š	V‰gL«	ÃiHfis (i) TbwL¥ò	Kiw	rh®ªj	ÃiHfŸ	(sampling errors) 
(ii) TbwL¥ò	Kiw	rhuh	ÃiHfŸ	(non-sampling errors) vd	ÏUtiffshf	Ãç¡fyh«.

(i)  TbwL¥ò Kiw rh®ªj ÃiHfŸ (Sampling errors)

 KGik¤	 bjhFÂæ‹	 msitfis	 kÂ¥ÕL	 brŒaÎ«,	 mitfis¥	 g‰¿	

MŒªj¿aÎ«,	KGik¤	bjhFÂæ‹	xU	gFÂia	k£Lnk	TbwL¤J	MŒÎ	brŒtjhš	

TbwL¥ò	 Kiw	 rh®ªj	 ÃiHfŸ	 V‰gL»‹wd.	 T¿‹	 msÎ	 mÂfç¡f¥gLkhdhš,	

TbwL¥ò	Kiw	rh®ªj	ÃiHfŸ	FiwÍ«.

	 TbwL¥ò	 Kiw	 rh®ªj	 ÃiHfŸ	 V‰gLtj‰fhd	 fhuz§fëš	 Áyt‰iw¡	

fh©ngh«	:

(a)  FiwghL Kiwæš TbwL¤jš (Faulty selection of the sample)

 FiwghLŸs	 c¤Âia¡	 ifah©L,	 MŒths®	 xUt®	 RaéU¥Ã‹	

mo¥gilæš	Tbwh‹¿id¤	bjçÎ	brŒÍ«	bghGJ	ÃiHfŸ	V‰gL«.

(b)  ÃuÂælš (Substitution)

 rkthŒ¥ò¡	T¿š	cŸs	xU	cW¥Ãdhš	Á¡fš	V‰gL«	bghGJ,	mj‰F	kh‰whf	

KGik¤	bjhFÂæYŸs	ntbwhU	 rhjfkhd	cW¥Ãid	T¿š	 nr®¡fyh«.	Ï›thW	

xU	 cW¥Ã‰F	 gÂyhf	 ntbwhU	 rhjf¥	 ÃuÂæLtjhš	TbwL¥ò	 Kiw	 rh®ªj	 ÃiH	

V‰gL«.

(c)   TbwL¥ò cW¥òfis FiwghL Kiwæš Ãç¤jš  (Faulty demarcation of 
sampling units)

 TbwL¥ò	 cW¥òfis¡	 FiwghLfSl‹	 Ãç¤jš	 fhuzkhf¡	 F¿¥ghf	

étrha¢	nrhjidfëš	ÃiH	V‰gl	thŒ¥òŸsJ.

(ii)  TbwL¥ò Kiw rhuh ÃiHfŸ (Non-sampling errors)

 étu§fis¡	T®ªJ	neh¡Fjš,	tif¥gL¤jš,	gF¤jhŒjš	M»a	ãiyfëš	

TbwL¥ò	Kiw	rhuh	ÃiHfŸ	vG»‹wd.

	 khÂç	msélš (sample survey) mšyJ	KG	fz¡bfL¥Ã‹ (census) Â£lälš	

k‰W«	brayh¡f«	M»at‰¿‹	x›bthU	ãiyfëY«	TbwL¥ò	Kiw	rhuh	ÃiHfŸ	

V‰gl	thŒ¥ò	cŸJ.

	 TbwL¥ò	Kiw	rhuh	ÃiHfŸ	V‰gLtj‰fhd	fhuz§fŸ.

(a)   FiwghLl‹ Â£lälš k‰W« tiuaiwfëdhš V‰gL« ÃiHfŸ (Errors due to 
faulty planning and definitions)

 gæ‰Á	 bg‰w	 MŒths®fŸ	 Fiwªj	 v©â¡ifæèU¤jš,	 cW¥òfis	

msélèš	 cŸs	 ÃiHfŸ,	 cW¥òfë‹	 ÏlŠrh®ªj	 ÃiHfŸ,	 étu§fis	 rça‰w	

Kiwæš	F¿¤jš	ngh‹w	fhuz§fëdhš	Ï¤jifa	ÃiHfŸ	V‰gL»‹wd.



275

(b)  nf£l¿jyhš ÃiHfŸ (Response errors)

 éilaë¥gt®fŸ	 jU«	 éilfë‹	 fhuzkhf	 Ï›tif	 ÃiHfŸ	

V‰gL»‹wd.

(c)  KGik bgwh jftšfëdhš V‰gL« ÃiHfŸ (Non-response bias)

 TWfë‹	 mid¤J	 cW¥òfis¥	 g‰¿a	 jftšfŸ	 mšyJ	 étu§fŸ	

KGikahf	ÏšyhÂU¥Ã‹	Ï¤jifa	ÃiHfŸ	V‰gL»‹wd.

(d)  éLgLjè‹ ÃiHfŸ (Errors in coverage)

 TWfëYŸs	 mid¤J	 myFfisÍ«	 mšyJ	 cW¥òfisÍ«	 fU¤Âš	

bfhŸshikahš	c©lhF«	ÃiHfŸ,	Ï›tifia	rh®ªjitfshF«.

(e) bjhF¤jè‹ ÃiHfŸ (Compiling errors)

 nf£L¥bgW«	étu§fis	bjhF¡F«	bghGJ,	Ï›tif	ÃiHfŸ	V‰gL»‹wd.

9.2  kÂ¥ÃLjš (Estimation)

 òŸëæaè‹	 K¡»a	 ÃçÎfëš	 x‹whd	 òŸëæaš	 cŒ¤Jzuš (statistical 
inference) _ykhf	 TWfë‹	 KoÎfis	 KGik¤	 bjhFÂ¡F	 bghJik¥gL¤J«	

E£g«	 »il¡»‹wJ.	 òŸëæaš	 cŒ¤Jzuèaèš, (i) kÂ¥ÃLjš (estimation) (ii) 
vLnfhŸ nrhjid (testing of hypothesis) M»a	 Ïu©L	 K¡»akhd	 ÃçÎfŸ	 Ïl«	

bg‰WŸsd.

 òŸëæaèš	 kÂ¥ÃLjš	 v‹gJ	 TWfŸ	 thæyhf¥	 bgW«	 étu§fëèUªJ	

KGik¤	 bjhFÂæ‹	 msitfŸ	 g‰¿	 cŒ¤Jz®jš	 MF«.	 KoÎfŸ	 vL¡F«	

Kiwik¡F	msit	kÂ¥ÃLjš	äfÎ«	mtÁakh»wJ.

	 KGik¤	 bjhFÂæ‹	 ruhrç,	 gut‰go	 k‰W«	 é»j	 msÎ	 M»adt‰iw	

mitfS¡F	 TWfë‹	 cça	 msitfëèUªJ	 kÂ¥ÃLjš	 òŸëæaš	

cŒ¤JzUjè‹	K¡»a	g§F	MF«.

9.2.1  kÂ¥Õ£L msit (Estimator)

 KGik¤	 bjhFÂæ‹	 msit	 x‹iw	 kÂ¥Ãl	 ga‹gL«	 TW	 msitæid 
(statistic) kÂ¥Õ£lsit vd¥gL«.

 KGik¤	bjhFÂ	msitæ‹	c©ik	kÂ¥Ã‰F	äf	mU»š	mikÍ«	kÂ¥Õ£L	

msitæid,	 Áwªj kÂ¥Õ£lsit (good estimator) v‹ngh«.	 Áwªj	 kÂ¥Õ£L	

msit¡Fça	g©òfshtd	:

(i)  Ãwœ¢Áa‰w j‹ik (Unbiasedness)

 x®	 msitæ‹	 vÂ®gh®¤jš	 kÂ¥ò (expected value), KGik¤	 bjhFÂæ‹	

msit¡F	rkbkåš	mªj	msitæid	Ãwœ¢Áa‰w j‹ikÍila	msit	v‹ngh«.
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 cjhuzkhf X = ∑1

n
x  MdJ	 KGik¤	 bjhFÂ	 ruhrç	 μ-¡F	 Ãwœ¢Áa‰w	

kÂ¥Õ£lsit	 MF«. N msÎŸs	 KGik¤	 bjhFÂæèUªJ n msÎbfh©l	

TW	 x‹¿id	 vL¤jhš, s
n

x x2 21

1
=

−
∑ −( )  MdJ	 KGik¤	 bjhFÂ	 gut‰goæ‹	

Ãwœ¢Áa‰w	 kÂ¥Õ£lsitahF«.	 vdnt	 jh‹	 kÂ¥ÕlèY«	 k‰W«	 vLnfhŸ	

nrhjidæY« s2 I	ga‹gL¤J»‹nwh«.

(ii)  x¥òik¤ j‹ik (Consistency)

 X®	 msitæ‹	 kÂ¥ghdJ,	 TWfë‹	 msÎ	 mÂfç¡F«	 bghGJ	 KGik¤	

bjhFÂæ‹	 msitæ‹	 kÂ¥Ã‰F	 beU§Fkhæ‹,	 mªj	 msit	 x¥òik¤ j‹ik 

cilaJ	v‹ngh«.

(iii)  Âw‹ j‹ik (Efficiency)

 KGik¤	 bjhFÂ	 msit	 x‹¿‰Fça	 ÏU	 Ãwœ¢Áa‰w	 kÂ¥Õ£L	

msitfis¡	 fUJnth«.	 Kjš	 kÂ¥Õ£L	 msitæ‹	 Â£l¥ÃiHahdJ	 Ïu©lh«	

kÂ¥Õ£L	msitæ‹	Â£l¥ÃiHia	él¡	 Fiwthf	 ÏU¥Ã‹	Kjš	 kÂ¥Õ£lsit,	

Ïu©lhtij	él	Âw‹	ä¡fJ	v‹ngh«.

(iv)  nghJkhd j‹ik (Sufficiency)

 KGik¤	 bjhFÂ	 msit¥	 g‰¿a	 mid¤J	 étu§fisÍ«	 kÂ¥Õ£lsit	

x‹W	j‹df¤nj	bfh©oU¥Ã‹,	mjid	xU	nghJkhd	j‹ikÍila	kÂ¥Õ£lsit	

vd¡	TWnth«.

9.2.2  òŸë kÂ¥ÕL k‰W« Ïilbtë kÂ¥ÕL

 KGik¤	 bjhFÂ	 msit¡F	 ÏUéjkhd	 kÂ¥ÕLfis¡	 fhzyh«.	 mit	

òŸë kÂ¥ÕL k‰W« Ïilbtë kÂ¥ÕL	MF«.

òŸë kÂ¥ÕL (Point Estimate)

 KGik¤	 bjhFÂæ‹	 msit¡Fça	 kÂ¥Ãliy	 X® v©zhš	 F¿¤jhš,	

mjid	KGik¤	bjhFÂ	msitæ‹	òŸë	kÂ¥ÕL	v‹ngh«.	 ruhrç (x) k‰W«	TW	

gut‰go s n
x x2 21

1
=

−
∑ −





( )  v‹gd	òŸë	kÂ¥ÕLfS¡F	cjhuz§fshF«.

 òŸë	kÂ¥ÕL	MdJ	KGik¤	bjhFÂ	msitæ‹	c©ik	kÂ¥Ã‰F	rkkhf¥	

bghUªJtJ	äfÎ«	mçJ.
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Ïilbtë kÂ¥ÕL (Interval Estimate)

 Ïu©L	v©fS¡F	Ïilæš	KGik¤	bjhFÂ	msitæ‹	kÂ¥ò	mikayh«	

vd	 vÂ®gh®¤J,	 KGik¤	 bjhFÂ	 msitæ‹	 kÂ¥Õlhf	 m›éU	 v©fis¤	

ju¥gLtij	Ïilbtë	kÂ¥ÕL	v‹ngh«.

	 Ïilbtë	 kÂ¥ÕlhdJ,	 kÂ¥Õlè‹	 Jšèa¤	 j‹ikia¡	 F¿¡»wJ.	 vdnt	

jh‹	òŸë	kÂ¥Õliy	él	Ïilbtë	kÂ¥Õlš	éU«g¥gL»wJ.

 cjhuzkhf,	 xU	 bjhiyÎ	 5.28 ä.Û	 vd	 ms¡f¥go‹,	 eh«	 bfhL¥gJ	

òŸë	 kÂ¥ÕlhF«.	 khwhf 5.28 ± 0.03 ä.Û.	 vd	 bjhiyÎ¤	 ju¥g£lhš,	 mjhtJ	

bjhiythdJ	 5.25 k‰W« 5.31 ä.Û¡F	 ÏilnaÍŸsJ	 vd¤	 ju¥g£lhš,	

bjhiythdJ	Ïilbtë	kÂ¥Õlèš	bfhL¡f¥g£LŸsJ	v‹ngh«.

9.2.3 KGik¤ bjhFÂæ‹ ruhrç k‰W« é»j msé‰fhd e«Ã¡if 

Ïilbtë  (Confidence Interval for population mean and proportion)

 KGik¤	 bjhFÂæ‹	 msitæ‹	 kÂ¥ò	 vªj	 Ïilbtë¡FŸ	 mikÍbkd	

vÂ®gh®¡fyhnkh	 mªj	 Ïilbtë, e«Ã¡if Ïilbtë	 MF«.	 Ï›thW	

Ô®khå¡f¥gL«	všiyfŸ	e«Ã¡if všiyfŸ	v‹wiH¡f¥gL«.

	 KGik¤	 bjhFÂæ‹	 msit	 F¿¥Ã£l	 Å¢Áš	 miktj‰fhd	 ãfœjfit,	

e«Ã¡if	ÏilbtëfŸ	vL¤J¡fh£L«.

e«Ã¡if Ïilbtëia fhQjš (Computation of confidence interval)

 e«Ã¡if	Ïilbtëia¡	fhz	ek¡F	njitahdit.

(i)  F¿¥Ã£l	TW	msit

(ii)  F¿¥Ã£l	TW	msitæ‹	TbwL¥ò¥	gutè‹	Â£l¥ÃiH (S.E) k‰W«

(iii)  njit¥gL«	Jšèa¤j‹ikæ‹	msÎ

 TW	msÎ	bgçajhf	ÏU¡Fkhdhš	TbwL¥ò¥	 gutš	 Vw¡Fiwa	Ïašãiy	

gutyhf	 mikÍ«.	 vdnt	 Â£l¥ÃiHæ‹	 kÂ¥Õ£il¡	 fhz,	 KGik¤	 bjhFÂ	

kÂ¥Ã‰F	gÂyhf	TW	msÎ	kÂ¥igna	ga‹gL¤jyh«.	bgU§TWfis¡	ifahS«	

nghJ,	e«Ã¡if	všiyfis¡	fhz	Z	-ghtš	ga‹gL¤j¥gL»wJ.

 e«Ã¡if	všiyfŸ	Áyt‰¿‰F	cça	Z kÂ¥òfshtd	:

e«gf	k£l«

(Confidence Levels)
99% 98% 96% 95% 80% 50%

Z kÂ¥òfŸ, Zc 2.58 2.33 2.05 1.96 1.28 0.674

(i) ruhrç¡fhd e«Ã¡if Ïilbtë (Confidence interval estimates for means)
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 μ k‰W« σ v‹gd	KGik¤	 bjhFÂæ‹	 ruhrç	 k‰W«	 Â£léy¡f«	 v‹f. X 
k‰W« s v‹gd	TW	ruhrç	k‰W«	TbwL¥ò¥	gutè‹	Â£l	éy¡f«	v‹f.

 Zc v‹gJ	e«Ã¡if	msÎfS¡F	cça	Z kÂ¥ò	v‹f.

μ -¡fhd e«Ã¡if všiyfŸ

KGik¤	bjhFÂæ‹	

msÎ

TW	msÎ μ -‹	e«Ã¡if	všiyfŸ

KoÎwh	v© n X ZC± ( )
s
n

, zc MdJ	e«Ã¡if	

k£l¤Âš Z ‹	kÂ¥ò

KoÎW	v©	N n X Z
N

NC± −
−

( )
s
n

n
1

(ii) é»j msé‹ e«Ã¡if všiyfŸ (Confidence intervals for proportions)

 bt‰¿fë‹	 é»j	 msÎ	 P cŸs	 KGik¤	 bjhFÂæèUªJ	 vL¡f¥g£l	

n msÎ	 bfh©l	 T¿š	 bt‰¿fë‹	 é»j	 msÎ p våš,	 P -¡fhd	 e«Ã¡if	

Ïilbtëia	Ã‹tU«	m£ltizæš	fhzyh«.

KGik¤	 

bjhFÂæ‹	msÎ

TW	msÎ P-‹	e«Ã¡if	všiyfŸ

KoÎwh	v© n p pq
n

± ( )ZC

KoÎW	v©	N n p pq
n

n± −
−

( )Z
N

NC 1

vL¤J¡fh£L 1

 xU njhš bghUS¡fhd njitæ‹ ngh¡F Fiwtij cz®ªJ ãÂnkyhs® 

j‹ ãWtd Mjhu§fis òÂanjh® bghUis c‰g¤Â brŒtj‰F ga‹gL¤jyhkh 

vd¡ fUJ»wh®. mt® njhš bjhêš ãWtd§fŸ 10 bfh©l TW x‹iw¤ bjçÎ 

brŒJ, mitfë‹ KjÄ£L¡fhd rjÅj tUthŒfis¡ fh©»wh®.

 Ã‹tU« étu§fëèUªJ mªj KGik¤ bjhFÂæ‹ ruhrç k‰W« gut‰go 

Ït‰¿‹ òŸë kÂ¥Õ£il¡ fh©f.

 21.0  25.0  20.0  16.0  12.0  10.0  17.0  18.0  13.0  11.0
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Ô®Î :

X X X – X (X - X)2

21.0

25.0

20.0

16.0

12.0

10.0

17.0

18.0

13.0

11.0

16.3

16.3

16.3

16.3

16.3

16.3

16.3

16.3

16.3

16.3

4.7

8.7

3.7

-0.3

-4.3

-6.3

0.7

1.7

-3.3

-5.3

22.09

75.69

13.69

0.09

18.49

39.69

0.49

2.89

10.89

28.09
163.0 212.10

 TW	ruhrç	 							Sample mean, X
X

Sample variance, X X

= ∑ = =

=
−

∑ −

n

s
n

163

10
16 3

1

1
2

.

( ))

.
.

2

212 10

1
23 5=

−
=

n
(the sample size is small)

Sample standardd deviation = 23 5 4 85. .=

 TW	gut‰go								

Sample mean, X
X

Sample variance, X X

= ∑ = =

=
−

∑ −

n

s
n

163

10
16 3

1

1
2

.

( ))

.
.

2

212 10

1
23 5=

−
=

n
(the sample size is small)

Sample standardd deviation = 23 5 4 85. .=
    

Sample mean, X
X

Sample variance, X X

= ∑ = =

=
−

∑ −

n

s
n

163

10
16 3

1

1
2

.

( ))

.
.

2

212 10

1
23 5=

−
=

n
(the sample size is small)

Sample standardd deviation = 23 5 4 85. .=

  (ÁW§TW	v‹gjhš)

TW	Â£léy¡f«

 vdnt	 16.3	 k‰W«	 23.5	 v‹gd	 Kiwna	 KGik¤	 bjhFÂæ‹	 ruhrç	 k‰W«	

gut‰go	ÏitfS¡fhd	òŸë	kÂ¥ÕLfshF«.

vL¤J¡fh£L 2

 xU gŸëæ‹ khzt®fëèUªJ 100 khzt®fis¡ bfh©l xU TW 

vL¡f¥gL»wJ. T¿‹ ruhrç vil k‰W« gut‰go Kiwna 67.45 ».». k‰W« 9 

».». MF«. m¥gŸë khzt®fë‹ ruhrç vilæ‹ kÂ¥Õ£oid (i) 95% (ii) 99% 
ãiyfëš e«Ã¡if všiyfis¡ fh©f.

Ô®Î :

   TW	msÎ	       n = 100

         TW	ruhrç          X = 67.45
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        TW	gut‰go       s2 = 9

              TW	Â£léy¡f«   s  = 3

         μ v‹gJ	KGik¤	bjhFÂæ‹	ruhrç

(i) μ ¡fhd 95% e«Ã¡if	všiyfŸ

 

X Z

Here Z  for 95% confidence 

C±

⇒ ± =

( )

. ( . ) ( .

s
n

C67 45 1 96
3

100
1 96 llevel)

67.45 µ 0.588⇒
   (95% e«Ã¡if	k£l¤Âš ZC = 1.96)

 ⇒  67.45 + 0.588

 vdnt	μ ¡fhd 95% e«Ã¡if	Ïilbtë (66.86, 68.04)

(ii) μ ¡fhd	99% e«Ã¡if	všiyfŸ

 

X Z

Here Z  for 99% confidence 

C±

⇒ ± =

( )

. ( . ) ( .

s
n

C67 45 2 58
3

100
2 58 llevel)

67.45 µ 0.774⇒
    (99% e«Ã¡if	k£l¤Âš ZC = 2.58)

 ⇒  67.45 + 0.774

 vdnt	μ ¡fhd 99% e«Ã¡if	Ïilbtë (66.67, 68.22)

vL¤J¡fh£L 3

 X® Ïašãiy KGik¤ bjhFÂæèUªJ vL¡f¥g£l msÎ 50 bfh©l TW 

x‹¿‹ ruhrç 67.9 MF«. TW ruhrçæ‹ Â£l¥ÃiH 0 7. vd¤ bjça tªjhš, 

KGik¤ bjhFÂæ‹ ruhrç¡fhd 95% e«Ã¡if Ïilbtëia¡ fh©f.

Ô®Î :

 n = 50, TW	ruhrç X = 67.9

 KGik¤	bjhFÂæ‹	ruhrç	μ-¡fhd 95% e«Ã¡if	všiyfŸ	:

 X + (Zc){S.E(X)}

 ⇒ 67.9 ± (1.96) (√ 0.7 )

 ⇒  67.9 ± 1.64

 vdnt μ I	kÂ¥ÕL	brŒtj‰Fça	95%	e«Ã¡if	všiyfŸ (66.2, 69.54) MF«.
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vL¤J¡fh£L 4

 M¥ÃŸ FéaèèUªJ 500 M¥ÃŸfis¡ bfh©l xU rkthŒ¥ò TW 

vL¤jÂš 45 M¥ÃŸfŸ mG»æUªjd. KGik¤ bjhFÂæYŸs mG»a 

M¥ÃŸfS¡Fça všiyfis 99% e«Ã¡if k£l¤Âš fh©f.

Ô®Î :

 mG»a	M¥ÃŸfë‹	é»j	msé‰Fça	e«Ã¡if	všiyfis¡	fh©ngh«.

 TW	msÎ n = 500

 T¿YŸs	mG»a	M¥ÃŸfë‹	é»j	msÎ	= 
45

500
= 0.09

  p = 0.09

 ∴ T¿YŸs	mGfhj	(ešy	ãiyæYŸs)	M¥ÃŸfë‹	éÂf	msÎ	

  q = 1-p = 0.91.

 KGik¤	 bjhFÂæYŸs	 mG»a	 M¥ÃŸfë‹	 é»j	 msÎ P ‹	 e«Ã¡if	

všiyfŸ

 

p
n
pq

 

 (0.057, 0.123) ÏJnt	njitahd	Ïilbtë	MF«.

 vdnt	bkh¤j¡	Féaèš	mG»a	M¥ÃŸfë‹	rjé»j«	5.7% èUªJ	12.3% 
tiuæš	ÏU¡F«.

vL¤J¡fh£L 5

 bjhiy¡fh£Á ãfœ¢Áfis¥ gh®¥ngh®fëš 1000 ngçš, 320 ng®fŸ xU 

F¿¥Ã£l ãfœ¢Áia¥ gh®¤jd®. bjhiy¡fh£Á fh©ngh® midtiuÍ« bfh©l 

KGik¤ bjhFÂæèUªJ mªj ãfœ¢Áia¥ gh®¤jt®fë‹ v©â¡if¡fhd 95% 
e«Ã¡if všiyfis¡ fh©f.

Ô®Î :

 TW	msÎ n = 1000

 TW	é»j	msÎ	
x
n

p

p

p

pq

q

n
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x
n

p

p

p

pq

q

n

       

 KGik¤	bjhFÂæ‹	é»j	msÎ P ¡fhd 95% e«Ã¡if	všiyfŸ	:

  p ± (1.96) S.E (p) = 0.32 ± 0.028

   ⇒  0.292   k‰W«  0.348

∴ Ï¡F¿¥Ã£l	ãfœ¢Áia¥	gh®¤jt®fë‹	rjÅj« 29.2% èUªJ 34.8% tiu	MF«.

vL¤J¡fh£L 6

 gŸë khzt®fŸ 1500 ng®fëèUªJ 150 ng® bfh©l TW x‹¿id¤ 

nj®ªbjL¤J tâf¡ fâj¤ÂYŸs fz¡F x‹¿‰F¤ Ô®Î fhQ« Âw‹ 

m¿a nrhjid brŒjÂš 10 khzt®fŸ jt¿iH¤jd®. KGik¤ bjhFÂæYŸs 

1500 khzt®fëš jt¿iH¥nghç‹ v©â¡if¡fhd 99% ãiyæš e«Ã¡if 

všiyfis¡ fh©f.

Ô®Î :

 KGik¤	bjhFÂ,    N = 1500

 TW	msÎ,       n  = 150

 TW	é»j«,   p  = 10

150
= 0.07

         q = 1 – p = 0.93

 p-‹	Â£l¥ÃiH, SE (p) = pq
n

= 0.02

 KGik¤	bjhFÂ	é»j«	P ‹ 99% e«Ã¡if	všiyfŸ

 

p pq
n

n± −
−

⇒ ± −
−

⇒ ±

( )

. ( . ) ( . )

. .

Z
N

Nc 1

0 07 2 58 0 02
1500 150

1500 1
0 07 0 048

 

 

p pq
n

n± −
−

⇒ ± −
−

⇒ ±

( )

. ( . ) ( . )

. .

Z
N

Nc 1

0 07 2 58 0 02
1500 150

1500 1
0 07 0 048

 ∴ P ‹	e«Ã¡if	Ïilbtë (0.022 , 0.0118) MF«.

 ∴ 1500 khzt®fëš	jtwhf	fz¡»id¢	brŒjt®fë‹	v©â¡ifahdJ 
0.022 × 1500 = 33 k‰W«	0.0118 × 1500 = 177 Ïit	Ïu©o‰Fäilna	mikÍ«.
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gæ‰Á 9.1

1)  nfhs«	 x‹¿‹	 é£l¤Âid	 éŠPhåæ‹	 xUtuhš	 msél¥g£L	 gÂÎ	

brŒa¥gL»wJ. 6.33, 6.37, 6.36, 6.32 k‰W« 6.37 ä.Û.	 v‹w	 5	 gÂÎfis¡	

bfh©l¡	 TW	 x‹¿‹ (i) ruhrç, (ii) gut‰go	 ÏitfS¡fhd	 òŸë	

kÂ¥Õliy¡	fh©f.

2) ÏaªÂu«	 x‹¿dhš	 xU	 thu¤Âš	 jahç¡f¥g£l	ÏU«ò	 cU©ilfëèUªJ 
200 cU©ilfis¡	 bfh©l	 xU	 TW	 vL¡f¥gL»wJ.	 m¡T¿YŸs	

cU©ilfë‹	 ruhrç	 vil	 0.824 ãô£l‹	 k‰W«	 Â£léy¡f«	 0.042 
ãô£l‹fŸ	våš (i) 95%  (ii) 99% M»a	ãiyfëš	cU©ilfë‹	ruhrç	

vil¡F	e«Ã¡if	všiyfis¡	fh©f.

3) X®	kht£l¤ÂYŸs	200 ghuj	°nl£	t§»¡	»isfëš 50 t§»¡	»isfis	

xU	 rkthŒ¥ò	 Twhf¤	 nj®ªbjL¤J	 MŒÎ	 brŒjÂš,	 tUlhªÂu	 ruhrç	

Ïyhg«	%.75 Ïy£r«	k‰W«	Â£léy¡f«	%.10 Ïy£r«	vd	m¿a¥g£lJ.	200 
»isfS¡Fkhd	ruhrç	Ïyhg«	mikÍ«	e«Ã¡if	všiyfis	95% ãiyæš	

fh©f.

4)  200 khzt®fŸ	 fâj	 ghl¤Âš	 bg‰w	 kÂ¥bg©fëèUªJ 50 khzt®fŸ	

bg‰w	 kÂ¥bg©fis	 xU	 rkthŒ¥ò¡	 Twhf¤	 bjçÎ	 brŒjÂš,	 ruhrç	

kÂ¥bg©fŸ	 75 k‰W«	 Â£léy¡f«	 10 vd	 m¿a¥g£lJ.	 KGik¤	

bjhFÂæ‹	ruhrç¡F	e«Ã¡if	všiyfis 95% ãiyæš	fh©f.

5) 10000 tho¡ifahs®fë‹	 fz¡F¥	 gÂntLfëš	 cŸs	 tuÎ	 bryÎ	

gÂÎfis	 rç	 gh®¡F«	 bghU£L,	 200 tho¡ifahs®fë‹	 fz¡F¥	

gÂntLfis¡	 bfh©l	 xU	 T¿id	 nrhjid	 brŒjÂš, 35 gÂÎfŸ	

jtwhdit	 vd¡	 f©l¿a¥g£lJ.	 bkh¤j¥	 gÂntLfëYŸs	 jtwhd	

gÂÎfë‹	 v©â¡if	 mikÍ«	 e«Ã¡if	 Ïilbtëia 95% ãiyæš	

fh©f.

6) X®	 kht£l¤ÂYŸs	 mid¤J	 th¡fhs®fëèUªJ100 th¡fhs®fis¡	

bfh©l	 xU	 T¿id	 rkthŒ¥ò	 Kiwæš	 bjçÎ	 brŒJ	 nrhjid	

nk‰bfh©lÂš, 55% ng®fŸ	 xU	 F¿¥Ã£l	 nt£ghsiu	 Mjç¤jJ	 bjça	

tªjJ.	 mid¤J	 th¡fhs®fëš	 m¡F¿¥Ã£l	 nt£ghsiu	 Mjç¥nghç‹	

é»j	 v©â¡if	 mikÍ«	 e«Ã¡if	 všiyfis (i) 95%, (ii) 99% M»a	

ãiyfëš	fh©f.

9.3  vLnfhŸ nrhjid (Hypothesis Testing)

 X®	 KGik¤	 bjhFÂæ‹	 msitia	 kÂ¥Õlš	 brŒtnjhL	 k£Lä‹¿	 

msitia¥	 g‰¿¡	 T‰W	 c©ikahdjh	 vd	 nrhÂ¥gJ«	 mtÁakh»wJ.	 mjhtJ	

msitia¥	g‰¿a	vLnfhis	nrhÂ¡f	nt©oÍŸsJ.

	 nrhÂ¤j¿ªj	Ã‹d®	KoÎfis	vL¡f	cjÎ«	fU¤J¡fis	és¡F«	tifæš	

X®	cjhuz¤Âid¡	fh©ngh«.
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 ä‹	és¡Ffis	jahç¡F«	xUt®,	mt®	jahç¡F«	gšòfë‹	ruhrç	xëU«	

fhy	 msÎ	 (life time) 200 kâ	 neu«	 vd¡	 TW»‹wh®.	 Ef®nth®	 ghJfh¥ò	 k‹w«	

x‹W	 mtç‹	 T‰¿id	 nrhjid	 brŒa	 éU«ò»‹wJ.	 ruhrç	 xëU«	 fhy	 msÎ	

180 kâ	neu¤Â‰F	FiwthféU¥Ã‹	jahç¥ghsç‹	T‰¿id	V‰gÂšiy	vdÎ«,	

m›th¿‹¿	ruhrç	xëU«	fhy	msÎ	mÂfkhdhš,	mtç‹	T‰¿id	V‰gJ	vdÎ«	

Ô®khå¡»wJ.	 rkthŒ¥ò	 Kiwæš	 bjçÎ	 brŒa¥g£l 50 ä‹	és¡Ffë‹	 xëU«	

fhy	msit	bjhl®¢Áahf	 nrhjid	brŒa¥g£lJ.	Ïªj	cjhuz¤Âš,	xëU«	fhy	

msÎ	200 kâ	neu«	v‹w	T‰¿id	nrhjid¡fhd	vLnfhshf¡	bfhŸnth«.

 vdnt	 vLnfhŸ	 (Hypothesis) v‹gJ	 X®	 KGik¤	 bjhFÂæ‹	 msitia¥	

g‰¿a¡	 T‰W	 MF«.	 xU	 KGik¤	 bjhFÂæèUªJ	 TW	 x‹¿id¢	 rkthŒ¥ò	

Kiwæš	bjçÎ	brŒJ,	T¿‹	msit¡	fz¡»Ljè‹	_y«	KGik¤	bjhifæ‹	

msitia¥	g‰¿a	vLnfhŸ	c©ikahdjh	vd	m¿ayh«.

9.3.1 kW¡f¤j¡f vLnfhŸ k‰W« kh‰W vLnfhŸ (Null Hypothesis and 
Alternative Hypothesis)

 vLnfhŸ	 nrhjida¿jèš,	 vLnfhS¡Fça	T‰W	mšyJ	KGik¤	 bjhFÂ	

msitæ‹	 njhuha	 kÂ¥Ãid	 (assumed value) TbwL¤jY¡F	 K‹ng	 F¿¥Ãlš	

nt©L«.

	 TW	òŸë	étu§fis¡	bfh©L	nrhjid	mo¥gilæš	bgw¥gL«	Koit¡	

bfh©L,	 ãuhfç¡f	 VJthf¡	 TbwL¤jY¡F	 K‹ghfnt	 ô»¡f¥gL«	 KGik¤	

bjhFÂ	msitia¥	 g‰¿a	 òŸëæaš	 rh®ªj	T‰¿id	 kW¡f¤j¡f vLnfhŸ (null 
hypothesis) v‹ngh«.

 TW	 msit¡F«,	 KGik¤	 bjhFÂæ‹	 msit¡F«	 ntWghošiy	

v‹gijÍ«,	 m›th¿‹¿	 ntWghoU¥Ã‹	 mJ	 TbwL¤jè‹	 ÃiHædhš	 jh‹	

v‹gijÍ«	kW¡f¤j¡f	vLnfhŸ	cz®¤J»‹wJ.

	 kW¡f¤j¡f	 vLnfhS¡F	 kh‰whd	 vLnfhis kh‰W vLnfhŸ (alternative 
hypothesis) v‹ngh«.

	 mjhtJ	kh‰W	vLnfhshdJ	kW¡f¤j¡f	vLnfhS¡F	ãu¥ò (Complementary) 
MF«.	

	 kW¡f¤j¡f	vLnfhis	H0 vdÎ«	kh‰W	vLnfhis H1 vdÎ«	F¿¥ngh«.

 cjhuzkhf,	 ÏuhQt	 Åu®fë‹	 ruhrç	 cau«	 173 br.Û.	 vD«	 kW¡f¤j¡f	

vLnfhis¢	nrhÂ¡f	nt©Lkhdhš,

  H0 : μ = 173 = μ0

  H1 : μ ≠ 173 ≠ μ0 vd¡	F¿¥ngh«.

9.3.2  ÃiHfë‹ tiffŸ (Types of Errors)

 xU	 vLnfhis¢	 nrhÂ¡f	 KGik¤	 bjhFÂæèUªJ	 TW	 x‹¿id¡	

fUJnth«.	 mÂèUªJ	 bgw¥gL«	 Koé‰nf‰g,	 mªj	 vLnfhis	 V‰fnth	 mšyJ	
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ãuhfç¡fnth	 brŒnth«.	 m¥bghGJ	ÏU	tifahd	 ÃiHfŸ	 ãfHyh«.	 kW¡f¤j¡f	

vLnfhŸ	 c©ikahf	 ÏU¡F«	 bghGJ	mJ	 ãuhfç¡f¥glyh«.	 Ï¤jifa	 ÃiHia,	

Kjštif¥ ÃiH (Type I error) v‹ngh«.	 Kjš	 tif	 ÃiH	 V‰gLtj‰fhd	

ãfœjféid α vd¡	F¿¥ngh«.

 khwhf,	kW¡f¤j¡f	vLnfhŸ	c©ika‰wjhf (false) ÏU¡F«	bghGJ,	mjid	

c©ik	 vd	 V‰W¡	 bfhŸtjhš	 ÃiH	 ãfHyh«.	 Ï¥ÃiHia	 Ïu©lh« tif¥ ÃiH 

(Type II error) ÃiH	v‹ngh«.	Ïu©lh«	tif¥	ÃiH	V‰gLtj‰fhd	ãfœjféid β 
vd¡	F¿¥ngh«.

 ÃiHfŸ	V‰gLjiy	Ã‹tU«	m£ltizæš	és¡fyh«.

c©ikahd TbwL¤jyhš	»il¡F«	

KoÎ

ÃiHfŸ	k‰W«	 

mitfë‹	ãfœjfÎfŸ

H0 MdJ	c©ik H0 I	ãuhfç¤jš Kjš	tif	ÃiH	;

α = P {H1 / H0}

H0 MdJ	jtW H0 I	V‰W¡	bfhŸSjš Ïu©lh«	tif	ÃiH	;

β = P {H0 / H1}

9.3.3   ãuhfç¥ò¥ gFÂ mšyJ Ô®Î fh£L« gFÂ (Critical region) k‰W« K¡»a¤Jt 

k£l« (level of significance)

 TWbtëæš	 v¥gFÂæš	 kW¡f¤j¡f	 vLnfhŸ	 ãuhfç¡f¥gL»‹wnjh,	

m¥gFÂia	ãuhfç¥ò¥	gFÂ (critical region) v‹ngh«.

	 KGik¤	 bjhFÂæ‹	 msitia¥	 g‰¿a	 kW¡f¤j¡f	 k‰W«	 kh‰W	

vLnfhŸfis	 mik¤j	 ÃwF,	 KGik¤	 bjhFÂæèUªJ	 TW	 x‹¿id	 vL¥ngh«.	

T¿‹	 msitæ‹	 kÂ¥Ãid¡	 fz¡»£L	 m«kÂ¥Ãid,	 fU¤Âš	 bfhŸs¥g£l	

KGik¤	bjhFÂæ‹	msitnahL	x¥ÃLnth«.

 Ã‹d®,	 kW¡f¤j¡f	 vLnfhis	 V‰f	 mšyJ	 ãuhfç¡f	 nt©o,	 Áy	

éÂfis	 (criteria) Ô®khå¡f	 nt©L«.	 Ïªj	 éÂfŸ	 kÂ¥òfë‹	 Å¢rhf (a, b) 
ngh‹w	Ïilbtë	thæyhf	F¿¡f¥gL»‹wJ.	TW	msitæ‹	 kÂ¥ò (a, b) vD«	

Ïilbtë¡F	btëna	mikªjhš,	kW¡f¤j¡f	vLnfhŸ	ãuhfç¡f¥gL«.

 TW	 msitæ‹	 kÂ¥ghdJ	 Ïilbtë (a, b) ¡F	 cŸns	 mikªjhš	

H0 V‰f¥gL»wJ.	 mjhtJ	 kW¡f¤j¡f	 vLnfhŸ	 V‰f¥gL»wJ.	 Ï¤jifa	

f£L¥ghLfis	 K¡»a¤Jt	 k£l¤Â‰nf‰g (Level of significance) KoÎ	 brŒa	

nt©L«.

 5% K¡»a¤Jt	ãiy	MdJ	TWfëèUªJ	bgw¥gL«	msitæ‹	kÂ¥òfëš 
5% kÂ¥òfŸ	 (a, b) Ïilbtë¡F	 btënaÍ«	 95% kÂ¥òfŸ	 (a, b) Ïilbtë¡F	

cŸnsÍ«	mik»‹wd	v‹gij¡	F¿¡F«.
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 vdnt	 K¡»a¤Jt	 ãiy	 MdJ	 Kjštif¥	 ÃiH¡fhd	 ãfœjféid¡	

F¿¡F«.	 tH¡fkhf 5% k‰W« 1% ãiyfis,	 K¡»a¤Jt	 ãiyfshf	 vLnfhŸ	

nrhjidæš	vL¤J¡	bfhŸnth«.

	 vLnfhŸ	 nrhjidæš	 ca®	 K¡»a¤Jt	 ãiyia	 vL¤J¡	 bfhŸtJ,	

kW¡f¤j¡f	 vLnfhŸ	 c©ikahf	 ÏU¡F«	 bghGJ	 ãuhfç¥gj‰fhd	 ãfœjfÎ	

mÂfkhF«	v‹gij¡	F¿¡F«.

9.3.4  K¡»a¤Jt¢ nrhjid (Test of significance)

 K¡»a¤Jt¢	 nrhjidfis (i) bgU§TWfS¡fhd	 nrhjid	 (ii) ÁW§	

TWfS¡fhd	nrhjid	vd	ÏU	tiffshf¥	Ãç¡fyh«. 

 T¿‹	 msÎ	 bgçajhf (n > 30), ÏU¡F«	 bghGJ,	 <UW¥ò,	 ghŒr‹	 ngh‹w	

gutšfŸ	Ïašãiy	gutY¡F¤	njhuhakh¡f¥gL»‹wd.	vdnt	Ïašãiy¥	gutiy	

vLnfhŸ	nrhjid¡F¥	ga‹gL¤j	ÏaY«.

	 Â£l	Ïašãiy¥	gutš	kh¿	Z	‹	5% ãiyæš	ãuhfç¥ò	gFÂ	| Z | ≥ 1.96 k‰W« 

V‰ò¥	gFÂ | Z | < 1.96 MF«. nkY«	Z ¡F 1% ãiyæš	ãuhfç¥ò¥	gFÂ	 | Z | > 2.58 
k‰W«	V‰ò¥	gFÂ | Z | < 2.58 MF«.

 vLnfhŸ	nrhjid¡F	nk‰bfhŸs	nt©oa	5	gofŸ	:

(i)  kW¡f¤j¡f	vLnfhŸ	k‰W«	kh‰W	vLnfhis	mik¤jš.

(ii)  V‰òila	K¡»a¤Jt	ãiy	(level of significance) mik¤jš.

(iii)  òŸëæaš	 nrhjid¡fhd	 f£L¥ghLfis¡	 bfh©L	 nrhjid	 msitia	 

 (testing statistic) Ô®khå¤jš.

(iv)  kW¡f¤j¡f	vLnfhS¡Fça	ãuhfç¥ò¥	gFÂia	mik¤jš.

(v)  KoÎ	fhzš.

vL¤J¡fh£L 7

 bjhê‰rhiy x‹¿dhš jahç¡f¥g£l 50 ä‹és¡Ffë‹ ruhrç xëU« 

fhy msÎ (life time) 825 kâ neu« k‰W« Â£léy¡f« 110 kâ neu« vd 

kÂ¥Ãl¥gL»wJ. bjhê‰rhiyæš jahç¡f¥gL« mid¤J ä‹ és¡FfS¡F« 

ruhrç xëU« fhy msÎ μ våš μ = 900 kâ neu« v‹w vLnfhis 5% K¡»a¤Jt 

k£l¤Âš nrhÂ¡f.

Ô®Î :

 kW¡f¤j¡f	vLnfhŸ H0 : μ = 900

             kh‰W	vLnfhŸ  H1 : μ ≠ 900

 nrhjid	msit Z MdJ	Â£l	Ïašãiy	kh¿ahF«.

 H0 -¡Funder   H Z
X where X is the sample mean

s.d. of the 
0 , = −

=
µ

σσ
n

ppopulation

X
(For large sample, = − =

= − = −

µ σs
n

s)

.
825 900

4 8
110

50

22

 Ï§F	TW	ruhrç	X MF«	σ MdJ	KGik¤	bjhFÂæ‹	 

	 	 	 	 Â£léy¡f«.
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under   H Z
X where X is the sample mean

s.d. of the 
0 , = −

=
µ

σσ
n

ppopulation

X
(For large sample, = − =

= − = −

µ σs
n

s)

.
825 900
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 bgW§TW¡F	σ = s vd¡	fUjyh«

 

under   H Z
X where X is the sample mean

s.d. of the 
0 , = −

=
µ

σσ
n

ppopulation

X
(For large sample, = − =

= − = −

µ σs
n

s)

.
825 900

4 8
110

50

22

  ∴   | Z |   = 4.82

 K¡»a¤Jt	k£l«, α = 0.05 mšyJ 5%

 ãuhfç¥ò¥	gFÂ			| Z | ≥ 1.96

          V‰ò¥	gFÂ   | Z | < 1.96

 fz¡»l¥g£l Z ‹	kÂ¥ò 1.96 I	él	bgça	v©zhF«.

 KoÎ	 :	 fz¡»l¥g£l Z ‹	 kÂ¥ò 4.82 MdJ	 	 ãuhfç¥ò¥	 gFÂæš	 cŸsJ.	

vdnt	kW¡f¤j¡f	vLnfhŸ	ãuhfç¡f¥gL»wJ.

 ∴ Mfnt	 KGik¤	 bjhFÂæYŸs	 ä‹	 és¡Ffë‹	 ruhrç	 xëU«	 fhy	

msÎ	900	kâ	neu«	v‹w	T‰¿id	V‰f	ÏayhJ.

vL¤J¡fh£L 8

 X® ãWtd« fh® la®fis jahç¤J, é‰gid brŒ»wJ. la®fë‹ 

MÍ£fhy« ruhrç 50000 ».Û. k‰W« Â£l éy¡f« 2000 ».Û. vd¡ bfh©l 

Ïašãiy¥ gutyhf cŸsJ. la®fis òÂa Kiwæš jahç¤jhš é‰gid bgUf 

thŒ¥òŸsjhf mªãWtd« fUJ»wJ. nrhjid Kiwæš 64 òÂa la®fë‹ ruhrç 

MÍ£fhy« 51250 ».Û. vd¡ f©l¿a¥gL»wJ. TW ruhrçahdJ KGik¤ bjhFÂ 

ruhrçæèUªJ F¿¥Ãl¤j¡f tifæš khWg£LŸsjh vd 5% ãiyæš nrhÂ¡f.

Ô®Î :

 TW	msÎ,	 n = 64

 TW	ruhrç	 X= 51250

 H0 : KGik¤	bjhFÂæ‹	ruhrç	μ = 50000

 H1 :  μ ≠ 50000

 H0 ¡F	nrhjid	msitunder   H Z
X

N

Z

0

2000

64

0 1

51250 50000
5

, ~ ( , )= −

= − =

µ
σ
n

 

under   H Z
X

N

Z

0

2000

64

0 1

51250 50000
5

, ~ ( , )= −

= − =

µ
σ
n

 

 fz¡»l¥g£l Z -‹	kÂ¥ò	1.96	I	él	bgça	v©zhf	ÏU¥gjhš	Z-‹	kÂ¥ò	

K¡»akh»wJ.
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∴  H0 : μ = 50000 ãuhfç¡f¥gL»wJ.

	 mjhtJ	TW	ruhrçahdJ	KGik¤	bjhFÂæ‹	ruhrçæèUªJ	F¿¥Ãl¤j¡f	

mséš	khWgL»wJ.

∴  ãWtd¤Â‹	T‰whd	òÂa	jahç¥òfŸ	j‰nghija	jahç¥òfis	él	ÁwªjJ	

v‹gij	V‰W¡	bfhŸ»nwh«.

vL¤J¡fh£L 9

 400 khzt®fis¡ bfh©l T¿èUªJ, mt®fë‹ ruhrç cau« 171.38 
br.Û. vd m¿a¥g£lJ. ruhrç cau« 171.17 br.Û. k‰W« Â£léy¡f« 3.3 br.Û vd¡ 

bfh©l KGik¤ bjhFÂæèUªJ m¡TW vL¡f¥g£ljhf¡ fUjyhkh vd MuhŒf. 
(5% K¡»a¤Jt k£l¤Âš nrhÂ¡f)

Ô®Î :

 T¿‹	msÎ, n = 400

 TW	ruhrç X = 171.38

 KGik¤	bjhFÂ	ruhrç μ =171.17

 T¿‹	Â£l	éy¡f« = s.

 KGik¤	bjhFÂæ‹	Â£l	éy¡f«, σ = 3.3

 H0 : μ = 171.17 vd¡	bfhŸnth«.

 nrhjid	msit	The test statistic, Z
X

N

X
 since the sample i

= −

= −

µ

µ

σ

σ

n

n

~ ( , )0 1

ss large, s = σ

= − =171 38 171 17
1 273

33

400

. .
.

 

The test statistic, Z
X

N

X
 since the sample i

= −

= −

µ

µ

σ

σ

n

n

~ ( , )0 1

ss large, s = σ

= − =171 38 171 17
1 273

33

400

. .
.

 

=
−

=
171 38 171 17

1 273
3 3

400

. .
..

 Since | Z | = 1.273 < 1.96

 vdnt 5% K¡»a¤Jt	ãiyæš	kW¡f¤j¡f	vLnfhis	V‰W¡	bfhŸ»nwh«.

 Mfnt	 ruhrç	 cau«	 171.17	 br.Û	 cila	 KGik¤	 bjhFÂæèUªJ	 400	

cW¥òfis¡	bfh©l	bfhL¡f¥g£l¡	TW	vL¡f¥g£ljhf¡	fUjyh«.

gæ‰Á 9.2

1)  1600 ÁWt®fis¡	 bfh©l	 TW	 x‹¿èUªJ	 mt®fë‹	 ruhrç	 E©z¿Î	

<Î	 (I.Q) 99 MF«.	 ruhrç	E©z¿Î	<Î	 100 k‰W«	Â£l	éy¡f«	 15 vdÎ«	

bfh©l	 KGik¤	 bjhFÂæèUªJ	 m¡TW	 vL¡f¥g£ljh	 vd	 nrhÂ¡fÎ«. 
(5% K¡»a¤Jt	k£l¤Âš)
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2) xU	 F¿¥Ã£l	 »uhk¤Âš	 cŸst®fë‹	 ruhrç	 tUkhd«	 %.	 6000 k‰W« 

gut‰go	%.	 32400 MF«.	 ruhrç	tUkhd«	%. 5950 vd¡	bfh©l	 64 eg®fŸ	

ml§»a	 TW	 x‹W	 mªj	 KGik¤	 bjhFÂæèUªJ	 bgw¥g£ljh	 vd	 5% 
k‰W« 1% K¡»a¤Jt	ãiyfëš	nrhÂ¡fÎ«.

3) òÂa	nghd°	Â£l¤ij 60% bjhêyhs®fŸ	Mjç¡»‹wd®	v‹w	ã®thf¤Â‹	

T‰¿id	 nrhÂ¤j¿Í«	 bghU£L 150 ng®fsl§»a	 rkthŒ¥ò¡	 TW	

x‹¿id¤	bjçÎ	brŒJ,	mt®fë‹	fU¤J¡	 nf£f¥g£lJ.	 150 ng®fëš	 55 
bjhêyhs®fŸ	k£Lnk	òÂa	nghd°	Â£l¤ij	Mjç¥gJ	bjça	tªjJ	våš		

ã®thf¤Â‹	T‰iw	1% K¡»a¤Jt	k£l¤Âš	nrhÂ¡f.

gæ‰Á 9.3

V‰òila éilia¤ bjçÎ brŒf.

1) TbwL¥ò	Kiw	vjdo¥gilæš	brašgL»wJ	?

 (a) TW	msÎ    (b) TW	myF

 (c) òŸëæaš	Kiwik	   (d) KGik¤	bjhFÂ	msÎ

2)  kW¡f¤j¡f	vLnfhS¡F	ãu¥Ãahf	miktJ

 (a) Kj‹ik	vLnfhŸ   (b) òŸëæaš	T‰W

 (c) kh‰W	vLnfhŸ	    (d) e«Ã¡if	vLnfhŸ

3) Z -¡F 1% ãiyæš	ãuhfç¥ò¥	gFÂ

 (a) | Z | ≤ 1.96  (b) | Z | ≥ 2.58  (c) | Z | < 1.96  (d) | Z | > 2.58

4) KGik¤	 bjhFÂ	 msitia	 kÂ¥ÕL	 brŒÍ«	 bghGJ	 95% e«gf 
Ïilbtëia¥	bgw	ga‹gL¤j¥gL«	Z-‹	kÂ¥ò

 (a) 1.28   (b) 1.65   (c) 1.96   (d) 2.58

5) kW¡f¤j¡f	vLnfhŸ	c©ikahf	ÏUªJ,	ãuhfç¡f¥gLtj‰Fça	ãfœjfÎ

 (a) Kjštif¥	ÃiH	   (b) Ïu©lh«	tif¥ÃiH 

 (c) TbwL¥ò¥	ÃiH	 	 	  (d) Â£l¥	ÃiH

6) Ã‹tUtdt‰WŸ	vJ	c©ik	?

 (a) òŸë	kÂ¥ÕL	MdJ,	gy	kÂ¥ò¡fis¡	bfh©l	xU	Å¢rhf	ju¥gL»wJ.

 (b) TW	msitia	kÂ¥Ãlnt	TbwL¤jš	brŒa¥gL»wJ.

 (c) KGik¤	bjhFÂ	msitia	kÂ¥Ãl	TbwL¥ò	brŒa¥gL»wJ.

 (d) KoÎwh	bjhFÂæš	TbwL¤jš	ÏayhJ.

7) 10 Ef®nth®fëèUªJ	 2 Ef®nth®fis¤	 bjçÎ	 brŒÍ«	 têfë‹	
v©â¡if

 (a) 90    (b) 60    (c) 45    (d) 50
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ga‹gh£L¥ òŸëæaš

__________________________________________________

10.1  neça Â£lälš (Linear Programming)

 bjhêyhs®fŸ,	 _y¥bghUŸfŸ,	 ÏaªÂu§fŸ,	 _yjd«	 ngh‹w	 X®	 msÎ¡F	

c£g£l	 ts	 Mjhu§fis¡	 bfh©L	 bghUŸfë‹	 c‰g¤Â,	 nritfŸ,	 F¿¥Ã£l	

ntiyfŸ,	 Â£l	 brašghLfS¡F	 mt‰¿‹	 Mjha	 K¡»a¤Jt	 mo¥gilæš	

mÂf¥goahd	 Mjha«	 bgW«	 tifæš	 g»®ªjë¡F«	 bghJthd	 c¤Â	 neça 

Â£lälš MF«.	 Â£läL«	 fhy¤Âš	 Mjhu§fŸ	 »il¥gJ	 mçjhf	 ÏU¥gij	 X®	

msÎ¡F	 c£g£l	 Mjhu§fŸ	 v‹W	 F¿¥ÃL»nwh«.	 Mjha	 K¡»a¤Jt	 mo¥gil	

v‹gJ	 braš	 M¡f«,	 KjÄ£o‹	 gy‹,	 ga‹ghL,	 neu«,	 öu«	 ngh‹wt‰iw¡	

F¿¡F«.	neçaš	v‹w	brhš	X®	totik¥Ãš	cŸs	Ïu©L	mšyJ	mj‰F	nk‰g£l	

kh¿fë‹	 rçrkÅj	 bjhl®ig¡	 F¿¡F«.	 gšntW	 brašÂ£l§fëèUªJ	 x‹iw¤	

bjçÎ	 brŒÍ«	 Kiwia¤	 Â£lälš	 v‹»nwh«.	 nkyh©ik	 brašghLfëš	 Áwªj	

Ô®khd§fŸ	vL¡f	neçaš	Â£lälš	bgçJ«	gaDŸs	c¤ÂahF«.

10.1.1  neça Â£lälš fz¡»‹ (LPP) f£lik¥ò

 “neça	 Â£lälš'	 v‹w	 totik¥ò	 ÑœtU«	 _‹W	 mo¥gil¡	 TWfis	

bfh©LŸsJ	:

(i)  njitahd	Ô®khd	kh¿fŸ	(Decision variables)

(ii)  cfk	(bgUk	mšyJ	ÁWk)	kÂ¥ò¥	bgW«	F¿¡nfhŸ	(objective)

(iii) ãiwÎ	brŒa¥gl	nt©oa	f£L¥ghLfŸ	(constraints)

10.1.2  neça Â£lälš fz¡if cUth¡Fjš

 neça	 Â£lälš	 fz¡if	 xU	 fâj	 khÂçahf	 mik¥gj‰F	 ÑœtU«	

têKiwfis¡	ifahSnth«.

go	1  :  njitahd	 K¡»a	 Ô®khd§fŸ	 »il¤Âl	 bfhL¡f¥g£l	 Nœãiyia					

MŒªj¿a	nt©L«.

go	2		:	 mÂYŸs	 kh¿fis	 f©l¿ªJ	mitfis	  xj ( j = 1, 2 ...) vd¡	 F¿¤jš	 

nt©L«.

go	3		:	 fz¡»aš	thæyhf	V‰òila¤	Ô®Îfis¡	F¿¡f,	bghJthf	Ïªj	kh¿fis  
xj  > 0 (všyh	j ¡fS¡F«)	vd	F¿¥gJ	tH¡f«.

go	4		:	 fz¡»š	 cŸs	 f£L¥ghLfS¡F	 V‰wh‰nghš	 Ô®khd	 kh¿fis¡	 bfh©L	 

mrk‹ghLfis	mšyJ	rk‹ghLfis	mik¡f	nt©L«.

go	5		:	 F¿¡nfhŸ	rh®ig	Ïd«	f©L	mij	Ô®khd	kh¿fë‹	neça¢	rh®ghf	vGj	 

nt©L«.

10
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10.1.3   neça Â£lälè‹ ga‹ghLfŸ

 neça	 Â£lälš	 gy	 Jiwfëš	 ga‹gL»wJ.	 mitfëš	 Áyt‰iw¡	

fh©ngh«.

(i)  ngh¡Ftu¤J :	c‰g¤Â	brŒa¥g£l	Ïl¤ÂèUªJ	c‰g¤Â	brŒa¥g£l	bghUis	

njitahd	bt›ntW	Ïl§fS¡F	g»®ªJ	më¥gj‰fhf	Â£l«	tF¤jš.

(ii)  x¥gil¥ò : mÂfg£r	 msÎ	 Âw‹	 btë¥gLkhW,	 eg®fëilna	 ntiyia¥	

g»®jš.

(iii)  é‰gid¢ bryÎ :	 bkh¤j¢	 bryit	 ÁWkkhf	 ÏU¡F«	 tifæš	 gšntW	

Ïl§fS¡F	 bršy	 nt©oa	 é‰gidahsU¡F	 Û¢ÁW	 bjhiyÎ	 bfh©l	

tê¤jl¤ij¡	fhzš.

(iv)  KjÄL :	 Ïl®ghLfis¡	 Fiw¤J	 Mjha¤ij	 mÂfgL¤j	 _yjd¤ij	

bt›ntW	brašghLfS¡F¥	g»®jš.

(v)  étrha« : c‰g¤Âæ‹	msit	bgUkkh¡f	ãy§fis	bt›ntW	 gFÂfshf¥	

Ãç¤J	bfhL¤jš.

10.1.4   Áy K¡»a tiuaiwfŸ

 V‰òila Ô®Î (feasible solution) v‹gJ	 fz¡»š	 bfhL¡f¥g£LŸs	 všyh	

f£L¥ghLfisÍ«	ãiwÎ	brŒÍ«	Ô®thF«.

 V‰òila	Ô®Îfis¡	bfh©l	gFÂna	V‰òila gFÂahF«.

	 F¿¡nfhŸ	 rh®Ã‹	 cfk	 (bgUk	 mšyJ	 ÁWk)	 kÂ¥ig¤	 jU«	 V‰òila	 Ô®Î	

cfk¤ Ô®Î	v‹wiH¡f¥gL«.

F¿¥ò

 cfk¤	Ô®Î	jå¤	j‹ik	cilaJ	mšy.

vL¤J¡fh£L 1

 ku¥bghU£fŸ jahç¡F« xU ãWtd« j§fël« cŸs xU tif ku¤jhyhd 

400 mo gyifiaÍ« k‰W« 450 kâ kåj ciH¥ò neu¤ijÍ« bfh©L eh‰fhèfŸ 

k‰W« nkirfis¤ jahç¡f Â£läL»wJ. xU eh‰fhè brŒtj‰F 5 mo gyifÍ« 

10 kâ kåj ciH¥ò neu« njit k‰W« mj‹ _y« »il¡F« Ïyhg« %.45, xU 

nkir brŒa 20 mo gyifÍ« 15 kâ kåj neu« njit k‰W« mj‹ _y« »il¡F« 

Ïyhg« %.80 v‹gij mªj ãWtd« m¿»wJ. j‹ål« cŸs ru¡if¡ bfh©L« 

f£L¥ghLfis¡ bfh©L« bgUk Ïyhg« »il¡f v¤jid eh‰fhèfŸ, nkirfis 

c‰g¤Â brŒa nt©L« ? nk‰f©litfis neça Â£lälš Kiwæš toth¡Ff.

Ô®Î :

 fâjKiw	toth¡f« :

 fz¡»š	bfhL¡f¥g£l	étu§fŸ	RU¡fkhf¡	ÑnH	bfhL¡f¥gL»‹wd.
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c‰g¤Â f¢rh	bghU£fŸ

(X®	myF¡F)

ciH¥ò	 

(X®	myF¡F)

Ïyhg«	 

(X®	myF¡F)

eh‰fhè 

nkir

5

20

10

15

%. 45

%. 80

bkh¤j	ÏU¥ò 400 450

go 1			:		 eh‰fhèfë‹	 c‰g¤Â	 v©â¡ifiaÍ«	 nkiræ‹	 c‰g¤Â			

v©â¡ifiaÍ«		Ô®khå¡f	nt©L«.

go 2			:		x1 , x2 Kiwna	 eh‰fhèfë‹	 v©â¡ifiaÍ«,	 nkirfë‹	

v©â¡ifiaÍ«	F¿¡f£L«.

go 3			:		Fiw	v©fëš	c‰g¤Â	brŒa	KoahJ	Mifahš x1 ≥ 0,  x2 ≥ 0

go 4			:		f¢rh¥	 bghU£fŸ,	 ciH¥ò	 Ït‰¿‰F	 V‰wh®	 nghš	 f£L¥ghLfŸ	 X®	

všiy¡FŸ	mikÍ«.	xU	 eh‰fhè¡F	 5	mo	ku	 gyifÍ«,	xU	 nkir¡F	 20	

mo	 ku	 gyifÍ«	 njit¥gL»wJ. x1, x2 v‹gd	 eh‰fhè	 k‰W«	 nkiræ‹	

msÎfŸ	våš	bkh¤j	f¢rh¥	bghU£fë‹	njitahdJ 5x1 + 20x2, ÏJ	if	

ÏU¥ò	f¢rh	bghUshd	400	mo	ku¥gyif¡F	mÂfkhfhkš	ÏU¡f	nt©L«.	

vdnt	f¢rh¥	bghUë‹	f£L¥ghlhdJ	: 

    5x1 + 20x2 ≤ 400

 Ïnj	nghš,	ciH¥Ã‹	f£L¥ghlhdJ	:

    10x1 + 15x2 ≤ 450

go 5 	:	 F¿¡nfhshdJ,	 mªj	 ãWtd«	 eh‰fhè	 k‰W«	 nkir	 Ïitfis	é‰gjhš	 

»il¡F«	 Ïyhg¤ij	 bgUk	 kÂ¥ig	 mila¢	 brŒtjhF«.	 Ïij	 neça	

rh®ghf	vGj	»il¥gJ	:

    Z = 45x1 + 80x2.

 Ïªj	neça	Â£lälš	fz¡if	eh«	fâj	toéš	mik¥ngh«.

     5x1 + 20x2 ≤ 400

              10x1 + 15x2 ≤ 450

     x1 ≥ 0, x2 ≥ 0

 v‹w	f£L¥ghLfS¡F	Ïz§f,	F¿¡nfhŸ	rh®ò

     Z = 45x1 + 80x2 -‹	bgUk	kÂ¥ig¡	fh©f.
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vL¤J¡fh£L 2

 xU ãWtd« A k‰W« B v‹w ÏU mséš jiytè kh¤Âiufis jah® 

brŒ»wJ. A -Ïš 2 äšè»uh« M°ÃçD« 5 äšè»uh« ig-fh®gnd£L« k‰W« 1 

äšè »uh« bfhilD« cŸsJ. B -Ïš 1 äšè»uh« M°ÃçD« 8 äšè»uh« ig-

fh®gnd£ k‰W« 6 äšè »uh« bfhilD« cŸsJ. cldo tè ãthuz¤Â‰F 

Fiwªj g£r« 12 äšè»uh« M°ÃçD«, 74 äšè»uh« igfh®gnd£L« k‰W« 24 

äšè »uh« bfhilD« njit vd czu¥gL»wJ. xU nehahë cldo ãthuz« 

bgw FiwªjJ v¤jid kh¤Âiufis c£bfhŸs nt©L« v‹gij¤ Ô®khå¡f. 

Ïªj fz¡if neça Â£lälš Kiwæš vGJf.

Ô®Î :

 étu§fŸ	Ã‹tUkhW	RU¡»	vGj¥gL»‹wJ.

xU	kh¤Âiu¡F

jiytè	

kh¤ÂiufŸ
M°Ãç‹ igfh®gnd£ bfhil‹

A msÎ

B msÎ

2

1

5

8

1

6

Fiwªjg£r	njit 12 74 24

 Ô®khd	kh¿fŸ	:

 A msÎ	kh¤Âiuæ‹	v©â¡if	x1

 B msÎ	kh¤Âiuæ‹	v©â¡if	x2

	 neça	Â£lälš	fz¡fhdJ	Ñœ¡f©l	fâj	tot¤ij¥	bgW»wJ.

   2x1 + x2 ≥ 12

   5x1 + 8x2 ≥ 74

   x1 + 6x2 ≥ 24

   x1 ≥ 0,    x2 ≥ 0

	 v‹w	f£L¥ghLfS¡F	Ïz§f,	F¿¡nfhŸ	rh®ò

 Z = x1 + x2 -‹	bgUk	kÂ¥ig¡	fh©f.

10.1.5   tiugl« _y« Ô®Î fhzš

 ÏU	kh¿fis¡	bfh©l	neça	Â£lälš	fz¡»‰F	tiugl«	_y«	vëjhf¤	

Ô®Î	fhzyh«.	tiugl«	_y«	Ô®Î	fhQ«	Kiw	:

go	1			:		 bfhL¡f¥g£LŸs	fz¡if	fâj	Kiwæš	TWjš.

go	2		:		 fz¡»š	 cŸs	 f£L¥ghLfis	 tiuglkh¡Fjš	 k‰W«	 V‰òila	
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gFÂia	 (Ô®Î¥	 gFÂ)	 bjçªJ	 bfhŸSjš.	 bfhL¡f¥g£LŸs	 fz¡»‹	

f£L¥ghLfis¡	 F¿¡F«	 nfhLfŸ	 bt£o¡	 bfhŸtjhš	 c©lhF«	

bghJthd	gFÂ	Ô®Î¥	gFÂahF«.	ek¡F	njitahd	Ô®Î¥	gFÂ	Kjš	fhš	

gFÂænyna	(x1, x2 > 0) mikÍ«	vd	m¿ayh«.

go 3		:		 Ô®Î¥	gFÂæ‹	_iy¥	òŸëfë‹	Ma¤bjhiyÎ	öu§fis	ã®za«	brŒf.

go 4		:		 go	3-š	f©l¿ªj	x›bthU	_iy¥	òŸëæY«	F¿¡nfhŸ	rh®Ã‹	kÂ¥ig¡	

fh©f.

go 5		:	 F¿¡nfhŸ	rh®Ã‹	ÏWÂ¤	Ô®it	(bgUk«	mšyJ	ÁWk«)	ã®za«	brŒÍ«	_

iy¥	òŸëia¡	fh©f.	mªj	òŸëæš	jh‹	V‰òila	Ô®Î	»il¡F«.

vL¤J¡fh£L 3

 xU ãWtd« P1 k‰W« P2 v‹w ÏU bghU£fis¤ jahç¡»wJ. Ïªj Ïu©L 

bghU£fis jahç¡f mªj ãWtd¤Âl« A, B v‹w Ïu©L ÏaªÂu§fŸ cŸsd. 
P1 v‹w bghUis jahç¡f A ÏaªÂu«  2 kâ neu¤ijÍ« B ÏaªÂu« 4 kâ 

neu¤ijÍ« vL¤J¡ bfhŸ»wJ. P2 v‹w bghUis jahç¡f A ÏaªÂu« 5 kâ 

neu¤ijÍ« B ÏaªÂu« 2 kâ neu¤ijÍ« vL¤J¡ bfhŸ»wJ. P1 bghUis X® myF 

é‰gjhš Ïyhg« %. 3 k‰W« P2 bghUis X® myF é‰gjhš Ïyhg« %. 4 »il¡F« 

vd vÂ®gh®¡f¥gL»wJ. A, B ÏaªÂu§fŸ Kiwna 24 kâ neu« k‰W« 16 kâ neu« 

brašg£lhš, tiugl¤Â‹ _y« bgUk Ïyhg« »il¡f x›bthU bghUë‹ tuhªÂu 

c‰g¤Âæ‹ msit¡ fh©f.

Ô®Î :

 fz¡»š	cŸs	étu§fŸ	RU¡»	ÑnH	bfhL¡f¥g£LŸsd.

bghU£fŸ neu« Ïyhg«	 

(X®	myF¡F)ÏaªÂu« A ÏaªÂu« B

P1

P2

2

5

4

2

3

4

bgUk	neu«	/	thu« 120 80

 x1, x2 Kiwna	c‰g¤Âahd	P1 k‰W« P2 -‹	myFfë‹	v©â¡if	v‹f.

	 fâj	Kiw	toth¡fkhdJ	:

     2x1 + 5x2 ≤ 120

    4x1 + 2x2 ≤ 80

    x1, x2 ≥ 0

 v‹w	f£L¥ghLfS¡F	Ïz§f	F¿¡nfhŸ	rh®ò

  Z = 3x1 + 4x2 -‹	bgUk	kÂ¥ig¡	fh©f.
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tiugl¤Â‹ _y« Ô®Î

 2x1 + 5x2 = 120 k‰W« 4x1 + 2x2 = 80 v‹w	rk‹ghLfis¡	fUJf.	ne®¡nfhL  
2x1 + 5x2 = 120 -š	   (0, 24) k‰W« (60, 0) v‹gd	ÏU	òŸëfŸ.	Ï›éU	òŸëfisÍ«	

Ïiz¡f 2x1 + 5x2 = 120 v‹w	nfh£oid¥	bgwyh«.	Ïnj		ngh‹W	4x1 + 2x2 = 80	v‹w	

ne®nfh£il	(20, 0) k‰W« (0, 40) M»at‰iw	Ïiz¥gj‹	_y«	bgwyh«.	(gl«	10.1)

 tiugl¤Â‹	_y«	všyh	f£L¥ghLfS«	cUtik¡f¥gL»wJ.

O
10 20 30 40 50 60 70 80

80

70
60

50
40
30

20
10

x1

x2

AC

4x
1 +
 2

x 2
= 8

0

2x
1 + 5x

2  = 120

B M1

gl« 10.1

 Ô®Î	 gFÂ	 v‹wiH¡f¥gL«,	 f£L¥ghLfŸ	 mid¤J«	 cŸsl¡»a	 gu¥ò	

tiugl¤Âš	(gl«	10.1)	OCM1B gFÂahf	ãHè£L	fh£l¥g£LŸsJ.

 F¿¡nfhŸ	 rh®Ã‹	 cfk	 kÂ¥ghdJ	 Ô®Î	 gFÂæš	 cŸs	 xU	 _iyæš	

mik»wJ.

	 _iy¥òŸëfŸ	Kiwna

 O = (0, 0), C = (20, 0), M1 = (10, 20), B = (0, 24)

 Z-‹	kÂ¥ig	_iy¥òŸëfëš	fh©ngh«	:

_iy¥òŸë (x1, x2) Z = 3x1 + 4x2

O

C

M1

B

(0, 0)

(20, 0)

(10, 20)

(0, 24)

0

60

110

96

 F¿¡nfhŸ	rh®ò	milÍ«	bgUk	kÂ¥ò	òŸëna	cfk	Ô®Î¥	òŸë	MF«.	vdnt	

cfk	Ô®Î¥	bgW«	òŸë M1 MF«.	mjhtJ	x1 = 10 k‰W« x2 = 20. 

 P1 k‰W« P2 Kiwna	thu¤Â‰F	10	myFfŸ	k‰W«	20	myFfŸ	c‰g¤Â	brŒJ	

bgUk	Ïyhg«	%.110-ia	bgwyh«.
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F¿¥ò

 F¿¡nfhŸ	 rh®Ã‹	 _iy¥òŸë	 x‹¿èUªJ	 »il¡F«	 bgUk	 kÂ¥ng,	

bgUkÂ¥ig¡	 fhzš	 v‹w	 fz¡»‹	 cfk	 Ô®thf	 mikÍ«	 F¿¡nfhŸ	 rh®Ã‹	

_iy¥òŸë	 x‹¿èUªJ	 »il¡F«	 ÁWk	 kÂ¥ng,	 ÁWk	 kÂ¥ig¡	 fhzš	 v‹w	

fz¡»‹	cfk	Ô®thf	mikÍ«.

vL¤J¡fh£L 4

 tiugl« _y« Ô®¡f :

   36x1 + 6x2 ≥ 108

   3x1 + 12x2 ≥ 36

   20x1 + 10x2 ≥ 100

   x1 , x2 > 0

 v‹w f£L¥ghLfS¡»z§f,

 Z = 20x1 + 40x2 -‹ ÁWk kÂ¥ig¡ fh©f.

Ô®Î :

 tiugl¤Âš	Ô®Î¥	gFÂia¡	F¿¤jš

 A(0, 18) k‰W« B(3, 0) ; C(0, 3) k‰W« D(12, 0) ; E(0, 10) k‰W« F(5, 0) v‹gd	

Kiwna	36x1 + 6x2 = 108, 3x1 + 12x2 = 36 k‰W« 20x1 + 10x2 = 100 v‹w	nfhLfis¤	

Ô®khå¡»wJ.	(gl«	10.2)

gl« 10.2

x2

O 2     4   6    8   10 12   14  16

18
16

14
12
10

8
6

4

2
x1

A

E

M2

C

M1

B F D

36
 +

 6
 =

108
1

2
x

x

3  + 12  =36
1

2

x
x

20
 + 10

 =100

1

2

x

x

V‰òila¥ gFÂ

 fz¡»š	 bfhL¡f¥g£LŸs	 f£L¥ghLfS¡F¡»z§f	 tiuglkhdJ	

tiua¥g£LŸsJ.	 ãHè£l	 gFÂna	 Ô®Î¥	 gFÂ	 ãHè£l	 gFÂæš	 cŸs	 vªj	 xU	

òŸëÍ«	bfhL¡f¥g£l	f£L¥ghLfis	ãiwnt‰W«.	Ô®Î¥	gFÂæ‹	_iy¥	òŸëfŸ	
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Kiwna, A = (0, 18),  M2 = (2, 6),  M1 = (4, 2),  D = (12, 0)

 Ïªj	òŸëfëš	Z -‹	kÂ¥ig¡	fh©ngh«.

_iy¥òŸë (x1, x2) z = 20x1 + 40x2

A

M1

M2

D

(0, 18)

(4, 2)

(2, 6)

(12, 0)

720

160

280

240

 F¿¡nfhŸ	rh®Ã‹	ÁWk	kÂ¥ghdJ	vªj	òŸëæš	»il¡»wnjh	mªj	òŸëna	

cfk¤	 Ô®it¥	 bg‰W	 jU«.	 Mfnt, M1 -š	 cfk¤	 Ô®Î	 »il¡»wJ.	 (m-J)	 x1 = 4 
k‰W« x2 = 2 F¿¡nfhŸ	rh®ò	Z-‹	kÂ¥ò 160 

 ∴ x1 = 4 k‰W« x2 = 2 -š	FWk	kÂ¥ò	Z = 160 MF«

vL¤J¡fh£L 5

  x1 + x2 ≤ 1 

  4x1 + 3x2 ≥ 12 

  x1, x2 ≥ 0 v‹w f£L¥ghLfS¡»z§f,

  Z = x1 + x2 -‹ bgUk kÂ¥ig¡ fh©f.

Ô®Î :

O 1 2 3 4 5 

6

5

4

3

2

1

x1

x2

D

A

B C

x
1 +x

2 = 1

4x
1  + 3x

2
  = 12

gl« 10.3

 nk‰f©l	tiugl¤Âš	Ô®Î¥	gFÂ	Ïšiy	Mjyhš,	bfhL¡f¥g£l	fz¡»‰F	

Ô®ÎfŸ	Ïšiy.
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gæ‰Á 10.1

1)  A k‰W« B v‹w	ÏUtifahd	bghU£fis	xU	ãWtd«	c‰g¤Â	brŒ»wJ.	

Ïªj	ÏUtifahd	bghU£fë‹	_y«	Ïyhg«	%.30/- k‰W«	%.40/- x›bthU	

».»uhK¡F«	 »il¡»wJ.	 _y¥	 bghU£fë‹	 étu§fS«	 mj‹	 ÏU¥ò¤	

j‹ik	g‰¿Í«	ÑnH	bfhL¡f¥g£LŸsd.

njitfŸ ÏU¥Ã‹	msÎ	

khj¤Â‰F
bghUŸ A bghUŸ	B

f¢rh	bghU£fŸ	(».».)

ÏaªÂu	Ïa§F«	neu«/myF

cU¥go	brŒjš	(kåj	neu«)

60

  8

  3

120

   5

   4

12000

    600

    500

 bgUk	Ïyhg¤ij	<£l	Ïªj	fz¡if	neça	Â£lälš	mik¥Ãš	vGJf.

2) xU	 ãWtd«	 A k‰W« B v‹w	 ÏUtif¥	 bghU£fis¤	 jah®	

brŒJ,	 Kiwna	 %.3	 k‰W«	 %.4	 vd	 Ïyhg«	 <£L»wJ. M1 k‰W« M2   
v‹w	 ÏaªÂu§fŸ	 Ïªj	 Ïu©L	 bghU£fis¤	 jah®	 brŒ»‹wd.	 A v‹w	

bghUis¤	jahç¡f	M1 -¡F	xU	ãälK«	k‰W«	M2 -¡F	Ïu©L	ãäl§fS«	

M»‹wd.	B v‹w	bghUis¤	jahç¡f	M1 ¡F	xU	ãälK«	k‰W«	M2 -¡F	xU	

ãälK«	M»‹wd.	xU	ntiy	ehëš	M1 7	kâ	30	ãäl§fS¡F	nkš	ntiy	

brŒtÂšiy.	M2 ÏaªÂu«	10	kâ	neu«	jh‹	ntiy	brŒ»wJ.	bgUk	Ïyhg«	

»il¡f	Ïªj	fz¡if	neça	Â£lälš	mik¥Ãš	vGJf.

3)  5x1 + 20x2 ≤ 400

  10x1 + 15x2 ≤ 450

  x1, x2 ≥ 0

 v‹w	f£L¥ghLfS¡»z§f	Z = 45x1 + 80x2 -‹	bgUk	kÂ¥ig	tiugl¤Â‹	

_y«	fh©f.

4)   2x1 + x2 < 40

  2x1 + 5x2 < 180

  x1, x2 > 0

 v‹w	 f£L¥ghLfS¡»z§f	 Z = 3x1 + 4x2 -‹	 bgUk	 kÂ¥ig	 tiugl¤Â‹	

_y«	fh©f.

5)  5x1 + x2 > 10

  2x1 + 2x2 > 12

  x1 + 4x2 > 12
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  x1, x2 > 0

 v‹w	 f£L¥ghLfS¡»z§f	 Z = 3x1 + 4x2 -‹	 ÁWk	 kÂ¥ig	 tiugl¤Â‹	

_y«	fh©f.

10.4   x£LwÎ k‰W« bjhl®ò¥ ngh¡F

10.2.1   x£Lwé‹ bghUŸ 

 x£LwÎ	 v‹gJ	 Ïu©L	mšyJ	 mj‰F	 nk‰g£l	 kh¿fS¡F	 Ïilna	 cŸs	

bjhl®Ã‹	msit¡	F¿¡»‹wJ.	xU	kh¿æ‹	kh‰w«	k‰w	kh¿ia¥	ghÂ¤J	mijÍ«	

kh‰¿dhš	 m›éU	 kh¿fisÍ«	 x£LwÎ	 kh¿fŸ	 (bjhl®òŸs	 kh¿fŸ)	 v‹»nwh«.	

mo¥gilæš	neçil	x£LwÎ,	vÂçil	x£LwÎ	k‰W«	rh®g‰w	x£LwÎ	v‹W	_‹W	

tifahd	x£LwÎfŸ	cŸsd.

neçil x£LwÎ (Positive correlation)

 ÏU	 kh¿fë‹	 kÂ¥òfS«	 xnu	 Âiræš	 khWg£lhš,	 mjhtJ,	 xU	

kh¿æ‹	 kÂ¥ò	 mÂfç¡F«	 bghGJ	 (mšyJ	 FiwÍ«	 bghGJ)	 k‰w	 kh¿æ‹	 kÂ¥ò	

mÂfç¤jhnyh	 (mšyJ	 Fiwªjhnyh)	 m›éU	 kh¿fS¡»ilna	 cŸs	 bjhl®ig	

neçil x£LwÎ v‹»nwh«.

vL¤J¡fh£LfŸ :

(i)  jå	kåj®fë‹	cau«	k‰W«	vil

(ii)  tUthŒ	k‰W«	bryÎ

(iii)  mDgt«	k‰W«	CÂa«

vÂçil x£LwÎ (Negative Correlation)

 ÏU	 kh¿fë‹	 kÂ¥ò¡fŸ	 vÂ®¤Âiræš	 khWg£lhš,	 mjhtJ	 xU	 kh¿æ‹	

kÂ¥ò	mÂfç¡F«	bghGJ	(mšyJ	FiwÍ«	bghGJ)	k‰w	kh¿æ‹	kÂ¥ò	Fiwªjhnyh	

(mšyJ	 mÂfç¤jhnyh),	 m›éU	 kh¿fS¡»ilna	 vÂçil x£LwÎ cŸsJ	

v‹»nwh«.

vL¤J¡fh£LfŸ :

(i) éiy	k‰W«	njit

(ii)  ÂU¥Ã¢	brY¤J«	fhy«	k‰W«	rk	khj¤	jtiz

10.2.2   Ájwš és¡f¥gl« (Scatter Diagram)

 (x1, y1), (x2, y2) ... (xn, yn) v‹git	x k‰W« y kh¿fë‹	n nrho	kÂ¥òfŸ	v‹f. x 
-‹	kÂ¥ò¡fis	x-m¢R¤	ÂiræY«, y -‹	kÂ¥ò¡fis	y-m¢R¤	ÂiræY«	F¿¡F«	

bghGJ	»il¡f¥	bgW«	tiugl«	Ájwš	és¡f¥gl«	vd	miH¡f¥gL»wJ. x k‰W« 
y kh¿fë‹	 kÂ¥ò¡fS¡»ilna	 cŸs	 x£Lwit	 Ï›és¡f¥	 gl«	 më¡»wJ.	

ne®nfh£L	x£Lwé‰fhd	Ájwš	és¡f¥gl§fŸ	ÑnH	bfhL¡f¥g£LŸsd.
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   (gl« 10.4)

neçil x£LwÎ

X O

Y

XO

Y

O

Y

X

(gl« 10.5)
vÂçil x£LwÎ

(gl« 10.6)
rh®g‰w x£LwÎ

(i) F¿¡f¥g£l	 òŸëfŸ	 nkšneh¡»a	 ngh¡if	 fh©Ã¤jhš,	 kh¿fS¡»ilna	 

	 neçil	x£LwÎ	cŸsJ	(gl«	10.4).

(ii)  F¿¡f¥g£l	 òŸëfŸ	 Ñœneh¡»a	 ngh¡if	 fh©Ã¤jhš,	 kh¿fS¡»ilna	 

	 vÂçil	x£LwÎ	cŸsJ	(gl«	10.5).	

(iii)  F¿¡f¥g£l	 òŸëfŸ	 v›éj	 ngh¡ifÍ«	 fh©Ã¡féšiybaåš	 x£LwÎ	 

	 Ïšiy	vd¡	Tw¥gL»wJ.	(gl«	10.6).

10.2.3   x£LwÎ¡bfG (Co-efficient of Correlation)

 Ãç£l‹	 eh£il¢	 rh®ªj	 xU	 cæ®	 E£géayh®	 fh®š	 Ãa®r‹ (1867-1936) 
v‹gt®	 ÏU	 kh¿fS¡»ilna	 cŸs	 ne®¡nfh£L	 bjhl®Ã‹	 msit	 étç¡f	

Toa,	“x£LwÎ¡	bfGit''	cUth¡»dh®. r(X, Y) v‹W	F¿¡f¥gL«,	ÏU	rkthŒ¥ò	

kh¿fS¡»ilnaahd	x£LwÎ¡bfG

 r(X, Y)            =
Cov (X, Y)

SD (X) SD (Y)
 v‹W	ju¥gL»‹wJ.

Ï§F Cov (X, Y) = X X Y Y (covariance between X and Y)
1

n i
i i∑ − −( ) ( )  (X k‰W« Y¡fhd	cl‹	khWghL)

 SD (X) = σx = 1 2

n i
i∑ −( )X X  (X-‹	Â£l	éy¡f«)
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 SD (Y)  = σx = 1 2

n i
i∑ −( )Y Y

 (Y-‹	Â£léy¡f«)

 vdnt,	fh®šÃa®rå‹	x£LwÎ¡	bfGit	fhQ«	N¤Âu«	:

 

r n

n n

i
i i

i
i

i
i

i
i

(X, Y) = 
X X Y Y

X X Y Y

X X

1

1 12 2

∑ − −

∑ − ∑ −

=
∑ −

( ) ( )

( ) ( )

( ) (YY Y

X X Y Y

i

i
i

i
i

xy

x y

−

∑ − ∑ −
= ∑

∑ ∑

)

( ) ( )2 2 2 2

 

 

r n

n n

i
i i

i
i

i
i

i
i

(X, Y) = 
X X Y Y

X X Y Y

X X

1

1 12 2

∑ − −

∑ − ∑ −

=
∑ −

( ) ( )

( ) ( )

( ) (YY Y

X X Y Y

i

i
i

i
i

xy

x y

−

∑ − ∑ −
= ∑

∑ ∑

)

( ) ( )2 2 2 2

F¿¥ò

 X k‰W« Y kh¿fS¡»ilæyhd	 x£LwÎ¡	 bfGéid¡	 fhz,	 ÑœfhQ«	

N¤Âu§fisÍ«	ga‹gL¤jyh«	:

 

(i)        (X, Y) = 
N XY X Y

N X X

(i)   

r
N Y Y

å −å å

å − å å − å2 2 2 2( ) ( )

      (X, Y) = r
N dxdy dx dy

N dx dx N dy dy

å −å å

å − å å − å2 2 2 2( ) ( )

 

(i)        (X, Y) = 
N XY X Y

N X X

(i)   

r
N Y Y

å −å å

å − å å − å2 2 2 2( ) ( )

      (X, Y) = r
N dxdy dx dy

N dx dx N dy dy

å −å å

å − å å − å2 2 2 2( ) ( )

 Ï§F dx = x – A ; dy = y – B Kiwna	 A k‰W« B v‹w	 VnjD«	 ÏU	

kÂ¥òfëèUªJ	bgw¥g£l	éy¡f§fŸ.

10.2.4   x£LwÎ¡ bfGé‹ všiyfŸ

 x£LwÎ¡	bfG –1 èUªJ +1 ¡F	Ïilna	X®	kÂ¥ig	bg‰¿U¡F«	

	 (m-J) – 1 ≤ r (x, y) ≤ 1.

(i) r(X , Y) = +1 våš, X k‰W« Y v‹w	 ÏU	 kh¿fS¡»ilna	 neçil	 ãiwÎ	

x£LwÎ		cŸsJ	v‹»nwh«.

(ii)  r (X , Y) = –1 våš, X k‰W« Y v‹w	ÏU	 kh¿fS¡»ilna	 vÂçil	ãiwÎ	

x£LwÎ	cŸsJ	v‹»nwh«.
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(iii)  r(X , Y) = 0  våš, X k‰W« Y v‹w	 ÏU	 kh¿fS¡»ilna	 x£LwÎ	Ïšiy	 

	 v‹»nwh«.

vL¤J¡fh£L 6

 jªija® (X) k‰W« mt®fë‹ kf‹fŸ (Y) M»nahç‹ cau¤Â‰fhd 

(m§Fy§fë‹) x£LwÎ¡ bfGit¡ fz¡»Lf.

 X :  65  66  67  67  68  69  70  72

 Y :  67  68  65  68  72  72  69  71

Ô®Î :

 

X
X

Y
Y

= ∑ = =

= ∑ = =

n

n

544

8
68

552

8
69

 

X Y x = X – X y = Y – Y x2 y2 xy

65

66

67

67

68

69

70

72

67

68

65

68

72

72

69

71

-3

-2

-1

-1

 0

 1

 2

 4

-2

-1

-4

-1

 3

 3

 0

 2

  9

  4

  1

  1

  0

  1

  4

16

  4

  1

16

  1

  9

  9

  0

  4

6

2

4

1

0

3

0

8

544 552 0 0 36 44 24

 fh®š	Ãa®r‹	x£LwÎ¡	bfG,

 
r x y xy

x y
( , ) .= ∑

∑ ∑
= =

2 2

24

36 44
603

 

 vdnt X, Y kh¿fŸ	neçil	x£LwÎ	bfh©LŸsd.

0.603
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vL¤J¡fh£L 7

 Ã‹tU« étu§fS¡fhd x£LwÎ¡ bfGit fz¡»Lf :

 X :  1 2 3 4 5 6 7 8 9

 Y :  9 8 10 12 11 13 14 16 15

Ô®Î :

X Y X2 Y2 XY

1

2

3

4

5

6

7

8

9

  9

  8

10

12

11

13

14

16

15

  1

  4

  9

16

25

36

49

64

81

  81

  64

100

144

121

169

196

256

225

   9

  16

  30

  48

  55

  78

  98

128

135

45 108 285 1356 597

  
.

 

  

.

 ∴  X, Y äFÂahf	neçil	x£LwÎ	bfh©LŸsd.

vL¤J¡fh£L 8

 fzt® (X) k‰W« kidé (Y) M»nahç‹ taÂ‰fhd x£LwÎ¡ bfGit¡ 

fz¡»Lf.

 X :  23 27 28 29 30 31 33 35 36 39

 Y :  18 22 23 24 25 26 28 29 30 32
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Ô®Î :

 A = 30 k‰W« B = 26 våš	dx = X – A     dy = Y – B

X Y dx dy d2
x d2

y dxdy

23

27

28

29

30

31

33

35

36

39

18

22

23

24

25

26

28

29

30

32

-7

-3

-2

-1

 0

 1

 3

 5

 6

 9

-8

-4

-3

-2

-1

 0

2

3

4

6

49

  9

  4

  1

  0

  1

  9

25

36

81

64

16

  9

  4

  1

  0

  4

  9

16

36

56

12

  6

  2

  0

  0

  6

15

24

54

11 – 3 215 159 175

 

r N dxdy dx dy

N d dx N d dyx y

(X, Y) = 
∑ − ∑ ∑

∑ − ∑ ∑ − ∑

= −

2 2 2 2

10 175 1

( ) ( )

( ) ( 11 3

10 215 11 10 159 3

1783

1790 8
0 99

2 2

)( )

( ) ( ) ( ) ( )

.
.

−

− − −

= =
 

 ∴ X k‰W« Y äFÂahf	neçil	x£LwÎ	bfh©LŸsd.

vL¤J¡fh£L 9

 Ã‹tU« étu§fS¡fhd x£LwÎ¡ bfGit¡ fz¡»Lf :

 N = 25,  ∑X = 125,  ∑Y = 100

 ∑X2 = 650  ∑Y2 = 436,  ∑XY = 520
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Ô®Î :

 x£LwÎ¡	bfG,

 

r
N

(X, Y) = 
N XY X Y

N X X Y Y

∑ − ∑ ∑

∑ − ∑ ∑ − ∑

= −

2 2 2 2

25 520 125 100

( ) ( )

( ) ( ) ( )

225 650 125 25 436 100

0 667

2 2( ) ( ) ( ) ( )

.

− −
= −r

    = 0.667

10.2.5   bjhl®ò¥ ngh¡F (Regression)

 r®	 Ãuh‹ì°	 fhšl‹ (1822 - 1911) v‹w	 xU	 Ãç£l‹	 cæ®E£géayh®,	

kuòtê¤	 bjhl®»w	 FzhÂra§fis	 MuhÍ«	 bghGJ	 bjhl®ò¥	 ngh¡F	 v‹gij	

tiuaiu	 brŒjh®.	 bjhl®ò¥	 ngh¡F	 v‹gj‹	 c©ikahd	 bghUŸ	 ahbjåš	

"ruhrçia	neh¡»	Ã‹	bršjš"	v‹gjhF«.

 bjhl®ò¥	 ngh¡F	 v‹gJ	 Ïu©L	 mšyJ	 mj‰F	 nk‰g£l	

kh¿fS¡»ilnaÍŸs	ruhrç	bjhl®ig	m¿Í«	X®	fz¡»aš	msÎ	MF«.

	 bjhl®ò¥	 ngh¡F	 gF¥ghŒéš	 rh®òŸs	 kh¿	 k‰W«	 rh®g‰w	 kh¿	 vd¥gL«	

ÏUtif	kh¿fŸ	cŸsd.

10.2.6   rh®òŸs kh¿ (Dependent Variable)

 bfhL¡f¥g£l	 rh®g‰w	 kh¿fis¡	 bfh©L	 k‰w	 xU	 kh¿æ‹	 kÂ¥ò	

fz¡»l¥gl	 nt©Lbkåš	 mªj	 kh¿ia	 rh®òŸs	 kh¿	 v‹W	 T¿	  Y vd¡	

F¿¡»nwh«.	vL¤J¡fh£lhf,	és«gu¢	bryÎ« (X) é‰gid	msÎ«	 (Y) x£Lwéš	

cŸsd,	 våš	 bfhL¡f¥g£l	és«gu	 bryé‰F (X) vÂ®gh®¡f¥gL«	é‰gidæ‹	

msit	(Y) fâ¡fyh«.	Mifahš	Y rh®òŸs	kh¿ahF«.

10.2.7   rh®g‰w kh¿ (Independent Variable)

 xU	 kh¿æ‹	 kÂ¥ig¡	 fâ¥gj‰fhf	 ga‹gL¤j¥gL«	 kh¿	 rh®g‰w	 kh¿	

v‹W	miH¡f¥gL»wJ.	 vL¤J¡fh£lhf, X k‰W« Y x£LwÎ	 bfh©LŸsJ	 våš	

bfhL¡f¥g£l	é‰gidia	 (Y) miltj‰F	njitahd	bryit	 (X) fâ¡f	KoÍ«.	

Ï§F Y xU	rh®g‰w	kh¿	MF«.	bjhl®ò¥	ngh¡»š	x‹W¡F	nk‰g£l	rh®g‰w	kh¿fŸ	

ÏU¡fyh«.

 xU	 kh¿æ‹	 F¿¥Ã£l	 kÂ¥Ã‰F	 k‰bwhU	 kh¿æ‹	 kÂ¥ig	 äf¢	 Áw¥ghf	

fâ¤J¤	jU«	ne®nfh£il	bjhl®ò¥ ngh¡F ne®¡nfhL	v‹»nwh«.

 Ï›thwhf,	 bjhl®ò¥	 ngh¡F	 ne®nfhL	 v‹gJ,	 äf¥ bghU¤jkhd ne®¡nfhL 
(line of best fit) MF«.	mJ	Û¢ÁW t®¡f¡ bfhŸif	_ykhf	bgw¥gL»‹wJ	(ghl«	7š	

gh®¡fÎ«).
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10.2.8   ÏU bjhl®ò¥ ngh¡F nfhLfŸ

 rh®g‰w	 kh¿	 X k‰W«	 rh®òŸs	 kh¿ Y M»at‰iw¡	 bfh©l, (X, Y) v‹w	

nrhoæ‹	kÂ¥òfS¡F,

 X-‹	ÛJ Y-‹	bjhl®ò¥	ngh¡F	nfhL

 Y –  Y = byx (X – X)

 Ï§F byx = X -‹	ÛJ	Y -‹	bjhl®ò¥	ngh¡F¡	bfG,

       = r 
s
s

y

x
 (r v‹gJ	X, Y ¡»ilnaahd	x£LwÎ¡	bfG)

 r, σy k‰W« σx M»at‰iw byx -š	gÂÄL	brŒjhš,

 ∴ = ∑
∑

= − = −b xy
x

x yyx 2
 where X X and Y Y   (x = X – X ; y = Y – Y)

 

 Ïij¥	 nghynt, Y rh®g‰w	 kh¿ahfÎ«,	 X rh®òŸs	 kh¿ahfÎ«	 vL¤J¡	

bfh©lhš,

 Y -‹	ÛJ	X	-‹	bjhl®ò¥	ngh¡F	nfhL	:

 (X –  X) = bxy (Y –  Y)

 Ï§¦F b r
xy

y
xy

x

y

= = å
å

s
s 2

F¿¥ò

 xU	 bjhl®ò¥	 ngh¡F¡	 nfh£il	 kh‰¿	 vGÂ	 k‰bwhU	 bjhl®ò	 ngh¡F¡	

nfh£il	bgw	ÏayhJ.	Vbdåš	mit	bt›ntW	mo¥gilfëš	bgw¥gL»‹wd.

vL¤J¡fh£L 10

 Ã‹tU« étu§fS¡F Y -‹ Ûjhd X cl‹ bjhl®ò¥ ngh¡F¡ nfh£o‹ 

rk‹gh£il¡ fh©f.

 X :  10 12 13 12 16 15

 Y :  40 38 43 45 37 43
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Ô®Î :

X Y x = X – X y = Y – Y x2 y2 xy

10

12

13

12

16

15

40

38

43

45

37

43

-3

-1

 0

-1

 3

 2

-1

-3

 2

 4

-4

 2

9

1

0

1

9

4

  1

  9

  4

16

16

  4

  3

  3

  0

 -4

-12

   4

78 246 0 0 24 50 - 6

 

X
X

Y
Y= ∑ = = = ∑ = =

= ∑
∑

= − = −

n n

b xy
yxy

78

6
13

246

6
41

6

50
0 12

2
.

 Y ‹	ÛJ X Ï‹	bjhl®ò¥	ngh¡F¡	nfh£o‹	rk‹ghL,

  (X – X) = bxy (Y – Y)

(m-J) X – 13 = – 0.12 (Y –41) ⇒ X = 17.92 – 0.12 Y

vL¤J¡fh£L 11

 bghUëæaš k‰W« òŸëæaèš 10 khzt®fŸ bg‰w kÂ¥bg©fŸ ÑnH 

bfhL¡f¥g£LŸsJ.

bghUëæaš

kÂ¥bg©fŸ  X    :  25 28 35 32 31 36 29 38 34 32 

òŸëæaš

kÂ¥bg©fŸ  Y     :  43 46 49 41 36 32 31 30 33 39

(i) X-‹ Ûjhd Y-‹ bjhl®ò¥ ngh¡F¡ nfh£o‹ rk‹gh£il¡ f©LÃo¡f.

(ii) bghUëæaèš 30 kÂ¥bg©fŸ bg‰¿Uªjhš òŸëæaèš bgW« kÂ¥ig¡  

 fz¡»Lf.
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Ô®Î :

X Y x = X – X y = Y – Y x2 y2 xy

25

28

35

32

31

43

46

49

41

36

-7

-4

 3

 0

-1

 5

 8

11

3

-2

49

16

  9

  0

  1

  25

  64

121

    9

    4

-35

 -32

 33

   0

   2

36

29

38

34

32

32

31

30

33

39

4

-3

 6

 2

 0

-6

-7

-8

-5

 1

16

  9

36

  4

  0

 36

  49

  64

  25

    1

-24

 21

-48

-10

   0

320 380 0 0 140 398 -93

 

X
X

Y
Y= å = = = å = =

= å
å

= − = −

n n

b
xy

x
xy

320

10
32

380

10
38

93

140
0 664

2
.

 

(i) X -‹	Ûjhd Y -‹	bjhl®ò¥	ngh¡F¡	nfh£L¢	rk‹ghL

 Y – Y = byx (X – X)

 Y –38 = – 0.664 (X – 32)

 ⇒     Y = 59.25 – 0.664X

(ii) bfhL¡f¥g£LŸs	 bghUëæaè‹	 kÂ¥bg©â‰F,	 òŸëæaš	 kÂ¥bg©fŸ	 

	 fhz, X = 30 v‹gij	nkYŸs	rk‹gh£oš	gÂÄL	brŒa,

       Y = 59.25 – 0.664 (30) = 59.25 – 19.92 = 39.33 mšyJ 39

vL¤J¡fh£L 12

 Ã‹tU« étu§fS¡fhd bjhl®ò¥ ngh¡F ne®nfhLfë‹ rk‹ghLfŸ 

Ïu©ilÍ« fh©f.

 X :  4 5 6 8 11 

 Y :  12 10 8 7 5
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Ô®Î :

 nk‰f©l	kÂ¥òfŸ	Á¿a	msÎfëš	ÏU¥gjhš	bjhl®ò	ngh¡F¡	bfG¡fis	

fz¡»l	Ã‹tU«	N¤Âu¤ij¥	ga‹gL¤jyh«.

 

b

b

xy

yx

= ∑ − ∑ ∑
∑ − ∑

= ∑ − ∑ ∑
∑ − ∑

N XY X Y

N Y Y

N XY X Y

N X X

2 2

2 2

( )

( )   

X Y X2 Y2 XY

 4

 5

 6

 8

11

12

10

  8

  7

  5

  16

  25

  36

  64

121

144

100

  64

  49

  25

48

50

48

56

55

34 42 262 382  257

 

X
X

Y
Y= ∑ = = = ∑ = =

= −
−

=

n n

bxy

34

5
6 8

42

5
8 4

5 257 34 42

5 382 42 2

. .

( ) ( ) ( )

( ) ( )
−−

= −
−

= −

0 98

5 257 34 42

5 262 34
0 93

2

.

( ) ( ) ( )

( ) ( )
.byx 

 

X
X

Y
Y= ∑ = = = ∑ = =

= −
−

=

n n

bxy

34

5
6 8

42

5
8 4

5 257 34 42

5 382 42 2

. .

( ) ( ) ( )

( ) ( )
−−

= −
−

= −

0 98

5 257 34 42

5 262 34
0 93

2

.

( ) ( ) ( )

( ) ( )
.byx

 Y Ï‹	ÛJ X Ï‹	bjhl®ò¥	ngh¡F¡	nfh£o‹	rk‹ghL

 (X – X) = byx (Y – Y)

⇒ X – 6.8  = – 0.98 (Y – 8.4)

          X   = 15.03 – 0.98Y

 X Ï‹	ÛJ	Y Ï‹	bjhl®ò¥	ngh¡F¡	nfh£o‹	rk‹ghL

 Y – Y  = byx (X – X)

 Y – 8.4 = – 0.93 (X – 6.8)

⇒ Y = 14.72 – 0.93X



310

gæ‰Á 10.2

1)  Ã‹tU«	étu§fS¡fhd	x£LwÎ¡	bfGit¡	fz¡»Lf.

 X :  12 9 8 10 11 13 7

 Y :  14 8 6 9 11 12 3

2)  Ã‹tU«	étu§fS¡fhd	x£LwÎ¡	bfGit¡	f©LÃo.

 X :  10 12 18 24 23 27

 Y :  13 18 12 25 30 10

3)  Ã‹tU«	étu§fëèUªJ	x£LwÎ¡	bfGit¡	fh©f.

 X :  46 54 56 56 58 60 62

 Y :  36 40 44 54 42 58 54

4)  xU	bghUë‹	éiy	(%ghæš)	k‰W«	njit	(l‹åš)¡fhd	étu§fëèUªJ,	

x£LwÎ¡	bfGit¡	fh©f.

 éiy			 (X) : 22 24 26 28 30 32 34 36 38 40

 njit		 (Y) : 60 58 58 50 48 48 48 42 36 32

5)  Ñœ¡fhQ«	étu§fS¡F	x£LÎ¡	bfGit¡	fh©f.

 N = 11, ∑X = 117, ∑Y = 260, ∑X2 = 1313

 ∑Y2 = 6580,     ∑XY = 2827

6)  Ñœ¡f©lt‰¿èUªJ	ÏU	bjhl®ò¥	ngh¡F¡	nfhLfŸ	fh©f.

 X :  6 2 10 4 8

 Y :  9 11 5 8 7

7)  Ñœ	bfhL¡f¥g£l	étu§fS¡F	bjhl®ò¥	 ngh¡F¡	nfh£o‹	cjéÍl‹ Y = 
20 v‹»w	bghGJ	X ‹	kÂ¥ig¡	fz¡»Lf.

 X :  10 12 13 17 18

 Y :  5 6 7 9 13

8)  xU	 tUl¤Â‹	 12	 khj§fS¡fhd	 gU¤Â (X) k‰W«	 f«gë	 (Y) 
M»at‰¿‰fhd	 éiy¡	 F¿pLfŸ	 ÑnH	 bfhL¡f¥g£LŸsd.	

F¿pLfëilæyhd	bjhl®ò¥	ngh¡F	nfhLfë‹	rk‹ghLfis¡	fh©f.

 X :  78 77 85 88 87 82 81 77 76 83 97 93

 Y :  84 82 82 85 89 90 88 92 83 89 98 99
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9)  ÑœfhQ«	étu§fS¡F	bjhl®ò¥	ngh¡F¡	nfhLfŸ	fh©f.

 X :  40 38 35 42 30

 Y :  30 35 40 36 29

10.3   fhy«rh® bjhl® tçiræ‹ gF¥ghŒÎ

 bjhl®	 Ïilbtë¡	 fhy§fŸ	 mšyJ	 fhy¥	 òŸëfnshL	 (time points) 
bjhl®òila	òŸëæaš	étu§fis,	fhy«rh® bjhl®tçir (time series) v‹ngh«.

 fhy«rh®	bjhl®	tçiræ‹	Áy	cjhuz§fŸ	ÑnH	bfhL¡f¥g£LŸsd.

 (i) xU	F¿¥Ã£l	bghUë‹	fhyh©L	c‰g¤Â,	miuah©L	c‰g¤Â	k‰W«	 

	 	 M©L	c‰g¤Â.

 (ii)  10	tUl§fëš	bghêªj	kiHæ‹	msÎfŸ.

 (iii)  gšntW	neu§fëš	fhz¥gL»‹w	xU	bghUë‹	éiy.

 fhy«rh®	bjhl®	tçir,	bghJthf	bghUëæaš	étu§fis	k£L«	F¿¥gjhf	

bgçJ«	 e«g¥gL»wJ.	 Mdhš	 fhy«rh®	 bjhl®	 tçir,	 Vida	 Ïa‰ifahfÎ«	

k‰W«	 r_f	 m¿éaèš	 vG«	étu§fS¡F«	 ga‹gL¤j¥gL»wJ.	 Ï§F	 fhy«rh®	

bjhl®fŸ	äf	K¡»a	g§F	t»¥gnjhL	k£Lkšyhkš,	mj‹	gF¥ghŒé‰F	Áw¥ghd	

c¤ÂfŸ	 njit¥gL»wJ.	 fhy«rh®	 bjhl®	 gF¥ghŒé‹	 _y«,	 flªj	 fhy¤ij	

gF¥ghŒÎ	brŒJ	tU§fhy¤ij¥	g‰¿	Áw¥ghf	òçªJ	bfhŸs	Ko»wJ.

10.3.1   fhy«rh® bjhl® tçir gF¥ghŒé‹ ga‹fŸ

 (i) flªj	 fhy	 ãiyia¥	 g‰¿	 m¿aÎ«,	 ãfœfhy	 rhjidfis	 kÂ¥ÕL	

brŒaÎ«,	 k‰W«	 tU§fhy¤Â‰fhd	 Â£l§fis	 tF¡fÎ«	 fhy«rh®	 bjhl®	 tçir	

ga‹gL»wJ.

 (ii) e«g¤jFªj	K‹fâ¥òfis (forcasts) më¡»‹wJ.

 (iii) x¥òik	brŒtj‰fhd	trÂia	më¡»‹wJ.

 vdnt,	bghUëæaš,	tâf«,	MuhŒ¢Á	k‰W«	Â£lälš	M»at‰¿š	ju¥g£l	

fhy«	rh®ªj	étu§fis,	rçahd	neh¡»š	Muha,	fhy«rh®	bjhl®	tçir	gF¥ghŒÎ	

ga‹gL»‹wJ.

10.3.2   fhy«rh® bjhl®tçiræ‹ TWfŸ (Components of Time Series)

 fhy«rh®	 bjhl®	 tçir	 étu§fis¡	 F¿¡F«	 xU	 tiugl«,	 fhy¥ngh¡»š	

V‰gL»‹w	 kh‰w§fis	 (khWghLfis)	 fh£L»wJ.	 Ï«kh‰w§fŸ,	 fhy«rh®	 bjhl®	

tçiræ‹	Kj‹ik¡	TWfŸ	vd	tH§f¥gL»wJ.	mitfshtd,

 (i) ÚŸfhy¥	ngh¡F	(Secular trend)   

 (ii) gUtfhy	khWghLfŸ	(Seasonal variation)

 (iii) RHš	khWghLfŸ	(Cyclical variation)

 (iv) xG§f‰w	khWghLfŸ	(Irregular variation)
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ÚŸ fhy¥ ngh¡F

 nghJkhd	 Ú©l	 fhy¤Âš	 étu§fë‹	 kh‰w§fis¡	 fU¤Âš	 bfhŸS«	

bghGJ,	 mitfŸ	 R_fkhfÎ«	 xG§F	 KiwahfÎ«	 ÏU¥gijna	 ÚŸfhy¥	 ngh¡F	

cz®¤J»‹wJ.	 kh‰w§fë‹	 ngh¡F	 V‰wkhfnth	 mšyJ	 Ïw§FKfkhfnth	

ÏU¡F«.	 fhy¥ngh¡»š	 étu§fëš	 V‰gL«	 kh‰w§fŸ	 To¡	 bfh©nlh	 mšyJ	

FiwªJ	 bfh©nlh	 ÏU¡F«.	 cjhuzkhf,	 k¡fŸ	 bjhif,	 éiythÁ,	 c‰g¤Â,	

fšéa¿Î	 M»at‰nwhL	 bjhl®òila	 fhy«rh®	 bjhl®	 tçir	 mÂfç¡f¡Toa	

ngh¡ifÍ«,	 Ãw¥ò	 é»j«,	 Ïw¥ò	 é»j«,	 tWik	 M»at‰nwhL	 bjhl®òila	

fhy«rh®	bjhl®tçir	Fiwa¡Toa	ngh¡ifÍ«	bfh©oU¡F«.

gUtfhy khWghL

 ÏJ	 xU	 FW»a	 fhy	 khWghL	 MF«.	 Xuh©o‰F	 Fiwthf	 fhy	 msÎ	

cŸsbghGJ	 fhy«rh®	 bjhl®	 tçiræš	 cŸs	 fhyt£l	 mirÎfis (periodic 
movement), gUtfhy	khWghL	F¿¡»‹wJ.	gUtfhy	khWghLfS¡fhd	cjhuz§fŸ	

Ã‹tUkhW	:

 (i) xU	ehë‹	24	kâneu¤Âš	V‰gL»‹w	gaâfë‹	ngh¡Ftu¤J

 (ii) xU	thu¤Â‹	7	eh£fëš,	gšbghUŸ	m§fhoæš	eilbgW»‹w	é‰gid.

 ntWg£l	 gUt§fëš	 V‰gL«	 j£gbt¥g	 khWjšfŸ	 k‰W«	 k¡fë‹	 gH¡f	

tH¡f§fŸ	 M»at‰whš,	 gUt	 fhy	 khWghLfŸ	 ãfœ»‹wd.	 nfhilæš	 mÂf	

mséš	 I°»ß«	 é‰gidahtJ«	 kiH¡fhy¤Âš	 mÂf	 v©â¡ifæš	 FilfŸ	

é‰f¥gLtJ«	gUtfhy	khWghLfS¡F	cjhuzkhf¡	bfhŸsyh«.

RHš khWghL

 ÏJÎ«	xU	FW»a	fhy	khWghlhF«.	msÎ	fhy«	Xuh©o‰F	mÂfkhf	cŸs	

bghGJ,	fhy«rh®	bjhl®	tçiræYŸs	Crš	j‹ik	bfh©l	miréid¡	F¿¥gnj	

RH‰Á	 khWghlhF«.	 xU	 KGikahd¡	 fhy	 msnt	 RHš (cycle) vd¥gL«.	 miy	

ngh‹W	 mirÎfis¡	 bfh©l	 fhy«rh®	 bjhl®	 tçiria	 tâf¢	NHš (business 
cycle) v‹ngh«.	tâf¢	RHèš (i) mÃéU¤Â	 (prosperity) (ii) Ã‹åw¡f«	 (recession) 
(iii) Åœ¢Á	 (depression) (iv) Û£Á	 (recovery) vD«	 4	 f£l§fS«	 x‹w‹Ã‹	 x‹whf	

bjhl®ªJ	eilbg‰W	tU»‹wd.

(i) mÃéU¤Â (i) mÃéU¤Â

(iii) Åœ¢Á
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‹

å
w

¡
f

«
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(gl« 10.7)
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Óu‰w khWghL

 Ï›éj	 khWghLfŸ	 v›éj	 xG§ifÍ«	 Ã‹g‰WtÂšiy.	 Ï›tif	

khWghLfŸ	KGtJ«	fz¡»l	Koahj	mšyJ	vÂ®ghuhj	ãfœÎfshd	ngh®,	btŸs¥	

bgU¡F,	Ô,	ntiy	ãW¤j«	M»at‰whš	V‰gL»‹wJ.	Óu‰w	khWghL (erratic variation) 
MdJ	vÂ®ghuh	khWghL	v‹W«	miH¡f¥gL»‹wJ.

10.3.3 totik¥ò (Models)

 bfhL¡f¥g£l	 xU	 fhy«rh®	 bjhl®tçiræš	 mj‹	 TWfshd	 ÚŸ	

fhy¥ngh¡F,	 gUtfhy	 khWghL,	 RH‰Á	 khWghL	 k‰W«	 Óu‰w	 khWghL	 M»a	

mid¤J	 TWfS«	 mšyJ	 Ït‰WŸ	 VnjD«	 Áy	 TWfS«	 ÏU¡F«.	 fhy«rh®	

bjhl®	 tçiræš	 fhz¥gL»‹wd	 ntWg£l	 TWfis	 Ãç¥gJ	 K¡»akhdJ.	

Vbdåš,	e«Kila	M®t«	xU	F¿¥Ã£l	T¿‹	Ûnjh	mšyJ	xU	F¿¥Ã£l	T¿‹	

éisit	 Ú¡»aÃ‹	 m¤bjhliu	 g‰¿	 m¿anth	 ÏU¡fyh«.	 gy	 totik¥òfŸ	

cU¥bg‰¿UªjhY«,	Ï§F	ÏU	khÂçfis	k£L«	fU¤Âš	bfhŸnth«.

bgU¡fš totik¥ò (Multiplicative Model)

 fhy«rh®	bjhl®	tçiræ‹	eh‹F	TWfS¡Fäilna	xU	bgU¡F¤	bjhl®ò	

mikÍ«	totik¥ig	bgU¡fš	totik¥ò	v‹»nwh«.

 vdnt	yt = Tt × St × Ct × It MF«.

 Ï§F yt MdJ t neu¤Âš	 f©l¿a¥g£l	 étu¤Â‹	 kÂ¥ò	 mšyJ	 kh¿æ‹	

kÂ¥ò. Tt MdJ	 ÚŸfhy¥ngh¡F, St v‹gJ	 gUtfhy	 khWghL, Ct v‹gJ	 RH‰Á	

khWghL k‰W« It v‹gJ	Óu‰w	khWghlhF«.

T£L totik¥ò (Additive Model)

 T£L	totik¥Ã‹go yt MdJ	eh‹F	TWfë‹	T£l‰gydhf	mikÍ«.

  (m-J)	yt = Tt + St + Ct + It,

10.3.4   ÚŸfhy¥ ngh¡»id mséLjš (Measurement of secular trend)

 ÚŸfhy«	ngh¡if	kÂ¥ÕL	brŒtj‰F	Ñœf©l	eh‹F	KiwfŸ	cŸsd.

 (i) tiugl	Kiw	mšyJ

 (ii) gFÂ	ruhrç	Kiw	(Method of Semi - Averages)

 (iii) efU«	ruhrç	Kiw (Method of Moving Averages)

 (iv) Û¢ÁW	t®¡f	Kiw (Method of least squares)

(i)  tiugl Kiw

 fhy«rh®	 bjhl®	 tçiræ‹	 étu§fë‹	 ngh¡»id	 tiugl	 Kiwæ‹	

_y«	 vëjhf	 m¿ayh«.	 neu«	 mšyJ	 fhy¤ij¡	 F¿¡f x - m¢irÍ«	 f©l¿ªj	

étu§fis¡	 F¿¡f y-m¢irÍ«	 fUJnth«.	 fhy«	 k‰W«	 m¥bghGJ	 f©l¿ªj	

étu«	 M»adt‰iw¡	 bfh©L	 xU	 òŸëia	 tiugl¤Âš	 F¿¡fyh«.	 Ï›thW	

bgw¥g£l	 mid¤J	 òŸëfS¡F«	 äf¥	 bghU¤jkhd	 ne®¡nfhL	 x‹¿id	

tiuayh«.



314

 njhuhakhf	 xU	 Âiræš	 fhz¥gL»‹w	 V‰w	 Ïw¡f§fŸ (fluctuations) 
k‰bwhU	 Âiræš	 fhz¥gL»‹w	 V‰w	 Ïw¡f§fS¡F	 rkkhf	 ÏU¡F«go	

ne®nfh£il	 F¿¡f¥g£l	 òŸëfS¡F	 Ïilna	 bršYkhW	 tiua	 nt©L«	 v‹gJ	

F¿¥Ãl¤j¡fJ.

 tiugl	Kiw	_ykhf	ngh¡F¡	nfh£il	bghU¤J«	bghGJ	ÑœtUtdt‰iw¡	

ftd¤Âš	bfhŸs	nt©L«.

(i) Koªj	 tiuæš	 nfh£o‰F	 nkš	 cŸs	 òŸëfë‹	 v©â¡if,	 nfh£o‰F	 Ñœ	

cŸs	òŸëfë‹	v©â¡if¡F	rkkhf	ÏU¡f	nt©L«.

(ii)  M©L	étu§fë‹	ngh¡»èUªJ	bgw¥g£l	br§F¤J	éy¡f§fë‹	bkh¤j«	

ngh¡»‰F	nknyÍ«,	ÑnHÍ«	rkkhf	ÏU¤jš	nt©L«.

(iii)  étu§fë‹	 ngh¡»èUªJ	 bgw¥g£l	 br§F¤J	 éy¡f§fSila	

t®¡f§fë‹	TLjš	Ïa‹wtiu	Á¿ajhf	ÏU¤jš	nt©L«.

vL¤J¡fh£L 13

 Ñœf©l étu§fS¡F tiugl Kiwæš ngh¡FnfhL bghU¤Jf.

M©L 1978 1979 1980 1981 1982 1983 1984 1985 1986

°Oš c‰g¤Â 20 22 24 21 23 25 23 26 25

Ô®Î :

(gl« 10.8)

1978  1979  1980  1981  1982  1983  1984  1985  1986

M©L

27

25

23
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19
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tiugl« _y« ngh¡F

F¿¥ò

(i) tiugl«	 _y«	 tiua¡	Toa	 ngh¡F¡	 nfh£oid	 Ú£o	 vÂ®fhy	 kÂ¥òfis	

fz¡»l	 ÏaY«.	 våD«	 tiugl	 Kiwæ‹	 _y«	 bghU¤j¥gL«	 nfhL	

tiugtç‹	 mQF	 Kiw¡F	 V‰g	 khWgL«	 j‹ik	 cilajhš,	 bghJthf	

Ïjid	vÂ®fhy	fâ¥Ã‰F	ga‹gL¤j¥gLtÂšiy.
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(ii)  nkYŸs	 tiugl¤Âš	 c©ika‰w mo¥gil nfhL (false base line) 
ga‹gL¤j¥g£LŸsJ.

 (a) étu§fëš	cŸs	khWghLfis	Jšèakhf	fh©Ã¡fÎ«.

 (b) tiugl¤Â‹	bgU«gFÂ	Åzhfhkš	ÏU¡fÎ«

 (c) gl¤Â‹	_y«	bjëthf	jftšfis	m¿aÎ«

	 bghJthf	 nk‰f©l	 neh¡f§fS¡fhf	 c©ika‰w	 mo¥gil	 nfhL	

ga‹gL¤j¥gL»wJ.

(ii)  gFÂ¢ ruhrç Kiw

 Ï«Kiw	 vëa	 fz¡ÑLfis	 bfh©ljhfÎ«,	 vëÂš	 V‰W¡	 bfhŸs¡	

Toa	 tifæY«	 cŸsJ.	 Ï«Kiw	 ga‹gL¤j¥gL«	 bghGJ,	 bfhL¡f¥g£LŸs	

étu§fis	 rkkhf	 ÏU	 gFÂfshf	 Ãç¤J¡	 bfhŸs	 nt©L«.	 cjhuzkhf	

1980M«	 M©oèUªJ	 1999	 tiuæyhd,	 mjhtJ	 20	 tUl§fS¡fhd	 étu§fŸ	

bfhL¡f¥g£oUªjhš,	 1980èUªJ	 1989	 tiuÍŸs	 Kjš	 10	 M©LfŸ,	 1990èUªJ	

1999	 tiuÍŸs	 mL¤j	 10	 M©LfŸ,	 M»ait	 ÏU	 rk	 gFÂfshF«.	 7,11,13	 M»a	

x‰iw¥gil	 v©â¡ifæš	 M©LfŸ	 bfhL¡f¥g£lhš,	 k¤Âæš	 tU«	 M©il	

Ú¡»é£L	 ÏU	 gFÂfshf	 mik¤J¡	 bfhŸsyh«.	 cjhuzkhf	 1980èUªJ	 1986	

tiuæyhd	 7	M©Lfë‹	étu§fŸ	 bfhL¡f¥g£oUªjhš,	 1980èUªJ	 1982	 tiu	

k‰W«	 1984èUªJ	 1986	 tiu	 Ïu©L	 rkgFÂfshf	 mikÍ«.	 k¤Âa	 M©L	 1983	

Ú¡f¥g£LéL«.

 étu§fis	 ÏU	 gFÂfshf¥	 Ãç¤j¥ÃwF,	 x›bthU	 gFÂ¡fhd	 T£L	 

ruhrçia	 fz¡»l	 nt©L«.	Ï›thW	bgw¥gL«	 gFÂ¢	 ruhrçfëèUªJ,	 ngh¡»š	

V‰gL«	V‰w,	Ïw¡f§fis¡	fz¡»lyh«.

vL¤J¡fh£L 14

gFÂ¢ ruhrç Kiw _y« Ñœf©l étu§fS¡F ngh¡F kÂ¥òfis f©LÃo¡fÎ«.

M©L 1980 1981 1982 1983 1984 1985 1986

é‰gid 102 105 114 110 108 116 112

Ô®Î :

 M©Lfë‹	 v©â¡if	 x‰iw¥gil	 (7)	 v‹gjhš	 k¤Âa	 M©L	 1983‹	

étu¤ij	fU¤Âš	bfhŸshkš,	eh«	bgWtJ,
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M©L é‰gid gFÂ	bkh¤j« gFÂ	ruhrç

1980

1981

1982

1983

1984

1985

1986

102

105

114

110

108

116

112

321

336

107

112

 k¤Âa	fhy	msÎfëš	cŸs	é¤Âahr« = 1985 - 1981 = 4

               gFÂ	ruhrçfë‹	é¤Âahr«	 = 112 - 107 = 5

 ngh¡»š	M©LnjhW«	V‰gL«	mÂfç¥ò	= 5

4
 = 1.25

 
M©L 1980 1981 1982 1983 1984 1985 1986
ngh¡F 105.75 107 108.25 109.50 110.75 112 113.25

vL¤J¡fh£L 15

 1994 M©oèUªJ 2001 M©L tiuæyhd xU F¿¥Ã£l bghUë‹ é‰gid 

(l‹åš) ÑnH bfhL¡f¥g£LŸsd

M©L 1994 1995 1996 1997 1998 1999 2000 2001
é‰gid 270 240 230 230 220 200 210 200

 gFÂ¢ ruhrç Kiw _y« ngh¡F kÂ¥òfis fz¡»Lf. 2005M« M©o‰fhd 

é‰gid msit kÂ¥ÃLf.

Ô®Î :

M©L é‰gid gFÂ	bkh¤j« gFÂ¢	ruhrç

1994

1995

1996

1997

1998

1999

2000

2001

270

240

230

230

220

200

210

200

970

830

242.5

207.5

→ →

→ →
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 k¤Âa	fhy	msÎfëš	cŸs	é¤Âahr« = 1999.5 – 1995.5 = 4

 gFÂ	ruhrçfë‹	é¤Âahr«   = 242.5 – 207.5 = 35

 ngh¡»‹	M©LnjhW«	V‰gL«	FiwÎ = 
35

4
= 8.75

 ngh¡»‹	miuah©L	njhW«	V‰gL«	FiwÎ = 4.375

M©L 1994 1995 1996 1997 1998 1999 2000 2001
é‰gid	

ngh¡F

255.625 246.875 238.125 229.375 220.625 211.875 203.125 194.375

2005M«	M©o‰fhd	ngh¡»‹	kÂ¥ò  = 194.375 – (8.75 × 4) 

      = 159.375

(iii)  efU« ruhrçfŸ Kiw

 Ï«Kiw,	 ngh¡»id	msél	 X®	 vëa	 k‰W«	 Ïa‰fâj	KiwahF«.	 efU«	

ruhrç	KiwahdJ	V‰w	Ïw¡f§fis	 Ú¡fÎ«	 k‰W«	 ngh¡F	 kÂ¥òfis	Jšèakhf	

TwÎ«	ga‹gL»‹w	xU	vëa	KiwahF«.	efU«	ruhrç	Kiwæš	ifahs¥gL»‹w	

c¤ÂfŸ (techniques) Áy	khWjšfSl‹	Toa	T£L¢	ruhrç	Kiwæ‹	mo¥gilæš	

mikªJŸsJ.	 T£L¢	 ruhrç	 Kiwæš,	 eh«	 mid¤J	 cW¥òfisÍ«	 T£o,	 tU«	

kÂ¥ig	 bkh¤j	 cW¥òfë‹	 v©â¡ifahš	 tF¡F»nwh«.	 Mdhš	 efU«	

ruhrç	 Kiwæš,	 vL¤J¡	 bfhŸs¥g£l	 M©Lfë‹	 v©â¡ifa¥	 bghW¤J,	

gšntW	 ruhrçfŸ	 xU	 bjhlçš	 mik»‹wd.	 Ï«Kiwia	 ga‹gL¤J«	 bghGJ,	 3	

M©LfS¡fhd	 efU«	 ruhrç,	 4	M©LfS¡fhd	 efU«	 ruhrç	 v‹gij¥	 ngh‹W	

efU«	ruhrç¡fhd	fhy	msit (period) tiuaW¡f¥gl	nt©L«.

M©Lfë‹ v©â¡if  x‰iw¥gilæèU¥Ã‹ efU« ruhrçfŸ fhzš (3 

M©LfŸ v‹f).

 3	 M©L	 efU«	 ruhrç	 Kiwæš	 ngh¡F	 kÂ¥òfis¡	 fhz	 Ñœf©l	 tê	

Kiwfis	Ã‹g‰w	nt©L«.

1)  Kjš	 _‹W	 M©Lfë‹	 étu§fis¡	 T£o	 tU«	 bjhifia,	 m«_‹W	

M©Lfë‹	Ïilæš	 fhQ«	M©o‰F	mjhtJ	 2«	M©o‰F	 vÂnu	 vGj	

nt©L«.

2)  Kjš	 M©L	 kÂ¥ig	 jé®¤J	 mL¤j	 _‹W	 M©LfS¡fhd	 kÂ¥ig	

mjhtJ	 2tJ	 M©oèUªJ	 4tJ	 M©L	 tiuÍŸs	 kÂ¥ig	 T£o	 (efU«	

bkh¤j«)	tU«	bjhifia	3tJ	M©o‰F	vÂnu	vGj	nt©L«.

3)  Kjš	 Ïu©L	 M©LfS¡fhd	 kÂ¥ig	 jé®¤J	 mL¤j	 _‹W	

M©LfS¡fhd	mjhtJ	3tJ	M©oèUªJ	5tJ	M©L	tiuÍŸs	kÂ¥ig	

T£o	tU«	bjhifia	4tJ	M©o‰F	vÂnu	vGj	nt©L«.,

4)  efU«	 ruhrçia	 fz¡»l	 filÁ	 étu¤ij	 vL¤J¡	 bfhŸS«	 tiu,	

Ï«Kiwia	bjhl®ªJ	brŒJ	tu	nt©L«.
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5)  x›bthU	 3	M©L	efU«	bkh¤j¤ijÍ«	 3	Mš	tF¤jhš	»il¡f¥bgWtJ	

efU«	ruhrçfshF«.	ÏitfŸ	jh‹	ek¡F¤	njitahd	ngh¡F	kÂ¥òfshF«.

F¿¥ò

 5	 M©LfŸ,	 7	 M©LfŸ	 k‰W«	 M©LfS¡Fça	 efU«	 ruhrçfis¡	

fz¡»l	nkny¡	F¿¥Ã£l	5	têfisÍ«	Ã‹g‰wyh«.

M©Lfë‹ v©â¡if Ïu£il¥gilæèU¥Ã‹ efU« ruhrçfŸ fhzš  

(4 M©LfŸ v‹f).

1) Kjš	 eh‹F	M©LfS¡fhd	kÂ¥ig	T£o	tU«	bjhifia	 2	 k‰W«	 3M«	

M©o‹	ika¤Â‰F	(eLnt)	vÂuhf	vGj	nt©L«.

2)  Kjš	M©o‹	kÂ¥ig	jé®¤J	2M«	M©oèUªJ	5M«	M©L	tiuæyhd	

kÂ¥òfis	T£o	 bgW«	 bjhifia	 (efU«	 bkh¤j«)	 3	 k‰W«	 4	M«	M©L	

kÂ¥òfë‹	ika¤Â‰F	vÂuhf	vGjnt©L«.

3)  Kjš	Ïu©L	M©o‰fhd	kÂ¥òfis	jé®¤J	mL¤j	4	M©Lfëš	mjhtJ	

3M«	M©oèUªJ	6M«	M©L	tiuæyhd	kÂ¥òfis	T£l	nt©L«.	Ã‹ò	

m¡TLjš	bjhifia	4	k‰W«	 5M«	M©L	kÂ¥òfë‹	ika¤Â‰F	vÂuhf	

vGj	nt©L«.

4)  Ï«Kiwia	 ÏWÂ	 étu¤ij	 fz¡»š	 vL¤J¡	 bfhŸS«	 tiu	 bjhl®ªJ	

brŒJ	tu	nt©L«.

5)  Kjš	Ïu©L	4	M©LfS¡fhd	efU«	bkh¤j¤ij (Moving total) T£o	tU«	

bjhifia	3tJ	M©o‰F	vÂuhf	vGj	nt©L«.

6)  Kjš	 4	 M©LfS¡fhd	 efU«	 TLjiy	 jé®¤J	 mL¤j	 ÏU	 4	

M©LfS¡fhd	 efU«	 bkh¤j§fis¡	 T£l	 nt©L«.	 Ï¡TLjš	

bjhifia	4tJ	M©o‰F	vÂuhf	vGj	nt©L«.

7)  mid¤J	 efU«	 bkh¤j§fis	 T£o	 ika¥gL¤J« (centered) tiuæY«	

Ï«Kiwia	bjhl®ªJ	brŒa	nt©L«.

8)  Ï›thW	ika¥gL¤j¥g£l	 4	 tUl§fS¡fhd	 efU«	TLjiy	 8Mš	tF¤J	

»il¡f¥bgW«	 <Î¤bjhifia	 òÂa	 ãiwæš	 vGj	 nt©L«.	 Ïitfns	

ek¡F¤	njitahd	ngh¡F	kÂ¥òfshF«.

F¿¥ò

 6-tUl§fŸ,	 8-tUl§fŸ,	 10-tUl§fŸ	M»at‰¿‰fhd	 efU«	 ruhrçia¡	

fhz	nk‰f©l	tê	KiwfŸ	Ã‹g‰w¥gl	nt©L«.

vL¤J¡fh£L 16

 ÑnH bfhL¡f¥g£LŸs c‰g¤Â msÎfS¡F (bk£ç¡ l‹fëš) 3 M©L 

fhy¤ij¡ bfh©L efU« ruhrçfis¡ fz¡»Lf.
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M©L 1973 1974 1975 1976 1977 1978 1979 1980 1981
c‰g¤Â 15 21 30 36 42 46 50 56 63
M©L 1982 1983 1984 1985 1986 1987
c‰g¤Â 70 74 82 90 95 102

Ô®Î :

 3	M©L	fhy¤Â‰fhd	efU«	ruhrçfŸ

M©L c‰g¤Â

y

3-M©L

efU«	bkh¤j«

3-M©L

efU«	ruhrç

1973

1974

1975

1976

1977

1978

1979

1980

15

21

30

36

42

46

50

56

---

66

87

108

124

138

152

169

---

22.00

29.00

36.00

41.33

46.00

50.67

56.33

1981

1982

1983

1984

1985

1986

1987

63

70

74

82

90

95

102

189

207

226

246

267

287

---

63.00

69.00

75.33

82.00

89.00

95.67

---

vL¤J¡fh£L 17

 4 M©L fhy¤ij bfh©l efU« ruhrç Kiwia ga‹gL¤Â Ñœf©l 

étu§fS¡fhd ngh¡F kÂ¥òfis fh©f.

M©L 1974 1975 1976 1977 1978 1979 1980 1981 1982
kÂ¥ò 12 25 39 54 70 37 105 100 82
M©L 1983 1984 1985 1986 1987
kÂ¥ò 65 49 34 20 7
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Ô®Î :

M©L kÂ¥ò 4	M©L	

efU« 

bkh¤j«

4	M©L	

efU«	bkh¤j«	

(ikakh¡f¥g£l	

kÂ¥ò)

ÏU	4	M©L	

efU«	ruhrç	

(ngh¡F	kÂ¥ò)

1974

1975

1976

1977

1978

1979

1980

1981

1982

1983

1984

1985

1986

1987

  12

  25

  39

  54

  70

  37

105

100

  82

  65

  49

  34

  20

   7

---

→  130

→  188

→  200

→  266

→  312

→  324

→  352

→  296

→  230

→  168

→  110

---

---

318

388

466

578

636

676

648

526

398

278

---

---

---

---

39.75

48.50

58.25

72.25

79.50

84.50

81.00

65.75

49.75

34.75

---

---

gUtfhy khWgh£oid mséLjš (Measurement of seasonal variation)

 gUtfhy	 khWgh£oid	 rhjhuz	 ruhrç (simple average) Kiwia¡	 bfh©L	

msélyh«.

rhjhuz ruhrç Kiw

 Ï«Kiw,	 gUtfhy	 F¿pLfŸ	 bgWtj‰fhd	 xU	 vëa	 KiwahF«.	

Ï«Kiwæš	 Ñœf©l	 têKiwifs	 Ã‹g‰¿	 gUtfhy	 F¿p£bl©fis	

f©LÃo¡fyh«.

(i)  bfhL¡f¥g£l	étu§fis	M©LfŸ,	 khj§fŸ	mšyJ	fhyh©LfŸ	

M»a	VjhtJ	x‹¿‹	mik¤J¡	bfhŸsÎ«.

(ii)  x›bthU	 khj¤Â‰fhd	 mšyJ	 fhyh©o‰fhd	 TLjiy¡	

f©LÃo¡fÎ«.

(iii)  x›bthU	 TLjiyÍ«,	 étu§fŸ	 bfhL¡f¥g£oU¡F«	 M©Lfë‹	

v©â¡ifæš	 tF¤jhš	 gUtfhy	 (khj§fŸ	 mšyJ	 fhyh©LfŸ)	

ruhrçfis¥	bgwyh«.

(iv)  gUtfhy	ruhrçfë‹	ruhrçia	fz¡»l	nt©L«.	ÏJ	bkh¤j	ruhrç 
(grand average) vd¥gL«.
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(v)  x›bthU	 gUt¤Â‰fhd	 (khj§fŸ	 mšyJ	 fhyh©LfŸ)	 gUtfhy	

F¿pLfŸ	Ñœf©lthW	fz¡»l¥gL»wJ.

	 gUtfhy	F¿pL (S. I) =  
gUtfhy	ruhrç

bkh¤j	ruhrç
 × 100

F¿¥ò

 (i) étu§fŸ	khjªnjhW«	bfhL¡f¥g£oUªjhš

  gUtfhy	F¿pL = 
khjhªÂu	ruhrç

bkh¤j	ruhrç
 × 100

 (ii) étu§fŸ	fhyh©LnjhW«	bfhL¡f¥g£oUªjhš

  gUtfhy	F¿pL = fhyh©L	ruhrç

bkh¤j	ruhrç
 × 100

vL¤J¡fh£L 18

 ÑnH bfhL¡f¥g£LŸs étu§fëèUªJ gUtfhy F¿pLfis¡ fh©f.

tUl«

fhyh©L 1984 1985 1986 1987 1988
I

II

III

IV

40

35

38

40

42

37

39

38

41

35

38

40

45

36

36

41

44

38

38

42

Ô®Î :

fhyh©L

M©L I II III IV

1984

1985

1986

1987

1988

40

42

41

45

44

35

37

35

36

38

38

39

38

36

38

40

38

40

41

42

bkh¤j« 212 181 189 201

ruhrç 42.4 36.2 37.8 40.2

        bkh¤j	ruhrç  = 42 4 36 2 37 8 40 2

4

. . . .+ + +  = 39.15
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gUtfhy	F¿pL (S. I) =  
fhyh©L	ruhrç

bkh¤j	ruhrç
 × 100

vdnt,	Kjš	fhyh©o‰fhd	gUtfhy	F¿pL = 
42 4

39 15

.

.
 × 100 = 108.30

Ïu©lh«	fhyh©o‰fhd	gUtfhy	F¿pL = 36 2

39 15

.

.
 × 100 = 92.54

_‹wh«	fhyh©o‰fhd	gUtfhy	F¿pL = 
37 8

39 15

.

.
 × 100 = 96.55

eh‹fh«	fhyh©o‰fhd	gUtfhy	F¿pL = 40.2
39.15

 × 100 = 102.68

gæ‰Á  10.3

1) tiugl	Kiwæ‹	_y«	ngh¡F¡	nfh£oid	tiuf.

M©L 1995 1996 1997 1998 1999 2000 2001

c‰g¤Â 20 22 25 26 25 27 30

2) tiugl	Kiwæ‹	_y«	ngh¡F¡	nfh£oid	tiuf.

M©L 1997 1998 1999 2000 2001

c‰g¤Â 20 24 25 38 60

3) gFÂ¢	ruhrç	Kiwæ‹	_y«	ngh¡F	kÂ¥òfis¡	fh©f.

M©L 1987 1988 1989 1990 1991 1992 1993

c‰g¤Â 90 110 130 150 100 150 200
(l‹åš)

4) gFÂ¢	ruhrç	Kiwæ‹	_y«	ngh¡F	kÂ¥òfis¡	fh©f.

M©L 1993 1994 1995 1996 1997 1998 1999 2000

ãfuyhg« 38 39 41 43 40 39 35 25
(Ïy£r¤Âš)

5) _‹W	M©L	fhy¤ij¡	bfh©l	efU«	ruhrç	Kiwia	ga‹gL¤Â	ÑœtU«

étu§fS¡F	ngh¡F	kÂ¥ò¡	fh©f.

M©L 1983 1984 1985 1986 1987 1988 1989 1990 1991 1992

c‰g¤Â 21 22 23 25 24 22 25 26 27 26
(l‹åš)
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6) xU	r®¡fiu	Miyæ‹	c‰g¤Â	 (l‹fëš)	ÑnH	bfhL¡f¥g£LŸsd.	 3	tUl	 

	 fhy¤ij¡	bfh©l	efU«	ruhrç	Kiwæ‹	_y«	ngh¡F	kÂ¥òfis¡	fh©f.

 M©L  1980 1981 1982 1983 1984 1985 1986

 c‰g¤Â	 80 90 92 83 94 99 92

7) eh‹F	 M©L	 fhy¤ij¡	 bfh©l	 efU«	 ruhrçfë‹	 _y«	 ngh¡F	

kÂ¥òfis¡		fh©f.

M©L   1981  1982 1983 1984 1985 1986 1987 1988   1989     1990

c‰g¤Â		464    515 518 467 502 540 557 571  586    612

8) eh‹F	M©L	fhy¤ij¡	bfh©l	efU«	ruhrçfŸ	_y«	ngh¡F	kÂ¥òfis¡	 

	 fh©f.

M©L   1978  1979   1980 1981 1982 1983 1984 1985 1986 1987 1988

c‰g¤Â    614   615  652 678 681 655 717 719 708 779 757

9) rhjhuz	ruhrç	Kiwæ‹	_y«	Ñœf©l	étu§fS¡F	gUtfhy	F¿pLfis	 

	 fh©f.

M©L

fhyh©L

I II III IV

1985 68 62 61 63

1986 65 58 66 61

1987 68 63 63 67

10) rhjhuz	ruhrç	Kiwæ‹	_y«	Ñœf©l	étu§fS¡F	gUtfhy	F¿pLfis	 

	 fh©f.

M©L

fhyh©L

I II III IV

1994 78 66 84 80

1995 76 74 82 78

1996 72 68 80 70

1997 74 70 84 74

1998 76 74 86 82
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11) rhjhuz	ruhrç	Kiwæ‹	_y«	Ñœf©l	étu§fS¡F	gUtfhy	F¿pLfis	 

	 fh©f.

M©L

fhyh©L

I II III IV
1982 72 68 80 70
1983 76 70 82 74
1984 74 66 84 80
1985 76 74 84 78
1986 78 74 86 82

10.4   F¿p£bl©fŸ (INDEX NUMBERS)

 “F¿p£bl©	 v‹gJ,	 ntWg£l	 Ïu©L	 fhy§fŸ,	 Ïl§fŸ	 k‰W«	

NœãiyfS¡F	Ïilæš	gy	kh¿fëš	V‰gl¡Toa	khWjiy	ms¥gj‰F	ga‹gL«	

xU	é»j«	(bghJthf	éG¡fhLfëš)	MF«” - Alva. M. Tuttle.

 Ïu©L	 bt›ntwhd	 Nœãiyfëš,	 bjhl®òila	 kh¿fë‹	 bjhF¥Ãš	

fhz¥gL«	 myFfë‹	 é¤Âahr¤ij	 ms¥gj‰F	 cfªj	 fUéahf	 F¿p£bl©	

mik»wJ.	 mšyJ	 Ïu©L	 bt›ntwhd	 Nœãiyfëš,	 bjhl®òila	 kh¿fë‹	

bjhF¥Ãš	 fhz¥gL«	 ruhrç	 khWjè‹	 é¤Âahr¤ij	 ms¥gnj	 F¿p£bl©	

v‹W	tiuaW¡f¥gL»wJ.	cjhuzkhf	xnu	Ïl¤Â‹	ÏU	ika§fëš	mšyJ	ÏU	

fhy§fëš	ãyÎ«	 g©l§fë‹	éiyfëš	 V‰gL«	 khWjiy	msél	F¿p£bl©	

ga‹gL»wJ.	ÏU	bt›ntW	fhy§fë‹	mšyJ	ÏU	bt›ntW	Ïl§fë‹	thœ¡if	

ju	bryit	x¥ÕL	brŒtj‰F,	ek¡F	F¿p£bl©fŸ	njit¥gL»wJ.

10.4.1   F¿p£L v©fë‹ tiffŸ

 vt‰iw	 mséL»‹nwhnkh	 mj‰F	 V‰wthW	 F¿p£bl©fis	

tif¥gL¤jyh«.

 (i)  éiy	F¿p£L	v©

 (ii)  v©zsit	F¿p£L	v©

 (iii)  kÂ¥ò	F¿p£L	v©

 (iv) Áw¥ò	neh¡f«	bfh©l	F¿p£L	v©

 Ï§F eh« (i) k‰W« (ii) M»adt‰iw	k£L«	f‰w¿nth«.

10.4.2  F¿p£L v©fë‹ ga‹fŸ

(i)  éahghu¡	bfhŸiffis	cUth¡f	F¿p£L	v©fŸ	ga‹gL»‹wd.

(ii)  bghUshjhu¤Âš	 gzÅ¡f«	 k‰W«	 gz	js®Î	Ït‰iw	msél	F¿p£bl©	 

	 ga‹gL»wJ.



325

(iii)  bt›ntW	 Ïl§fŸ	 mšyJ	 tUl§fëš,	 khzt®fë‹	 E©z¿Î¤	 Âwid	 

	 x¥ÃLtj‰fhf	F¿p£bl©fŸ	ga‹gL»‹wd.

(iv)  bghUshjhu¤Â‹	j‹ikia	ms¡f	cjÎ«	fUéahf	F¿p£bl©fŸ	cŸsJ.

10.4.3  F¿p£L v© mik¡F« éj« 

 (i) ãiwælh	F¿pL (Unweighted Index)

 (ii) ãiwæ£l	F¿pL (Weighted Index)

 ãiwæ£l	F¿p£L	v©fis¥	g‰¿	eh«	fhzyh«.

10.4.4  ãiwæ£l F¿p£L v©fŸ

 ãiwæ£l	F¿p£L	v©fis	mik¡F«	KiwfŸ

 (a) ãiwæ£l	bkh¤j¡	F¿p£bl©	fhQ«	Kiw

 (b) rh®òfë‹	ãiwæ£l	ruhrçfis¡	bfh©L	F¿p£bl©	fhzš.

ãiwæ£l bkh¤j¡ F¿p£bl©fŸ

 p1 k‰W« p0 v‹gd	Kiwna	 el¥ò	M©o‹	éiy	 k‰W«	mo¥gil	M©o‹ 
(base year) éiyia¡	F¿¡»‹wd. q1 k‰W« q0 v‹gd	Kiwna	el¥ò	M©o‹	msÎ		

k‰W«	 mo¥gil	 M©o‹	 msit¡	 F¿¡»‹wd.	 F¿p£bl©fŸ	 fz¡»Ltj‰F	

ga‹gL¤j¥gL«	Áy	N¤Âu§fŸ	tUkhW :

(i)  yh°Ãaç‹ éiy F¿p£L v© (Laspeyre’s Price Index)

 PL
01

1 0

0 0
100=

∑
∑

×
p q
p q

, Ï§F w = p0q0 v‹gJ	cU¥gofS¡Fça	ãiwfŸ	k‰W« P01  

v‹gJ	éiy	F¿p£bl©.

(ii)  ghÁæ‹ éiy¡ F¿p£L v© (Paasche's price index)

 
PP

01
1 1

0 1
100=

∑
∑

×
p q
p q

 W = p0q1 v‹gJ	el¥ò	M©L¡Fça	msÎfŸ.

(iii)  Ãõç‹ éiy¡ F¿p£L v© (Fisher's price Index)

 
P P PF L P

01 01 01
1 0

0 0

1 1

0 1
100= × =

∑
∑

×
∑
∑

×
p q
p q

p q
p q

F¿¥ò

 yh°Ãaç‹	 éiy¡	 F¿p£bl©	 k‰W«	 ghÁæ‹	 éiy¡	 F¿p£bl©	

M»at‰¿‹	bgU¡F¢	ruhrçna	(G.M) Ãõç‹	éiy¡	F¿p£bl©	MF«.
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vL¤J¡fh£L 19

 Ã‹tU« m£ltizæèUªJ 2000M« M©L¡fhd (i) yh°Ãa® (ii) ghÁ 

k‰W« (iii) Ãõ® M»nahç‹ F¿p£L v©fis¡ fz¡»Lf :

bghUŸ éiy msÎ

1990 2000 1990 2000
A

B

C

D

2

5

4

2

4

6

5

2

 8

10

14

19

  6

  5 

10

13

Ô®Î :

bghUŸ éiy msÎ

mo¥gil	

M©L

p0

el¥ò	

M©L

p1

mo¥gil	

M©L

q0

el¥ò	

M©L

q1

p0q0 p1q0 p0q1 p1q1

A 2 4 8 6 16 32 12 24

B 5 6 10 5 50 60 25 30

C 4 5 14 10 56 70 40 50

D 2 2 19 13 38 38 26 26

160 200 103 130

(i) yh°Ãaç‹	éiy¡	F¿p£bl©	:

     

( )i Laspeyre's Index :  PL
01

1 0

0 0
100

200

160
100 125

=
∑
∑

×

= × =

p q
p q

(ii) ghÁæ‹	éiy¡	F¿p£bl©	:

     

( )

.

ii Paasche's Index :  PP
01

1 1

0 1
100

130

103
100 126

=
∑
∑

×

= × =

p q
p q

221

(iii) Ãõç‹	éiy¡	F¿p£bl©	:

     

( )

.

iii Fisher’s Index :      P P PF L P
01 01 01

125 6

=

=
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vL¤J¡fh£L 20

 Ã‹tU« étu§fëèUªJ (a) yh°Ãa®  (b) ghÁ k‰W«  (c) Ãõ® M»a  

Kiwfë‹ _y« éiy¡ F¿p£bl©fis¡ fz¡»Lf.

bghUŸ mo¥gil M©L el¥ò M©L

éiy msÎ éiy msÎ

A

B

C

D

E

  2

  4

  6

  8

10

40

50

20

10

10

6

8

9

6

5

50

40

30

20

20

Ô®Î :

bghUŸ mo¥gil	M©L el¥ò	M©L

éiy

p0

msÎ

p1

éiy

q0

msÎ

q1

p0q0 p1q0 p0q1 p1q1

A 2 40 6 50 80 240 100 300

B 4 50 8 40 200 400 160 320

C 6 20 9 30 120 180 180 270

D 8 10 6 20 80 60 160 120

E 10 10 5 20 100 50 200 100

580 930 800 1110

(i) yh°Ãaç‹	éiy¡	F¿p£bl©	:

     

( )

.

i Laspeyre's Index :  PL
01

1 0

0 0
100

930

580
100 160

=
∑
∑

×

= × =

p q
p q

334
 

(ii) ghÁæ‹	éiy¡	F¿p£bl©	:

     

( )ii Paasche's Index :  PP
01

1 1

0 1
100

1100

800
100 137

=
∑
∑

×

= × =

p q
p q

..50
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(iii) Ãõç‹	éiy¡	F¿p£bl©	:

     
( ) .iii Fisher’s Index :      P P PF L P

01 01 01 148 48= =

10.4.5  F¿p£L v©fS¡fhd nrhjidfŸ

 xU	F¿¥Ã£l	fhy¤Â‹	éiyfŸ	msÎfŸ	ngh‹wt‰iw	k‰bwhU	fhy¤Â‹	

éiyfŸ	 k‰W«	 msÎfSl‹	 x¥ÃL«	 nghJ,	 fhz¥gL»‹w	 bjhl®òila	

kh‰w§fis	m¿a	F¿p£bl©fŸ	mik¡f¥gL»‹wd.	F¿p£bl©fŸ	mik¥gj‰F	

bfhL¡f¥g£l	 Nœãiy¡nf‰w	 xU	 N¤Âu¤ij	 bjçÎ	 brŒjš	 mtÁakh»wJ.	

m¥bghU¤jkhd	F¿p£bl©iz	nj®ªbjL¥gj‰Fça	nrhjidfshtd.

 1) fhy	kh‰W¢	nrhjid	(Time reversal test)

 2) fhuâ	kh‰W¢	nrhjid (Factor reversal test)

fhy kh‰W¢ nrhjid

 bfhL¡f¥g£l	Kiw,	fhy¤Â‹	ÏU	têfëY«	K‹KfkhfÎ«,	Ã‹	KfkhfÎ«	

Ïa§F«	j‹ikÍilajh	v‹gij¡	f©l¿tnj	fhy	kh‰W¢	nrhjid	MF«.	VnjD«	

Ïu©L	M©LfS¡F	cça	étu§fis¡	bfh©L	xnu	Kiwæš	Mdhš	mo¥gil	

M©Lfis	 kh‰¿	 bgw¥gL«	 Ïu©L	 F¿p£bl©fëš	 x‹whdJ	 k‰bwh‹¿‹	

jiyÑHhf	ÏU¡F«.	Mfnt	mitfë‹	bgU¡fš	gy‹	1	MF«.

  ∴ P01 × P10 = 1 v‹gJ	ãiwÎ	brŒa¥gl	nt©L«.

fhuâ kh‰W¢ nrhjid

 fhuâ	kh‰W¢	nrhjidæš	éiy¡	F¿pL	k‰W«	msÎ¡	F¿pL	M»at‰¿‹	

bgU¡fš	gy‹	MdJ	mt‰¿‰F	V‰w	kÂ¥ò¡	F¿p£L¡F¢	rkkhF«.	Ï¢nrhjidæš	

éiyæ‹	kh‰w«	k‰W«	msé‹	kh‰w«	M»at‰¿‹	bgU¡fš	gy‹	MdJ	kÂ¥Ã‹	

bkh¤j	kh‰w¤Â‰F¢	rkkhf	ÏU¡F«.

  ∴ P01 × Q01 =  ÂÂ
ÂÂ
p q
p q

1 1

0 0
 (x›bthU	 F¿p£oY«	 cŸs	 fhuâ	 100I	

jé®¡fÎ«)

 P01 éiyfëš	V‰gl¡Toa	rh®ªj	kh‰w¤ijÍ« Q01 msÎfëš	V‰gl¡Toa	

rh®ªj	kh‰w¤ijÍ«	F¿¡»wJ.	bfhL¡f¥g£l	xU	M©oš	bfhL¡f¥g£l	g©l¤Â‹	

bkh¤j	 kÂ¥ò	 v‹gJ	 xU	 my»‹	 msÎ	 k‰W«	 éiy	 M»at‰¿‹	 bgU¡fš	

bjhif¡F	rkkhF«.

 
∑
∑
p q
p q

1 1

0 0
 v‹gJ	 el¥gh©o‹	bkh¤j	 kÂ¥ò	 k‰W«	mo¥gil	M©o‹	bkh¤j	

kÂ¥ò	 M»at‰¿‹	 é»j«.	 Ï›é»j«	 c©ik kÂ¥Ã‹ é»j« (True value ratio) 

v‹W	miH¡f¥gL»wJ.

F¿¥ò :

 Ãõç‹	 F¿p£bl©,	 ÏU	 kh‰W¢	 nrhjidfisÍ«	 ãiwÎ	 brŒtjhš	 mJ	

éGäa	F¿p£bl© (Ideal Index Number) v‹W	miH¡f¥gL»wJ.
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vL¤J¡fh£L 21

 bfhL¡f¥g£LŸs étu§fis¡ bfh©L Ãõç‹ éGäa F¿p£bl©iz¡ 

fz¡»Lf. nkY« Ï¡fhuâ kh‰W¢ nrhjid M»at‰iw ãiwÎ brŒtij¢ 

rçgh®¡fÎ«.

bghUŸ éiy msÎ

1985 1986 1985 1986

A

B

C

D

E

8

2

1

2

1

20

  6

  2

  5

  5

50

15

20

10

40

60

10

25

  8

30

Ô®Î :

bghUŸ 1985 1986

p0 q0 p1 q1 p1q0 p0q0 p1q1 p0q1

A 8 50 20 60 1000 400 1200 480

B 2 15 6 10 90 30 60 20

C 1 20 2 25 40 20 50 25

D 2 10 5 8 50 20 40 16

E 1 40 5 30 200 40 150 30

1380 510 1500 571

 Ãõkç‹	éGäa	F¿p£bl©

     

Fisher's Ideal Index =
∑
∑

×
∑
∑

×

= ×

p q
p q

p q
p q

1 0

0 0

1 1

0 1
100

1380

510

15000

571
100

2 6661 100 266 61

×

= × =. .

fhy kh‰W¢ nrhjid

   P01 × P10 = 1 vd	ãWt	nt©L«.

  

P

P

01
1 0

0 0

1 1

0 1

10
0 1

1 1

1380

510

1500

571
=

∑
∑

×
∑
∑

= ×

=
∑
∑

×
∑

p q
p q

p q
p q

p q
p q

p00 0

1 1

01 10

571

1500

510

1380

1380

510

1500

571

571

1500

5

q
p q∑

= ×

× = × × ×P P
110

1380

1 1= =
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P

P

01
1 0

0 0

1 1

0 1

10
0 1

1 1

1380

510

1500

571
=

∑
∑

×
∑
∑

= ×

=
∑
∑

×
∑

p q
p q

p q
p q

p q
p q

p00 0

1 1

01 10

571

1500

510

1380

1380

510

1500

571

571

1500

5

q
p q∑

= ×

× = × × ×P P
110

1380

1 1= =
   

P

P

01
1 0

0 0

1 1

0 1

10
0 1

1 1

1380

510

1500

571
=

∑
∑

×
∑
∑

= ×

=
∑
∑

×
∑

p q
p q

p q
p q

p q
p q

p00 0

1 1

01 10

571

1500

510

1380

1380

510

1500

571

571

1500

5

q
p q∑

= ×

× = × × ×P P
110

1380

1 1= =

 vdnt	Ãõç‹	éGäa	F¿pL	fhykh‰W¢	nrhjidia	ãiwÎ	brŒ»‹wJ.

fhuâ kh‰W¢ nrhjid

 P01 × Q01 = 
∑
∑
p q
p q

1 1

0 0
 vd	ãWt	nt©L«.

     

Q

P P

01
1 0

0 0

1 1

0 1

01 10

571

510

1500

1380

1380

510

=
∑
∑

×
∑
∑

= ×

∴ × = ×

q p
q p

q p
q p

11500

571

571

510

1500

1380
1500

510
1 1

0 0

× ×

= =
∑
∑
p q
p q

      

 vdnt	Ãõç‹	éGäa	F¿pL	fhuâ	kh‰W¢	nrhjidia	ãiwÎ	brŒ»‹wJ.

vL¤J¡fh£L 22

 Ãõç‹ N¤Âu¤ij¥ ga‹gL¤Â F¿p£L v©iz¡ fz¡»Lf. Ï›bt© 

fhykh‰W k‰W« fhuâkh‰W nrhjidfis ãiwÎ brŒ»‹wJ vd¡ fh©f.

bghUŸ mo¥gil M©L el¥ò M©L

éiy msÎ éiy msÎ

A

B

C

D

10

  7

  5

16

12

15

24

  5

12

  5

  9

14

15

20

20

  5



331

Ô®Î :

bghUŸ mo¥gil	M©L el¥ò	M©L

p0 q0 p1 q1 p1q0 p0q0 p1q1 p0q1

A 10 12 12 15 144 120 180 150
B 7 15 5 20 75 105 100 140
C 5 24 9 20 216 120 180 100
D 16 5 14 5 70 80 70 80

505 425 530 470

 Ãõç‹	éGäa	F¿pL	

     

Fisher's Ideal Index =
∑
∑

×
∑
∑

×

= ×

p q
p q

p q
p q

1 0

0 0

1 1

0 1
100

505

425

530

4770
100 115 75× = .

fhy kh‰W¢ nrhjid

  P01 × P10 = 1 vd	ãWt	nt©L«.

 

P

P

01
1

0 0

0 1 1

0 1

10
0 1

1 1

0

505

425

530

470
=

S
S

´
S
S

= ´

=
S
S

´
S

p q

p q

p q

p q

p q

p q

p q00

1 0

01 10

470

530

425

505

505

425

530

470

470

530

425

505

1

S
= ´

´ = ´ ´ ´

=

p q

P P

== 1

 vdnt	Ãõç‹	éGäa	F¿p£bl©	fhy	kh‰W¢	nrhjidia	ãiwÎ	brŒ»wJ.

fhuâ kh‰W¢ nrhjid

   P01 × Q01 = 
∑
∑
p q
p q

1 1

0 0
 vd	ãWt	nt©L«.

 

Q

P Q

01
1 0

0 0

1 1

0 1

01 01

470

530

425

505

505

425

530

4

=
∑
∑

×
∑
∑

= ×

× = ×

q p
q p

q p
q p

770

470

425

530

505
530

425
1 1

0 0

× ×

= =
∑
∑
p q
p q

 vdnt	Ãõç‹	éGäa	F¿pL,	fhuâ	kh‰W¢	nrhjidia	ãiwÎ	brŒ»wJ.
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10.4.6   thœ¡if¤ju F¿p£bl© (Cost of Living Index (CLI))

 xU	F¿¥Ã£l	msÎ	g©l§fŸ	k‰W«	nritfŸ	M»at‰¿‰F	tho¡ifahs®	

brY¤J«	éiyfëš,	fhy¥ngh¡»š	V‰gL«	ruhrç	kh‰w¤Âid¡	F¿¡F«	tifæš	

thœ¡if¤	 ju	 F¿p£bl©fŸ	 totik¡f¥gL»‹wd.	 thœ¡if¤	 ju	 F¿p£L	

v©	 MdJ	 Ef®nth®	 éiy	 F¿p£bl© (Consumer price index number) vdÎ«	

miH¡f¥gL»‹wJ.

 Ášyiu	 éiyfë‹	 ãiyfëš	 V‰gl¡Toa	 kh‰w§fŸ,	 gytif	 k¡fë‹	

thœ¡if	 bryit	 gšntW	 ãiyfëš	 ghÂ¡»wJ	 v‹gJ	 m¿ªj	 x‹whF«.	

bghJthf	 F¿p£bl©zhš	 Ïij	 btë¥gL¤Jtbj‹gJ	 ÏayhjJ	 MF«.	

Mfnt	 gy¥gFÂfëš	 tÁ¡f¡Toa	 gy	 ÃçÎ	 k¡fë‹	 nkš	 Ââ¡f¥gL«	 éiy	

V‰w§fshš	 V‰gL«	éisÎfis¡	 f©l¿a	 thœ¡if¤	 ju	 F¿p£bl©	mik¥gJ	

mtÁakh»wJ.	 CÂa	 ca®é‰fhd	 nfhç¡iffŸ	 thœ¡if¤	 ju	 F¿p£bl©iz	

mo¥gilahf¡	bfh©lit	v‹gJ	F¿¥Ãl¤j¡fjhF«.	gy	ehLfëš,	CÂa«	k‰W«	

r«gs«	M»aitfŸ	thœ¡if¤	 ju	 F¿p£bl©fis	 fU¤Âš	 bfh©L	 kh‰w§fŸ	

brŒa¥gL»‹wd.

10.4.7   thœ¡if¤ ju F¿p£bl©iz mik¡F« KiwfŸ

 Ñœf©l	Kiwfëš	thœ¡if¤	ju	F¿p£bl©	mik¡f¥gL»wJ.

 (i) bkh¤j	bryÎ	Kiw	mšyJ	ãiwæ£l	bkh¤j	Kiw

  (Aggregate expenditure method or weighted aggregative method)

 (ii)  FL«g	tuÎ	bryÎ¤	Â£l	Kiw	(Family budget method)

bkh¤j bryÎ Kiw

 Ï«Kiwæš	 mo¥gil	 M©oš	 xU	 F¿¥Ã£l	 Ãçéduhš	 th§f¥gL«	

bghUŸfë‹	 msÎfis	 ãiwfshf	 ga‹gL¤j¥gL»‹wd.	 Ïªj	 ãiwfis	

mo¥gilahf¡	 bfh©L,	 bkh¤j	 bryit	 mo¥gil	 M©L	 k‰W«	 el¥ò	

M©LfS¡F	fz¡»£L	rjÅj	kh‰w§fS«	fz¡»l¥gL»‹wd.

∴ thœ¡if¤	ju	F¿p£L	v© (C.L.I) = 
å
å

p q

p q
1 0

0 0
 × 100

 thœ¡if¤	ju	F¿p£bl©iz	mik¥gÂš,	bkh¤j	bryÎ	Kiw	midtuhY«	

e‹F	m¿ªjjhF«.

FL«g tuÎ bryÎ¤ Â£l Kiw

 Ï«Kiwæš	 éiyfis	 th§f¥gL«	 msÎfshš	 bgU¡f¡	 »il¡F«	

kÂ¥òfis (mjhtJ p0q0) ãiwfshf	 vL¤J¡	 bfhŸs¥gL»‹wd.	 bjhl®ò	

éiyfis	 ãiw	 kÂ¥òfnshL	 bgU¡f¡	 »il¡F«	 bkh¤j¤ij,	 ãiwkÂ¥òfë‹	

bkh¤j¤jhš	tF¡f	»il¡F«	kÂ¥ò,	thœ¡if¤	ju	F¿p£bl©	MF«.

∴ thœ¡if¤	ju	F¿p£bl© = ∑
∑

PV

V
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 Ï§F P = 
p
p

1

0
 × 100 MdJ	bjhl®ò	éiyfŸ (price relatives) k‰W«

 V = p0q0 MdJ	x›bthU	cU¥goæ‹	ãiw	kÂ¥ò.

 Ï«Kiw	bjhl®ò	éiyfë‹	ãiw	ruhrç	Kiw¡F	x¥ghF«.

10.4.8   thœ¡if¤ ju F¿p£bl©â‹ ga‹fŸ

(i) CÂa	 ã®za«	 k‰W«	CÂa	 x¥gªj«	 Ït‰¿‰F	 thœ¡if¤	 ju	 F¿p£bl©	 

	 K¡»akhf	ga‹gL¤j¥gL»wJ.

(ii) bjhêyhs®fë‹	 CÂa¤Â‰fhd	 mféiy¥goia¡	 fz¡»l	 ÏJ	 

	 ga‹gL»wJ.

vL¤J¡fh£L 23

bkh¤j bryÎ F¿p£bl© Kiw _y« thœ¡if¤ ju F¿p£bl©iz fh©f.

bghUŸ msÎ éiy (%)

2000 2000 2003

A

B

C

D

E

F

100

  25

  10

  20

  65

  30

  8

  6

  5

48

15

19

12.00

  7.50

  5.25

52.00

16.50

27.00

Ô®Î :

bghUŸ msÎ éiy

2000
q0

2000
p0

2003
p1 p1q0 p0q0

A 100   8 12.00 1200.00 800

B   25   6   7.50 187.50 150

C   10   5   5.25 52.50   50

D   20 48 52.00 1040.00 960

E   65 15 16.50 1072.50 975

F   30 19 27.00 810.00 570

4362.50 3505
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C.L.I  =
∑
∑

×

= × =

p q
p q

1 0

0 0
100

4362 50

3505
100 124 46

.
.

vL¤J¡fh£L 24

 2000M« M©il mo¥gilahf¡ bfh©L FL«g tuÎ bryÎ Â£l Kiwæ‹ 

_y« Ñœf©l étu§fS¡F 2003M« M©o‰fhd thœ¡if¤ ju F¿p£bl©iz 

fz¡»Lf.

cU¥gofŸ éiy ãiw

2000 2003

czÎ 200 280 30

thlif 100 100 200 20

cil 150 120 20

vçbghUŸ k‰W« 

ä‹rhu«

50 100 10

Ïju bryÎfŸ 100 200 20

Ô®Î :

 FL«g	tuÎ	bryÎ¤	Â£l	Kiwæš CLI fz¡»lš	:

cU¥gofŸ p0 p1 ãiw

V
P = 

p
p

1

0
 × 100 

PV

czÎ 200 280 30 140 4200

thlif 100 200 20 200 4000

cil 150 120 20   80 1600

vçbghUŸ	k‰W«	

ä‹rhu«

  50 100 10 200 2000

Ïju	bryÎfŸ 100 200 20 200 4000

100 15800

 

 thœ¡if¤	ju	F¿p£bl© (C.L.I) = ∑
∑

PV

V
 = 15800

100
= 158
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 vdnt	 2000M«	 M©Ll‹	 x¥ÃLifæš	 2003M«	 M©L	 thœ¡if¢	

brythdJ	58Ð	mÂfç¤JŸsJ.

gæ‰Á 10.4

1) (i) yh°Ãa® (ii) ghÁ (iii) Ãõ®	 M»a	 F¿p£L	 v©fis	 Ã‹tU«	

étu§fS¡F	fz¡»Lf.

bghUŸ éiy msÎ

mo¥gil	

M©L

el¥ò	

M©L

mo¥gil	

M©L

el¥ò	

M©L

A

B

C

D

  6

  2

  4

10

10

  2

  6

12

  50

100

  60

  30

  50

120

  60

  25

2) Ã‹tU«	étu§fS¡F	éiy¡	F¿p£L	v©iz

 (i) yh°Ãa® (ii) ghÁ (iii) Ãõ®	M»a	Kiwfëš	fz¡»Lf.

bghUŸ 1999 1998

éiy msÎ éiy msÎ

A

B

C

D

4

6

5

2

  6

  5

10

13

2

5

4

2

  8

10

14

19

3) (i) yh°Ãa® (ii) ghÁ (iii) Ãõ®	 M»a	 F¿p£L	 v©fis	 Ã‹tU«	

étu§fS¡F	fz¡»Lf.

bghUŸ éiy msÎ

1980 1990 1980 1990

A

B

C

D

2

5

4

2

4

6

5

2

  8

10

14

19

 6

 5

10

13

4) Ã‹tU«	étu§fS¡F	éiy¡	F¿p£L	v©iz

 (i) yh°Ãa® (ii) ghÁ (iii) Ãõ®	M»a	Kiwfëš	fz¡»Lf.
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bghUŸ mo¥gil	M©L el¥ò	M©L

éiy msÎ éiy msÎ

A

B

C

D

  5

10

  3

  6

25

  5

40

30

  6

15

  2

  8

30

  4

50

35

5) Ã‹tU«	 étu§fis¡	 bfh©L	 Ãõç‹	 éGäa	 F¿p£bl©iz¡	

fz¡»Lf.	nkY«	ÏJ,	fhuâ	kh‰W¢	nrhjid	k‰W«	fhy	kh‰W¢	nrhjid	

M»at‰iw	ãiwÎ	brŒ»wJ	vd¡	fh£Lf.

bghUŸ éiy msÎ

mo¥gil	

M©L

el¥ò	

M©L

mo¥gil	

M©L

el¥ò	

M©L

A

B

C

D

E

  6

  2

  4

10

  8

10

  2

  6

12

12

  50

100

  60

  30

  40

  56

120

  60

  24

  36

6) Ã‹tU«	 étu§fis¡	 bfh©L	 Ãõç‹	 éGäa	 F¿p£bl©iz¡	

fz¡»Lf.	nkY«	ÏJ,	fhuâ	kh‰W¢	nrhjid	k‰W«	fhy	kh‰W¢	nrhjid	

M»at‰iw	ãiwÎ	brŒ»wJ	vd¡	fh£Lf.

bghUŸ mo¥gil	M©L (1997) el¥ò	M©L (1998)

éiy msÎ éiy msÎ

A

B

C

D

E

F

10

  8

12

20

  5

  2

10

12

12

15

  8

10

12

8

15

25

  8

  4

  8

13

  8

10

  8

  6

7) 1999M«	 M©il	 mo¥gilahf¡	 bfh©L	 2000M«	 M©o‰F	 Ã‹tU«	

étu§fis¡	 bfh©L	 bkh¤j¢	 bryÎ	 Kiwæš	 thœ¡if¤	 ju	

F¿p£bl©iz¡	fh©f.
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bghUŸ msÎ	(»»)

1999

éiy

1999 2000

A

B

C

D

E

F

6

1

6

4

2

1

  5.75

  5.00

  6.00

  8.00

  2.00

20.00

  6.00

  8.00

  9.00

10.00

  1.80

15.00

8) FL«g	 tuÎ	 bryÎ¤	 Â£l	 Kiwæš	 thœ¡if¤	 ju	 F¿p£bl©iz¡	

fz¡»Lf.

bghUŸ A B C D E F G H

mo¥gil	 M©oš	 msÎ	

(myF)
20 50 50   20 40   50 60   40

mo¥gil	 M©oš	 éiy	

(%.)
10 30 40 200 25 100 20 150

el¥ò	M©oš	éiy	(%.) 12 35 50 300 50 150 25 180

9) 1995I	 mo¥gil	 M©lhf¡	 bfh©L,	 FL«g	 tuÎ	 bryÎ¤	 Â£l	 Kiwæš	

Ã‹tU«	étu§fS¡F	thœ¡if¤	ju	F¿p£L	v©iz¡	fz¡»Lf.

bghUŸ ãiw éiy	(xU	my»‰F)

1995 1996

A

B

C

D

E

40

25

  5

20

10

16.00

40.00

  0.50

  5.12

  2.00

20.00

60.00

  0.50

  6.25

  1.50
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10) 1976I	 mo¥gil	 M©lhf¡	 bfh©L,	 1986	 M«	 M©o‰F	 Ã‹tU«	

étu§fis¡	 bfh©L	 FL«g	 tuÎ	 bryÎ¤	 Â£l	 Kiwæš	 thœ¡if¤	 ju	

F¿p£bl©iz¡	fz¡»Lf.

bghUŸ P Q R S T U

mo¥gil	M©L	

1976š	msÎ
50 25 10 20 30   40

1976š	éiy	(%.)

(xU	my»‰F)
10   5   8   7   9    6

1986š	éiy	(%.)

(xU	my»‰F)
  6   4   3   8 10   12

10.5   òŸëæaš ju¡f£L¥ghL (SQC)

 c‰g¤Â	 brŒa¥gL«	 bghU£fŸ	 x›bth‹W«	 xU	 F¿¥Ã£l	 ga‹gh£L¡F¤	

njit¥gL«.	 xU	 bghUŸ	 mj‰fhd	 ga‹gh£o‹	 ãaÂfis	 ãiwÎ	 brŒtjhf	

mikÍkhdhš	 m¥bghUë‹	 ju«	 Áw¥ghf	 ÏU¥gjhfÎ«	 Ïšiybaåš	 mj‹	 ju«	

Fiwthf	ÏU¥gjhfÎ«	bfhŸsyh«.

	 v›tsÎjh‹	 ftdkhf	 brašgL¤ÂdhY«	 ÂU«g¤	 ÂU«g¢	 brŒa¥gL«	

brašfŸ	 xnu	 khÂçahf	 ÏU¡fhJ.	 ntWghLfŸ	 ÏU¡fjh‹	 brŒÍ«.	 Áy	 ca®	

E£g§fisÍila	ÏaªÂu§fŸ	jahç¡F«	bghUŸfë‹	gšntW	myFfS¡»ilna	

ntWghLfŸ	 fhz¥gLtJ	 mrhjhuzkhdjšy.	 vL¤J¡fh£lhf	 j¡if	

mil¥gh‹fŸ,	 F¥ÃfŸ	 Kjyhdt‰iw	 Âw‹ä¡f	 ÏaªÂu§fis¡	 bfh©L	

jahç¤jhY«	 gšntW	c‰g¤Â	myFfS¡»ilna	Á¿jsÎ	 ntWghLfŸ	ÏU¥gij¡	

fhzyh«.	 ntWghLfŸ	 bgça	 mséš	 Ïšiybaåš	 m›ntWghLfis¥	

bghU£gL¤jhkš	 m›Î‰g¤Â¥	 bghUŸfë‹	 msÎfŸ	 bfhL¡f¥g£l	 ãaÂfS¡F	

c£g£LŸsd	 vd¡	 bfhŸsyh«.	 Mdhš	 khWghLfŸ	 xU	 F¿¥Ã£l	 msÎ¡F	

nkš	 ÏU¡Fkhdhš	 mªj	 c‰g¤Â¥	 bghU£fis	 ãuhfç¡f	 nt©L«	 k‰W«	

m«khWghLfS¡fhd	fhuz	éisÎfis	MŒÎ	brŒa	nt©L«.

10.5.1   khWghLfS¡fhd fhuz§fŸ (Causes for variation)
 khWghLfŸ	V‰gLtj‰fhd	Ïu©L	tif	éisÎfshtd	

 (i) j‰braš	fhuz§fŸ (ii) F¿¥Ã£l	fhuz§fŸ

(i)   j‰braš fhuz§fŸ(Chance causes)

 fhuzä‹¿	 Ïašghfnt	 j‰braš	 fhuzkhf	 V‰gL«	 khWghLfŸ	 j‰braš	

khWghLfŸ	 (m)	j‹å¢ir	khWghLfŸ	MF«.	j‰braš	khWghLfŸ	V‰f¡Toait,	

mDkÂ¡f¡Toait	k‰W«	jé®¡f	Koahjit.	mit	c‰g¤Â¥	bghUë‹	ju¤ij	

btFthf	ghÂ¥gÂšiy.
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(ii)   F¿¥Ã£l fhuz§fŸ (Assignable causes)

 jtwhd	Â£l«	k‰W«	brašghLfŸ	fhuzkhf	V‰gL«	khWghLfŸ	F¿¥Ã£l	

fhuz§fshš	 V‰gL«	 khWghLfshF«.	 Ïit	 j‰brayhf	 el¥git	mšy.	 j‰braš	

khWghLfë‹	 fhuz§fis	m¿aKoahJ.	Mdhš	F¿¥Ã£l	 fhuz§fshš	 V‰gL«	

ÃiHfis¡	f©l¿ªJ,	brašgh£il¢	Ó®	brŒa	KoÍ«.

10.5.2   òŸëæaš ju¡f£L¥gh£o‹ g§F k‰W« mj‹ ga‹fŸ

 xU	brašghL,	òŸëæaš	ju¡f£Lgh£o‰F	Ïz§f	brašgL»wjh	v‹gij¡	

f©LÃo¡f¤	 njitahd	étu§fis¢	 nrfç¥gJ«	mt‰iw	MuhŒtJ«	 òŸëæaš	

ju¡f£L¥gh£o‹	g§fhF«.	xU	brašgh£o‹,	F¿¥Ã£l	fhuz	éisÎfshš	V‰gL«	

khWghLfis	éiuªJ	f©LÃo¡f	òŸëæaš	ju¡f£L¥ghL	cjÎ»wJ	v‹gJ	mj‹	

Áw¥ghF«.	 c‰g¤ÂahF«	 bghUŸ	 FiwÍŸsitahf	 khW«	 K‹dnu	 khWghLfis¡	

f©LÃo¤J	mt‰iw¡	fisa	KoÍ«.

	 òŸëæaš	 ju¡f£L¥ghL	 v‹gJ	 e‹F	 V‰W¡	 bfhŸs¥g£L	 gutyhf¥	

ga‹gL¤j¥gL«	 brašKiw	 MF«.	 khWghLfë‹	 mo¥gilæš	 KoÎfŸ	

vL¥gj‰fhd	 neh¡f§fŸ	 k‰W«	 c¤ÂfŸ	M»at‰iw	 e‹F	 òçªJ	 bfhŸtj‰fhd	

mo¥gilna	 òŸëæaš	 ju¡f£L¥ghL	 MF«.	 òŸëæaš	 ju¡f£L¥ghL	 v‹gJ	

nfhshWfis	f©LÃo¡F«	Kiw	k£Lnk	MF«.	ju«	guhkç¡f¥gL»wjh	Ïšiyah	

v‹gij	ÏJ	ek¡F	TW»wJ.	jFªj	Ó®gL¤J«	têKiwfis	ifah©L	bjhl®ªJ	

c‰g¤ÂahF«	 bghUŸfë‹	 ju¤ij¢	 Óuhf	 it¤ÂU¥gJ	 r«gªj¥g£l	 bjhêš	 E£g	

tšYd®fël«	cŸsJ.

 òŸëæaš	 ju¡f£L¥gh£o‹	 ga‹ghL	 ÏUtif¥gL« (a) brašgh£L¤	

ju¡f£L¥ghL	(Process control)  (b) c‰g¤Â	bghUë‹	ju¡	f£L¥ghL	(Product control)

 brašgh£L	 f£L¥gh£odhš	 F¿¥Ã£l	 brašghL	 f£L¥gh£oš	 cŸsjh	

Ïšiyah	vd	m¿a	Kaš»nwh«.	c‰g¤Â	bghUë‹	ju¡f£L¥ghL	v‹gJ	vÂ®fhy	

brašgh£il¥	g‰¿	m¿tj‰F	cjÎ»wJ.

10.5.3   brašgh£L¤ ju¡ f£L¥ghL k‰W« c‰g¤Â bghUë‹ ju¡ f£L¥ghL

 c‰g¤Â	 brŒa¥gL«	 bghUŸfë‹	 ju«	 F¿¥Ã£l	 ju	 ãaÂfS¡F	 V‰g	

ÏU¡FkhW	brŒtJ	c‰g¤Â¢	brašKiwæ‹	K¡»a	neh¡fkhF«.	mjhtJ	c‰g¤Â	

brŒa¥gL«	 bghU£fëš	 FiwghLila	 bghU£fë‹	 é»j	 msÎ	 bgça	 mséš	

ÏšyhkèU¡FkhW	 brŒa	 éiH»nwh«.	 Ïj‰F	 brašgh£L	 ju¡	 f£L¥ghL	 v‹W	

bga®.	ju¡	f£L¥gh£L¥	gl§fŸ (control charts) _y«	Ïjid	eh«	rhÂ¡»nwh«.

 c‰g¤Â	 bghUë‹	 ju¡	 f£L¥ghL	 v‹gJ	 c‰g¤Â	 brŒa¥g£l	 bghU£fë‹	

ju¤ij	K¡»akhd	f£l§fëš	fLikahf	MŒÎ	brŒJ	ju¤ij	ãiy	ãW¤JtjhF«.	

lh{	 k‰W«	 nuhä¡	 (Dodge and Romig) M»nahuhš	 cUth¡f¥g£l	 TbwL¤jš	

MŒÎ	 Â£l§fŸ	 (sampling inspection plans) c‰g¤Â	 bghUë‹	 ju¡	 f£L¥ghL	

brašgL¤j¥gL»wJ.	 c‰g¤Âahs®	 vªj	 mséš	 ju¤ij¥	 guhkç¤jhY«,	

Ef®nthU¡F	 xU	 F¿¥Ã£l	 msÎ	 ju¤Âš	 bghU£fŸ	 »il¡f¢	 brŒtJ	 c‰g¤Â	

bghUë‹	ju¡	f£L¥gh£o‹	neh¡fkhF«.	rªij¡F	mD¥g¥gL«	bghU£fëš	bgça	
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mséš		FiwghLfisÍila	bghU£fŸ	ÏšyhkèU¡FkhW	c‰g¤Â	bghUë‹	ju¡	

f£L¥ghL	cWÂ	brŒ»wJ.

10.5.4   ju¡ f£L¥gh£L¥ gl§fŸ (Control Charts)

 brašgh£L¤	 ju¡	 f£L¥gh£oš	 ga‹gL«	 òŸëæaš	 fUéahdJ	 ju¡	

f£L¥gh£L¥	gl§fŸ	MF«.	khWghLfë‹	gšntW	mik¥òfis	és¡F«	tifæš	

mit	 mikÍ«.	 1924M«	 M©L	 bgš	 bjhiyngÁ	 ãWtd¤ij¢	 rh®ªj	 Ïa‰Ãaš	

m¿P®	 thšl® A. °Oth®£ (Walter A. Stewart) v‹gtuhš	 ju¡	 f£L¥gh£L	 gl§fŸ	

cUth¡f¥g£L	nk«gL¤j¥g£ld.	f£L¥gh£L	gl§fŸ	_‹W	têfëš	ga‹gLbkd	

mt®	 F¿¥Ã£lh®.	 Kjyhtjhf	 ãWtd«	 ãiw	 ãW¤j	 éU«ò«	 ju¤Â‹	 msit	

mWÂæ£L	 F¿¥Ãl	 f£L¥gh£L	 gl§fŸ	 ga‹gL«.	 Ïu©lhtjhf	 mªj	 mWÂæ£l	

ju¤ij	 v£Ltj‰fhd	 fUéahf¥	 ga‹gL«.	 _‹whtjhf,	 brašghLfŸ,	 v£l	

éiHÍ«	ju¤ij	milÍ«	t©z«	mikªJŸsdth	vd	m¿a	cjÎ«,	ju¡f£L¥ghL	

v‹gJ	 ãaÂfŸ	 mik¡fÎ«	 mj‰nf‰g	 c‰g¤Â	 brŒaÎ«	 k‰W«	 mjid	 nrhjid	

brŒaÎ«	ga‹gL«	xU	fUéahF«.

 F¿¥Ã£l	ju¤ÂèUªJ	khWghLfŸ	v¤jid	KiwfŸ	k‰W«	vªj	msÎfëš	

V‰gL»‹wd	v‹gij	tiugl«	thæyhf	és¡Ftnj	xU	ju¡	f£L¥gh£L	gl¤Â‹	

mo¥gilahF«	 ju¡	 f£L¥gh£L	 gl§fis	 cUth¡FtJ	 vëJ.	 mjdo¥gilæš	

és¡fkë¥gJ«	 vëJ.	 brašghLfŸ	 f£L¥gh£oš	 ÏU¡»wjh	 Ïšiyah	 v‹gij	

nknyh£lkhf	 neh¡F«bghGJ	 nkyhs®	 òçªJ	 bfhŸs¤	 ju¡	 f£L¥gh£L	 gl§fŸ	

cjÎ»wJ.

 bghJthf¤	 ju¡	 f£L¥gh£L	 gl«	 _‹W	 »ilk£l¡	 nfhLfis¡	

bfh©oU¡F«.

 (i) brašgh£oš	ãiy	ãW¤j	éU«ò«	ju¤Â‹	msit¡	F¿¡F«	k¤Âa¡	 

	 	 nfhL (CL)

 (ii)  nkšk£l	f£L¥gh£L	všiy¡	nfhL (UCL) k‰W«

 (iii)  Ñœk£l	f£L¥gh£L	všiy¡	nfhL (LCL)

ju¡ f£L¥gh£o‹ és¡f¥gl«

TWfŸ

O

j
u 

m
y

F

1 2 3 4 5 6 7 8

f£L¥gh£o‰F btëna

f£L¥gh£o‰F btëna

UCL

CL

LCL

+3 s

 -3 s

(gl« 10.9)

«
«
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 m›t¥nghJ	 xU	 TW	 vL¡f¥g£L	 mj‰fhd	 égu§fŸ	 tiugl¤Âš	

F¿¡f¥gL»‹wd.	 všyh	 TW¥	 òŸëfS«	 nkšk£l	 k‰W«	 Ñœk£l	 f£L¥gh£L	

všiy¡nfhLfS¡»ilna	 mikÍkhdhš	 brašghL	 “f£L¥gh£oš'	 ÏU¥gjhf¡	

bfhŸs¥gL«	 k‰W«	 j‰braš	 fhuz§fŸ	 k£Lnk	 fhz¥gL»‹wd	 vd¡	

bfhŸsyh«.	 xU	 TW	 òŸë	 f£L¥gh£L	 všiyfS¡F	 btëna	 mikÍkhdhš	

khWghLfŸ	F¿¥Ã£l	fhuz§fshš	V‰gL»‹wd	v‹W	bfhŸsyh«.

ju¡ f£L¥gh£L gl§fë‹ tiffŸ

 bghJthf	ju¡	f£L¥gh£L¥	gl§fŸ	ÏU	tif¥gL«

 (i) kh¿fë‹	f£L¥gh£L¥	gl§fŸ

 (ii) g©òfë‹	f£L¥gh£L¥	gl§fŸ

 bjhl®ªJ	 khW«	 j‹ikÍŸs	 kh¿fë‹	 f£L¥gh£L¥	 gl§fŸ X k‰W« R 
gl§fis¥	ga‹gL¤J»‹wd.

 c, np k‰W« p ngh‹w	 g©òfŸ	 g‰¿a	 f£L¥gh£L¥	 gl§fŸ,	 msél	Koahj	

juFzhÂra§fis	 mšyJ	 g©òfis	 (FiwÍŸs	 mšyJ	 Fiwa‰w	 c‰g¤Â¥	

bghUŸ)	g‰¿¤	bjçé¡»wJ.

 Ï¥ghl¤Âš	 eh«	 kh¿fë‹	f£L¥gh£L¥	 gl§fshd X k‰W« R f£L¥gh£L¥	

gl§fŸ	g‰¿	k£L«	go¡féU¡»nwh«.

R-gl« (Å¢R gl«)

 xU	brašgh£oš	ju¤Â‹	Ájwš	mšyJ	khWghLfis¡	F¿¡f R gl« (range 
chart) ga‹gL¤j¥gL»wJ.	R gl« X gl¤Â‹	Jiz¥	glkhF«.	eh«	vL¤J¡bfh©l	

brašgh£oid	nghJkhd	msÎ	MŒÎ	brŒa	ÏU	gl§fSnk	njit¥gL«.	bghJthf 
R gl« X gl¤Jl‹	 bfhL¡f¥gL«. R gl«	 jah®	 brŒtJ X gl«	 jah®	 brŒtJ	

ngh‹wnj,	 R gl«	tiua¤	njitahd	kÂ¥òfŸ	:

 (i)  x›bthU	T¿‹	Å¢R, R.

 (ii)  Å¢Rfë‹	ruhrç, R

 (iii)  U.C.L = D4R

  L.C.L = D3R

 v‹gd	 všiy¡nfhLfshF«. D4 k‰W« D3 kÂ¥òfis	 m£ltizæèUªJ	

bgwyh«.

X gl«	(X Chart)

 xU	 brašgh£o‹	 TWfë‹	 ju¡	 f£L¥ghL	 ruhrçfis	 fh£Ltj‰fhf X 
gl«	 ga‹gL¤j¥gL»wJ. X gl«	 tiutj‰F	 Ã‹tU«	 étu§fis¡	 f©LÃo¡f	

nt©L«.

 1)  Xi : i = 1, 2 ... n v‹w	TWfŸ	x›bth‹¿‹	ruhrç

 2)  mid¤J	TW	ruhrçfë‹	ruhrç
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i.e X

X X X= + + +1 2 ... n

n  

  ÏÂš n v‹gJ	TWfë‹	v©â¡if

 3) U.C.L. = X + A2R

  LCL = X - A2R, ÏÂš R
R

=
å
= i
i

n

n
1 , v‹gJ	TWÅ¢RfŸ Ri ,Ï‹	 ruhrç	

MF«.

 n Ï‹	bt›ntW	kÂ¥òfS¡fhd A2 kÂ¥òfis	m£ltizæèUªJ	bgwyh«.

vL¤J¡fh£L 25

 ä‹ és¡FfŸ c‰g¤Â brŒa¥gL« brašgh£oš xU kâ¡F xU ä‹ és¡F 

Åj« 6 ä‹és¡FfŸ vL¡f¥gL»‹wd. Ïnjnghš 10 TWfŸ vL¡f¥gL»‹wd. 

Ã‹tU« étu§fŸ mt‰¿‹ ga‹gh£L¡ fhy¤ij (kâæš) F¿¡»‹wd våš X 
k‰W« R gl§fŸ tiuªJ mÂèUªJ c‹ KoÎfis¡ F¿¥ÃLf.

TW v© ga‹gh£L fhy« (kâæš)

1 620 687 666 689 738 686

2 501 585 524 585 653 668

3 673 701 686 567 619 660

4 646 626 572 628 631 743

5 494 984 659 643 660 640

6 634 755 625 582 683 555

7 619 710 664 693 770 534

8 630 723 614 535 550 570

9 482 791 533 612 497 499

10 706 524 626 503 661 754

 (n = 6 våš A2 = 0.483, D3 = 0, D4 = 2.004 vd	bfhL¡f¥g£LŸsJ)
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Ô®Î :

TWfŸ TLjš TW	ruhrç

X

TW	Å¢R	 

R

1

2

3

4

5

6

7

8

9

10

4086

3516

3906

3846

4080

3834

3990

3622

3414

3774

681

586

651

641

680

639

665

604

569

629

118

167

134

171

490

200

236

188

309

251
TLjš 6345 2264

 k¤Âa¡nfhL  X = TWfë‹	ruhrçfë‹	ruhrç	=	634.5

    R = TWfë‹	Å¢Rfë‹	ruhrç	=	226.4

 U.C.L. = X + A2R

  = 634.5 + 0.483 × 226.4

  = 634.5 + 109.35 = 743.85

 L.C.L. = X – A2R

  = 634.5 – 0.483 × 226.4

  = 634.5 – 109.35 = 525.15

k¤Âa¡	nfhL

  R = 226.4

 U.C.L. = D4R = 2.004 × 226.4

  = 453.7056

 L.C.L. = D3R = 0 × 226.4 = 0

Ô®Î :

 R gl¤Âš	 TWÅ¢Rfë‹	 xU	 òŸë UCL¡F	 btëæš	 cŸsJ.	 vdnt	

brašghL	f£L¥gh£oš	Ïšiy
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vL¤J¡fh£L 26

 x›bth‹W« msÎ 5 cŸs g¤J TWfë‹ ruhrç k‰W« Å¢RfŸ g‰¿a 

étu§fŸ ÑnH bfhL¡f¥g£LŸsd. ruhrç k‰W« Å¢R gl§fS¡fhd k¤Âa¡ nfhL 

k‰W« f£L¥gh£L¡ nfhLfë‹ všiyfis¡ f©L brašghL f£L¥gh£oš cŸsjh 

v‹W f©LÃo.

TWfŸ 1 2 3 4 5 6 7 8 9 10

ruhrç X 11.2 11.8 10.8 11.6 11.0 9.6 10.4 9.6 10.6 10.0

Å¢R (R) 7 4 8 5 7 4 8 4 7 9

 (n = 5, våš A2 = 0.577, D3 = 0, D4 = 2.115 vd bfhL¡f¥g£LŸsJ)

Ô®Î :

 X gl¤Âš	f£L¥gh£L	všiyfŸ

 
X X= ∑

= + + + + =

1

1

10
11 2 11 8 10 8 10 0 10 66

n

( . . . ..... . ) .

 

X X= ∑

= + + + + =

1

1

10
11 2 11 8 10 8 10 0 10 66

n

( . . . ..... . ) .
 

 
R R=

U.C.L X A R

L.C.

= å =

= +
= + ´ =

1 1

10
63 6 3

10 66 0 577 6 3 14 295

2

n
( ) .

. ( . . ) .

LL X A R

CL k¤ÂanfhL X

= +
= − ´ =

= = =

2

10 66 0 577 6 3 7 025

10 66

. ( . . ) .

.

 

 

R R=

U.C.L X A R

L.C.

= å =

= +
= + ´ =

1 1

10
63 6 3

10 66 0 577 6 3 14 295

2

n
( ) .

. ( . . ) .

LL X A R

CL k¤ÂanfhL X

= +
= − ´ =

= = =

2

10 66 0 577 6 3 7 025

10 66

. ( . . ) .

.

 

R R=

U.C.L X A R

L.C.

= å =

= +
= + ´ =

1 1

10
63 6 3

10 66 0 577 6 3 14 295

2

n
( ) .

. ( . . ) .

LL X A R

CL k¤ÂanfhL X

= +
= − ´ =

= = =

2

10 66 0 577 6 3 7 025

10 66

. ( . . ) .

.

 Å¢R gl«

 U.C.L = D4R = 2.115 × 6.3 = 13.324

 L.C.L = D3R = 0

 C.L = R = 6.3
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X  gl«

R gl«

0 1 2 3 4 5 6 7 8 9 10
TWfŸ

TWfŸ

16

14

13

12

11

10

9

8

7

6

.

    UCL

CL

LCL

.
. . .

.
. .

. .

0 1 2 3 4 5 6 7 8 9 10

13

12

11

10

9

8

7

6

5

4

.

UCL

CL

LCL

T
W

   
Å

¢
R

T
W

   
r

uh
r

ç

.
.

.
.

. .

.
.
.

(gl« 10.12)

(gl« 10.13)

KoÎ :

 TWfë‹	 ruhrçfŸ	 k‰W«	 Å¢Rfë‹	 mid¤J	 òŸëfS«	 ju¡f£L¥gh£L	

všiyfS¡FŸnsna	ÏU¥gjhš	brašghL	f£L¥gh£oš	cŸsJ	vd¡	Twyh«.

gæ‰Á 10.5

1)  Ã‹tUtd	5	gÂÎfSila	20	TWfë‹ X k‰W« R kÂ¥òfŸ	MF«. X k‰W« 

R gl§fis	tiuªJ	KoÎfis¤	jUf.

TWfŸ 1 2 3 4 5 6 7 8 9 10
X 34 31.6 30.8 33 35 33.2 33 32.6 33.8 37.8
(R) 4 4 2 3 5 2 5 13 19 6

TWfŸ 11 12 13 14 15 16 17 18 19 20
X 35.8 38.4 34 35 38.8 31.6 33 28.2 31.8 35.6
(R) 4 4 14 4 7 5 5 3 9 6

(n = 5 våš, A2 = 0.58, D3 = 0, D4 = 2.12)
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gæ‰Á 10.6

V‰òila éilia¤ bjçÎ brŒf.

1) fhy«rh®	bjhl®	tçir	v‹»w	bjhF¥ò	étu§fŸ	gÂÎ	brŒa¥gLtJ

 (a) fhytu«Ã‰nf‰g    (b) rkfhy	Ïilbtëæš

 (c) bjhl®¢Áahd	fhy¥	òŸëfëš  (d) nk‰f©l	mid¤J«

2)  fhy«	rh®	bjhl®	tçiræš	ÏU¥gJ

 (a) Ïu©L	TWfŸ     (b) _‹W	TWfŸ

 (c) eh‹F	TWfŸ     (d) Ït‰¿š	VJäšiy

3)  Ú©l	 fhy	 khWgh£Ll‹	 bjhl®òila	 fhy«rh®	 bjhl®	 tçiræ‹	 xU	 TW	

Ã‹tUkhW	miH¡f¥gL»wJ

 (a) RH‰Á	khWghL     (b) ÚŸfhy	ngh¡F

 (c) Óu‰w	khWghL     (d) nk‰f©lit	mid¤J«

4)  FW»a	fhy	V‰w	Ïw¡f§fis¡	bfh©l	fhy«rh®	bjhl®	tçiræ‹	xU	TW	

v‹gJ

 (a) gUtfhy	khWghL   (b) RH‰Á	khWghL

 (c) Óu‰w	khWghL     (d) nk‰f©lit	mid¤J«

5)  fhy«rh®	bjhl®	tçiræš	RH‰Á	khWghLfŸ	V‰gLtj‰fhd	fhuz«

 (a) xU	bjhê‰rhiyæš	fjtil¥ò (b) xU	eh£oš	el¡F«	ngh®

 (c) xU	eh£oš	V‰gL«	btŸs«   (d) Ït‰¿š	VJäšiy

6)  mÃéU¤Â,	 Ã‹åw¡f«,	 Åœ¢Á	 k‰W«	 Û£Á	 M»ait	 F¿¥ghf	 ÏjndhL	

bjhl®òilaJ

 (a) RH‰Á	khWghL     (b) gUt khWghL

 (c) RH‰Á	mirÎfŸ    (d) Óu‰w	khWghL

7)  TWfŸ T, S, C k‰W« I Ït‰iw¡	bfh©l	T£L	totik¥ò

 (a) Y = T + S + C - I     (b) Y = T + S X C + I

 (c) Y = T + S + C + I     (d) Y = T + S + C X I

8)  et«g®	 Kjš	 kh®¢	 tiuæyhd	 fhy¤Âš	 I°	 »ß«	 é‰gid	 msé‹	 Åœ¢Á	

ÏjndhL	bjhl®ò	bfh©ljhF«.

 (a) gUt khWghL     (b) RH‰Á	khWghL

 (c) Óu‰w	khWghL     (d) ÚŸfhy	ngh¡F
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9)  F¿p£L	v©	v‹gJ

 (a) x¥Õ£L	khWjšfë‹	msit  (b) ruhrçæ‹	xU	Áw¥ò	tif

 (c) éG¡fh£o‹	x¥ÕL   (d) nk‰f©lit	mid¤J«

10)  F¿p£L	v©fŸ	étç¡f¥gLtJ

 (a) éG¡fhLfëš    (b) é»j§fëš

 (c) Âiræyh	v©	kÂ¥òfëš  (d) nk‰f©lit	mid¤J«

11)  bgU«gh‹ikahf	ga‹gL¤j¥gL«	F¿p£L	v©fŸ

 (a) gutš	F¿p£L	v©   (b) éiy	F¿p£L	v©

 (c) kÂ¥ò	F¿p£L	v©   (d) Ït‰¿š	VJäšiy

12)  mÂf	mséš	ga‹gL¤j¥gL«	F¿p£L	v©fë‹	N¤Âu§fŸ

 (a) ãiwæ£l	N¤Âu§fŸ   (b) ãiwælh	N¤Âu§fŸ

 (c) ãiyahd	vilÍila	N¤Âu§fŸ (d) Ït‰¿š	VJäšiy

13)  yh°Ãaç‹	F¿p£L	v©âš	ga‹gL¤j¥gL«	vilfŸ

 (a) mo¥gil	M©o‹	msÎfŸ  (b) el¥ò	M©o‹	msÎfŸ

 (c) gy	M©Lfë‹	msÎfë‹	ruhrç (d) Ït‰¿š	VJäšiy

14)  ghÁæ‹	F¿p£L	v©âš	ga‹gL«	vilfŸ

 (a) mo¥gil	M©il¢	nr®ªjit       (b) bfhL¡f¥g£l	M©il¢	nr®ªjit

 (c) VnjD«	xU	M©il¢	nr®ªjit  (d) Ït‰¿š	VJäšiy

15)  xU	bjhê‰rhiyæš	c‰g¤Â	brŒa¥gL«	bghUŸfë‹	khWghLfS¡F	Ïit	

fhuzkhF«

 (a) j‰braš	khWghLfŸ   (b) F¿¥Ã£l	khWghLfŸ

 (c) (a) k‰W« (b) Ïu©L«   (d) (a) k‰W« (b) Ïšiy

16)  c‰g¤Â	brŒa¥gL«	bghUŸfëš	fhz¥gL«	j‰braš	fhuz§fshš	V‰gL«	

khWghLfŸ

 (a) f£LgL¤j¡	Toad   (b) f£L¥gL¤j	Koahjit

 (c) (a) k‰W« (b)  Ïu©L«   (d) Ït‰¿š	VJäšiy

17)  c‰g¤Â	 bghUŸfë‹	 ju	 ãaÂfëš	 V‰gL«	 bgWk«	 khWghLfS¡F	

bghJthd	fhuz«

 (a) rkthŒ¥ò	brašghLfŸ    (b) F¿¥Ã£l	fhuz	éisÎfŸ

 (c) f©LÃo¡f	Koahj	fhuz	éisÎfŸ (d) nk‰f©l	mid¤J«
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18)  c‰g¤Â	bghUŸfëš	F¿¥Ã£l	fhuz§fshš	V‰gL«	khWghLfS¡F	fhuz«

 (a) jtwhd brašghL   (b) Ïa¡Fgt®fë‹	my£Áa¤	j‹ik

 (c) f¢rh	bghU£fë‹	ju¡FiwÎ  (d) nk‰f©l	mid¤J«

19)  ju¡	f£L¥gh£L	gl§fŸ

 (a) _‹W	f£L¥gh£L¡	nfhLfis¡	bfh©lJ     

 (b) nkš	k£L«	Ñœ	f£L¥gh£L	všiyfis¡	bfh©lJ

 (c) brašgh£o‹	všiyfis¡	bfh©lJ    

 (d) nk‰f©l	mid¤J«

20)  x£LwÎ¡	bfGé‹	všiyfŸ

 (a) 0 Ïš	ÏUªJ ∞ tiu   (b) – ∞	Ïš	ÏUªJ	∞  tiu 

 (c) –1Ïš	ÏUªJ 1 tiu    (d) Ït‰¿š	VJäšiy

21)  X k‰W« Y v‹gd	ÏU	kh¿fbsåš	mÂf	g£r«	ÏU¡f¡	ToaJ

 (a) xU	bjhl®ò	ngh¡F¡	nfhL  (b) ÏU	bjhl®ò	ngh¡F¡	nfhLfŸ

 (c) _‹W	bjhl®ò	ngh¡F¡	nfhLfŸ (d) Ït‰¿š	VJäšiy

22)  XÏ‹	ÛJ YÏ‹	bjhl®ò	ngh¡F¡	nfh£oš X v‹gJ

 (a) rhuh	kh¿     (b) rh®òila	kh¿

 (c) (a) k‰W« (b)     (d) Ït‰¿š	VJäšiy

23)  (X, Y) v‹w	kh¿fë‹	Ájwš	gl«	F¿¥gJ

 (a) mt‰¿‹	rh®ò¤	bjhl®ò   (b) bjhl®ò	ngh¡F	totik¥ò

 (c) ÃiHfë‹	gutš    (d) Ït‰¿š	VJäšiy

24)  bjhl®ò	ngh¡F¡	nfhLfŸ	bt£o¡	bfhŸS«	òŸë

 (a) (X, Y)      (b) (X , Y )  

 (c) (0, 0 )      (d) Ït‰¿š	VJäšiy

25)  bjhl®ò	ngh¡F	v‹w	brhšiy	m¿Kf¥gL¤Âat®

 (a) R.A.Ãõ®     (b) r®	~Ãuh‹Á°	fšgh‹

 (c) fhš	Ãa®r‹    (d) Ït®fëš	vtU«	Ïšiy
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éilfŸ

mâfŸ k‰W« mâ¡nfhitfë‹ ga‹ghLfŸ

gæ‰Á 1.1

1) 
1 3
2 1

−
− −








   2) 

3 1 1
15 6 5
5 2 2

−
− −

−

















   8) 1
16

2 4
3 2

−









9) 
1
3

1 2 2
4 2 5

1 1 1

−
− −

−

















 10) 
1 0
0 1
0 0 1

−
−

















a
b

11) 

1 0 0

0 1 0

0 0 1

1

2

3

a

a

a

























  13) 

0 1 2
1 3 10

1 2 7

−
− −

−

















 

18)  4, –2 19) –1, 0  20) 
5
2









gæ‰Á 1.2

1)  (i) 3 (ii) 2 (iii) 1 (iv) 3 (v) 2 (vi) 3 (vii) 1 (viii) 2 (ix) 2

2)    2, 0.  6) x¥òik¤	j‹ik	m‰wit

11)  k = –3  

12)  k MdJ	0	mšyhj	VnjD«	xU	bkŒba©

13)  k = –3  

14)  k MdJ	8	mšyhj	VnjD«	xU	bkŒba©

gæ‰Á 1.3

1)   2, 1   2)0, 1, 1  3) 5, 2    4) 2, -1, 1

5)   0, 2, 4  6) 20, 30 7) %.2, %.3, %.5.

8)   %.1, %.2, %.3    9) 11 l‹fŸ, 15 l‹fŸ, 19 l‹fŸ
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gæ‰Á 1.4

1)  brašgL«	tifæš	cŸsJ

2)  brašgL«	tifæš	Ïšiy

3)  110 myFfŸ, 320 myFfŸ

4)  %.72 äšèa‹, %.96 äšèa‹   

5)  (i) %.42 Ïy£r§fŸ,  %.78 Ïy£r§fŸ (ii) %.28 Ïy£r§fŸ, %.52 Ïy£r§fŸ

6)  %.80 äšèa‹fŸ, %.120 äšèa‹fŸ  

7)  %.1200 nfho, %.1600 nfho

8)  %.7104 nfho, %.6080 nfho

gæ‰Á 1.5

1)   74.8%, 25.2% ; 75%, 25%   2) 39%  3) 54.6%, 45.4%

gæ‰Á 1.6

1) c  2) b  3) c  4) c  5) a  6) a  7) b  8) b   9) b  10) c    11) a  12) a  

13) a  14) a  15) a  16) b  17) d  18) b

gFKiw tot fâj«

gæ‰Á 2.1

1)  gutisa«   2)  mÂgutisa«   3)  ÚŸt£l«

gæ‰Á 2.2

1)  (i) x2 + y2 – 2xy – 4y + 6 = 0

 (ii) x2 + y2 + 2xy – 4x + 4y + 4 = 0

 (iii) 4x2 + 4xy +y2 – 4x + 8y – 4 = 0

 (iv) x2 + 2xy +y2 – 22x – 6y + 25 = 0



351

2)  (i) (0, 0), (0, 25), x = 0, y + 25 = 0

 (ii) (0, 0), (5, 0), y = 0, x + 5 = 0

 (iii) (0, 0), (–7, 0), y = 0, x – 7 = 0

 (iv) (0, 0), (0, –15), x = 0, y + 15 = 0

3) (i) −





 −








1
2

1 3
2

1, , , ,  2x – 1 = 0, 4

 (ii) (–1, –1), (0, –1), x + 2 = 0, 4

 (iii) - ÷
9

8
0

7

8
0, , , , 8x + 25 = 0, 8

 (iv) (0, 1), 
-7

4
0,  , 4y – 1 = 0, 3

4) 15 l‹fŸ,	%.	40

gæ‰Á 2.3

1)  (i) 101x2 + 48xy + 81y2 – 330x - 324y + 441 = 0

 (ii) 27x2 + 20y2 – 24xy + 6x + 8y – 1 = 0

 (iii) 17x2 + 22y2 + 12xy – 58x + 108y + 129 = 0

2) (i) x y2 2

144 128
1+ =  (ii) x y2 2

24 15
1+ =

 (iii) x y2 2

9 25
1+ =

3) (i) (0, 0), (0, + 3) ; 
5

3
; (0, + 5 ) ; 

8
3

 (ii) (1, –5), (1, + 7 –5) ; 3
7

 ; (1, + 3  – 5) ; 
8
7   ;  y = 7

3
 – 5, y = 

−7
3

 – 5.

 (iii) (–2, 1), (2, 1); (–6, 1)) ; 7
4

 ; (+ 7  –2, 1) ; 
9
2 ; x = 

16
7  – 2, x = 

−
−

16
7

2,.
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gæ‰Á 2.4

1)  (i) 19x2 + 216xy – 44y2 – 346x – 472y + 791 = 0

 (ii) 16(x2 + y2) = 25(x cosa + y sina - p)2

2)  12x2 – 4y2 – 24x + 32y – 127 = 0

3)  (i) 16x2 – 9y2 – 32x – 128 = 0

 (ii) 3x2 – y2 – 18x + 4y + 20 = 0

 (iii) 3x2 – y2 – 36x + 4y + 101 = 0

4) (i) (0, 0) ; 5
4

 ; (+ 5, 0) ; 5x + 16 = 0

 (ii) (– 2, – 4) ; 
4
3  ; (2, – 4), (– 6, – 4); 4x – 1 = 0, 4x + 17 = 0

 (iii) (1, 4) ; 2 ; (6, 4), (– 4, 4); 4x – 9 = 0, 4x + 1 = 0

5)  (i) 3x + y + 2 = 0,   x – 2y + 5 = 0 ;  

 (ii) 4x – y + 1 = 0,   2x + 3y – 1 = 0

6)  4x2 – 5xy – 6y2 – 11x + 11y + 57 = 0

7)  12x2 – 7xy – 12y2 + 31x + 17y = 0

gæ‰Á 2.5

1) a  2) b  3) c  4) d  5) c  6) a  7) c  8) b  9) b  10) a  11) b  12) c  

13) b  14) b  15) a  16) c  17) a  18) c  19) c  20) c

tifp£o‹ ga‹ghLfŸ - I

gæ‰Á 3.1

1) (i) 
1
2  x2 – 4x + 25 + 

8
x  (ii) 

1
2  x2 – 4x + 25

 (iii) 
8
x , AC = %.35.80, AVC = %.35, AFC = %.0.80

 

2)  %.600.05  3) %.5.10  4) %.1.80  5) %.1.50, %.1406.25

6) (i) 
1

10  x2 – 4x + 8 + 4
x

 (ii) 
3

10  x2 – 8x + 8 (iii) 1
5

 x – 4 – 
4
2x
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7)  %.55, %.23 8) %.119 10) 0.75 11) 1.15

13) (i) 
2 ( )a bx
bx
−

  (ii) 3
2

  14) m  15) 
4

2 5

2

2
p

p +
 16) 

p
p2 6( )−

17)  AR = p, MR = 550 – 6x – 18x2  

 

18)  (i) R = 20,000 x e – 0.6x  (ii) MR = 20,000 x e – 0.6x [1 – 0.6x]  

19)  
4 2

30 4

2

2
p p

p p
+

− −
, 

3 8 30
2 2

2p p
p
+ −
+( )

20)  20, 3   21) %.110  22) 30
11

1 90, .Rs. %.	1.90

gæ‰Á 3.2

1)  – 1.22, – 1.25  2) – 1 myF/édho  3) 12 myF/édho  

5)  (i) tUkhd«	khj¤Â‰F	%.40,000	Åj«	TL»wJ. 

 (ii) bryÎ	khj¤Â‰F	%.4,000	Åj«	TL»wJ.

 (iii) Ïyhg«	khj¤Â‰F	%.36,000	Åj«	TL»wJ. 

6)  (i) tUkhd«	thu¤Â‰F	%.48,000	Åj«	TL»wJ. 

 (ii) bryÎ	thu¤Â‰F	%.12,000	Åj«	TL»wJ.

 (iii) Ïyhg«	thu¤Â‰F	%.36,000	Åj«	TL»wJ.

8)  10π br.Û	2 / édho   9) 115π br.Û	3 / ãäl«  10) x =
1
3

3,

gæ‰Á 3.3

1) 10
3

13
5

, −  2) a = 2, b = 2  

4)  (i) x – y + 1 = 0, x + y – 3 = 0

     (ii) 2x – 2y + 3
3

0 2 2 3
3

0− = + − − =
π π; x y

     (iii) 3x + 2y + 13 = 0 ; 2x – 3y = 0 

      (iv) 9x + 16y – 72 = 0; 64x – 36y – 175 = 0
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 (v)  3ex – y – 2e2 = 0; x + 3ey – 3e3 – e = 0

    (vi)  2 bx + 2 ay – 2ab = 0 ; 2 ax – 2 by – a2 + b2 = 0

5) 13x – y – 34 = 0; x + 13y – 578 = 0

6)  10x + y – 61 = 0; x - 10y + 105 = 0

7) 1 1
3

1 1
3

, , ,





 −

−





  9) x – 20y – 7 = 0; 20x + y – 140 = 0

11) 
x
a sec θ – 

y
b tan θ = 1 ;     

ax by a b
sec tanθ θ

+ = +2 2

12) (i) (1, 0) k‰W« (1, 4)  (ii) (3, 2) k‰W« (–1, 2)

gæ‰Á 3.4

1) d  2) c  3) a  4) a  5) b  6) c  7) d  8) d  9) b  10) a 

11) d  12) a  13) b  14) c 15) b  16) d  17) c  18) a  19) a  20) c

tifp£o‹ ga‹ghLfŸ-II

gæ‰Á 4.1

3) (–∞, –5) k‰W« − ∞







1
3

, Ïš	TL«, − −





5 1

3
,  Ïš FiwÍ«

4)  (-2, 27), (1, 0) 

5)  (i) R v‹gJ 0 < x < 4 Ïš	TL«, x > 4 ¡F	FiwÍ«. MR v‹gJ 0 < x < 2 Ïš	TL« 
x > 2 ¡F	FiwÍ«

 (ii) R v‹gJ 1 < x < 7 Ïš	TL«, 0 < x < 1 k‰W« x > 7 Ïš	FiwÍ«.  MR v‹gJ 
       0 < x < 4 k‰W« x > 4 Ïš FiwÍ«

6)  (i) TC, 0 < x < 10, x > 20 Ïš	TL»wJ.	10 < x < 20. MC, 0 < x < 15 Ïš	Fiw»wJ	 

       x > 15 Ïš	TL»wJ.

 (ii) TC, 0 < x < 40 Ïš	 TL»wJ.	 x > 40 Ïš	 Fiw»wJ. MC v¥bghGJ«	 

	 							Fiw»wJ.
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7)  (i) x = 0 Ïš	bgUk	kÂ¥ò = 7, x = 4 Ïš	ÁWk	kÂ¥ò = –25

 (ii) x = 1 Ïš	bgUk	kÂ¥ò = –4, x = 4 Ïš	ÁWk	kÂ¥ò = –31

 (iii) x = 2 Ïš	ÁWk	kÂ¥ò = 12

 (iv) x = 1 Ïš	bgUk	kÂ¥ò = 19, x = 3 Ïš	ÁWk	kÂ¥ò = 15

8)  x = 1 Ïš	bgUk	kÂ¥ò = 53, x = –1 Ïš	ÁWk	kÂ¥ò = –23. 9) (0, 3), (2, -9)

11)  
1
2 < x < 1 nkšneh¡»	FéthfÎ«	– ∞ <  x < 

1
2   k‰W« 1 < x < ∞ Ïš	Ñœneh¡»	 

	 FéthfÎ«	cŸsJ.

12)  q = 3.

13)  x = 1 Ïš	bgUk	kÂ¥ò = 0

 x = 3 Ïš	ÁWk	kÂ¥ò = – 28

 x = 0 Ïš	tisÎ	kh‰w¥	òŸë

gæ‰Á 4.2

1)  x = 15   2) 15, 225  4) x = 5  5) 1, 
3
2

6)  x = 8   7) (i) 10.5, %.110.25      (ii) 3, 0  (iii) x = 6

8)  x = 60   9) %.1600  10) x = 70  11) x = 13

12)  A : 1000, B : 1800, C : 1633 

13)  A : 214.476, %.21.44, B : 67.51, %.58.06 C : 2000, %.4, D : 537.08, %.27.93

14)  (i) 400 (ii) %.240 (iii) 
3
2  nfhUjš/M©L    (iv) X®	M©o‹	

2
3

 ghf«

15) (i) 800   (ii) X®	M©o‹	
1
4

 ghf«  (iii) 4   (iv) %.1200

gæ‰Á 4.3

1)   8x + 6y; 6x – 6y

3)   (i) 24x5 + 3x2y5 – 24x2 + 6y – 7

 (ii) 5x3y4 + 6x + 8
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 (iii) 120x4 – 48x + 6xy5

 (iv) 20x3y3

 (v) 15x2y4 + 6

 (vi) 15x2y4 + 6

4)  (i) 30x4y2 + 8x + 4   (ii) 500

 (iii) 12x5y – 24y2 + 6   (iv) – 90

 (v) 120x3 y2 + 8   (vi) 968

 (vii) 12x5 – 48y   (viii) 12

 (ix) 60x4y  (x) 2880  (xi) 2880

14)  (i) 940 (ii) 700

15)  neh£L¥	ò¤jf«  (16) (i) %.18,002  (ii) %.8005

gæ‰Á 4.4

1)  (i) 10 - 2L + 3K,  (ii) 5 - 4K + 3L  (iii) 14, 0

3)  1, 4   4) 3.95, 120   5) 2.438, 3.481

7)  (i) 
3
4   (ii) 

1
2   8) 3

5
2
5

,  9) 6, 1   10) −
10
3

5
6

,

gæ‰Á 4.5

1) b  2) d  3) a  4) b  5) c  6) c  7) a 8) c  9) b  10) d 

11) a  12) a  13) d  14) a 15) c  16) a  17) c  18) d  19) a  20) a

bjhifp£o‹ ga‹ghLfŸ

gæ‰Á 5.1

1) 0   2) 80  3) 
≠
2   4) 2  5) 16

15
2  6) 

1
20   7) 

≠
12

8) 1 9)   10) ( )a b+ π
4

π

( )a b+ π
4

π

π2
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gæ‰Á 5.2

éilfŸ	rJu	myFfëš	cŸsd

1) 9 2) 6  3) 
≠
2   4) 2  5) 

2
3   6) log 3

7)  
8

3

2a
  8) 8  9) 4log4 10) πa2  11) πab

gæ‰Á 5.3

1)  C = 10x + 12x2 – x3 + 4 , AC = 10 + 12x – x2 + 
4
x

2)  C = 100 (log 
x

16  + 1),   AC = 
100

x
 (log

x
16  + 1)

3) C =  x3 – 5x2 + 3x + 8 , AC = x2 – 5x + 3 + 
8
x

4)  C = 5x – 3x2 + x3 + 100, AC = 5 – 3x + x2 + 
100

x

5)  C = 20x – 0.02x2 + 0.001x3 + 7000

 AC = 20 – 0.02x + 0.001x2 + 7000
x

6) R = 15x – 9
2

2x  – x3, AR = 15 – 9
2
x  – x2

7) R = 9x – x2 + 4
3

3x   , p = 9 – x + 
4
3

2x

8)  R = 100x – 3x3, p = 100 – 3x2

9) R = 2x + 2x2 – x3

3
 , p = 2 + 2x – x2

3

10) R = 4x – 3
2

2x , p = 4 – 3
2
x

11) p = 3 – x,  R = 3x – x2

12) p = 5 – 
x2

2 ,  R = 5x – 
x3

2   

13)  p = 
k
x  , k xU	kh¿è.

π



358

14) C = 2x + e3x + 500, AC = 2 + e
x x

x3 500
+  

15)  R = – 
3
x

 – logx2 + 9,  p = − − +
3 9
2

2

x
x

x x
log

16) R = 16x - x3

3
 ,  p  = 16 −

x2

3   17) 13x – 0.065x2 – 120

18) R = %.4,31,667

gæ‰Á 5.4

éilfŸ	myFfëš	cŸsd.

1)  27   2) 
250
3

  3) (i) 16  (ii) 4

4)  216   5) 128   6) 
10
3   7)) (i) 

9
2

 (ii) 18  8) 
8
3

  9) 9  ; 18

 

10)  18 ;  36  11) 144 ; 48

12) 
63
2   ;  

9
2   13) 

16
3  ; 32

14)  50 ; 15  15) 16 log2 – 8 ; 4

gæ‰Á 5.5

1) (c)   2) (a)   3) (a)   4) (b)   5) (a)  6) (a)  

7) (a)   8) (b)   9) (a)  10) (b)  11) (c)   12) (a) 

13) (b)  14) (a)   15) (a)  16) (a)   17) (a)   18) (b)
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tif¡bfG rk‹ghLfŸ

gæ‰Á 6.1

1)  (i)   2 k‰W« 1  (ii) 3  k‰W« 1       (iii) 2  k‰W« 2 (iv) 2 k‰W« 1 

 (v)  2  k‰W« 3 (vi)  2  k‰W« 1 (vii) 2  k‰W« 3 (viii) 2  k‰W« 1

 (ix) 2  k‰W« 1 (x) 2  k‰W« 2

2)  (i) x
dy
dx

y− = 0   (ii) y x dy
dx

dy
dx

dy
dx

= 





− + 





2

  

 (iii) x
dy
dx

y dy
dx

a





− + =
2

0     (iv) 
d y
dx

2

2
0=

3)  x dy
dx

y+ = 0  4) 2 02 2xy dy
dx

x y+ − =  5) y
dy
dx

x dy
dx

y





+ − =
2

2 0

6)  
d y
dx

y
2

2
9 0+ =  7) y

dy
dx

x+ = 0

gæ‰Á 6.2

1) (i) sin–1y + sin–1x = c (ii) y – x = c (1 + xy)  (iii) y + 2 = c (x – 1)

2) tan y = c (1 – ex)3  3) (i) log (y + a) = x2 + c (ii) (x2 + 1) (y2 + 1) = c2

4) y = x3 + 2x – 4  5) y = x2

6)  bryÎ¢	rh®ò C = 
e7

3
 (e3x – 1)  

      ruhrç	bryÎ¢	rh®ò = e e
x

x7 3

3

1−

gæ‰Á 6.3

1) (i) 
x
y

x c= +log  (ii) 
y x
y

c x+ =  (iii) y
x
y
x

x c−





=1 3        (iv) log y x
y

c+ =
2

22

2) c2 = q2 + 6q  3) y x
x

2 2
2

12
128= −
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gæ‰Á 6.4

1) (i) y sin x = x + c   (ii) y x xsin = −2
2

2
2π

 (iii) y
x x

c
3

1= − +

    (iv) y x x( ) tan1
4

2 1+ = −− π
 (v) y cos x = ex + c  (vi) y x x clog

cos= − +2

2

2) Rs,13,720  3) cq a q q c q= − +
2

2
0

2
0 0( )

gæ‰Á 6.5

1) (i) y = Ae4x + Be6x (ii) y = A + Be–x    (iii) y = A cos 2x + B sin 2x    (iv) y = (Ax + B)e–2x

2) (i) y e e
x x= + −A B

2
3 3  (ii) y x e

x
= +( )A B

3
2  (iii) y e x x

x
= +

1
6 11

6

11

6
( cos sin )A B

3) (i) y e e e ex x x x= + + −−A B12 21

42

3

20
   (ii)  y e e

e
xex x

x
x= + + +

−
−A B2 3 2

12

3

20

    (iii) y Ax B e x ex x= + + +( ) 7
2

73

49 2
   (iv) y Ae e B x

x x

= + +
−
5 3

8
( )

4) P = Ae–4t + Be2t + 3

gæ‰Á 6.6

1) a 2) c 3) b 4) b 5) c 6) a 7) c 8) a 9) b 10) c 11) a 12) c

13) c 14) a 15) d 16) a 17) c 18) a 19) b 20) c

Ïil¢brUfš k‰W« ne®¡nfhL bghU¤Jjš

gæ‰Á 7.1

1) 33     2) 41 Ïy£r§fŸ 3) 7   4) 18  5) 384 l‹fŸ

6) 56.8672    7) 12.7696  8) 147411.99  9) 7237.87 10) 262.75

11) 124.1568    12) 478.625  13) 19   14) 32.93

gæ‰Á 7.2

3) y = x + 6.66   4) 4 ; – 3 5) y = 0.38 x + 1.65  6) y = 1.19x + 0.66

7) y = 0.0041x + 0.048 8) y = 1.33x + 0.72 ; y = 5.375  9) y = 1.125x + 38

10) y = 1.48x + 1.26  11) y = 3.14x + 27.34 ; y = 81 (njhuhakhf)

y e e e x ex x
x

x= + + +
−

−A B2 3 2

12

5

11
y e e e ex x x x= + + −−A B12 21

42

3

20
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gæ‰Á 7.3

1) c 2) b 3) a 4) b 5) c 6) a 7) c 8) c 9) b 10) c

ãfœjfÎ gutšfŸ

gæ‰Á 8.1

1) (ii) k‰W« (iii)  2) M«  3) (i) 
1

81
; (ii) 

9

81

65

81

24

81
, ,   

4) (i) M«

( ) ( )ii F if 

 if 

 if 

x x

x

x

<

£ <

³

0 1

1

3
1 2

1 2
{

5) 1  6) (a) 1

2
 ; (b) 

1

4
 (c) 

3

4
 

{7
1

4

1

16
0 1

7

16
0 2

11

16
0 3

1 3

) ( )

( F

i

ii x) ))  

 if 

 if 

 if 

 if 

<

<

<

x

x

x

x

8) k = 0.003 ; (i) 0.00012 ; (ii) 0.027     9) 1

10
1

2

1

2
11

8

3
106) ( ) ; ( ) )i ii

  

12)  (i) 0.3935 (ii) 0.1481 (iii) 0.2231

gæ‰Á 8.2

1) 2.50  2) 7  3) 1.25  4) 3.4  5) – 6.5, 6 6) 0 ; 4 ; 2

7
1

2

1

4
) ;

11) 2000
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gæ‰Á 8.3

1) 176

1024
 2) 0.2  3) n = 9, p = 2

3
, q = 1

3

4) 0.544320 5) 0.345 6) 0.762 7) 0.264 8) 0.0008

9) (i) 0.04979 (ii) 0.14937 10) 0.4060

gæ‰Á 8.4

1) (i) 0.0035 (ii) 0.9582 2) (i) 0.0581   (ii) 0.1519 3) 0.1587 

4) 0    5) 125    6) (i) 123  (ii) 341 

7) 66.01   8) μ = 50, σ = 10  9) μ = 50.09, σ = 19.4

gæ‰Á 8.5

1) b 2) a 3) c 4) a 5) c 6) b 7) b 8) b 9) c 10) a 11) b 12) c

13) b 14) c 15) c

TbwL¥ò c¤ÂfŸ k‰W« òŸëæaš cŒ¤Jz®jš

gæ‰Á 9.1

1)  (a) 6.35 äÛ ;  (b) 0.00055 äÛ2 2) (a) (0.818, 0.829) ; (b) (0.816, 0.832)

3)  ruhrç	Ïyhg«	72.6	Ïy£r¤Â‰F«	k‰W«	77.4	Ïy£r¤Â‰F«	Ïilæš	ÏU¡F«

4)  ruhrç	kÂ¥bg©fŸ	72.6¡F«	k‰W«	77.4	¡F	Ïilæš	ÏU¡F«.

5) FiwghLŸs	 bghUŸfë‹	 v©â¡if	 1230¡F«	 k‰W«	 2270¡F«	 Ïilæš	

ÏU¡F«.

6)  (a) 45% k‰W« 65% ;   (b) 42% k‰W« 68%

gæ‰Á 9.2

1)  H0 : F¿¥Ãl¥g£l	KGik¤	bjhFÂæš	ÏUªJ	vL¡f¥g£l	TW ; | Z | = 2.67, 

     H0 MdJ	ãuhfç¡f¥g£lJ.

2)  H0 : F¿¥Ãl¥g£l	KGik¤	bjhFÂæš	ÏUªJ	vL¡f¥g£l	TW ;

 5% k£l¤Âš, | Z | = 2.2 ; H0 MdJ	ãuhfç¡f¥g£lJ.
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 1% k£l¤Âš, | Z | = 2.2 ; H0 MdJ	V‰f¥g£lJ.

3)    H0 : µ=10, | Z | = 5.91 MdJ	5% k£l¤Âš	ãuhfç¡f¥g£lJ.

4)  H0 : P = 0.60, | Z | = 5.9 ; H0 MdJ	1% k£l¤Âš	ãuhfç¡f¥g£lJ.

gæ‰Á 9.3

1) c 2) c 3) b 4) c 5) a 6) c 7) c

ga‹gh£L¥ òŸëæaš

gæ‰Á 10.1

1)   60x1 + 120x2 ≤ 12000 

 8x1 + 5x2 ≤ 600, 

 3x1 + 4x2 ≤ 500,  

 x1 + x2 ≥ 0 v‹w	f£L¥ghLfS¡F	Ïz§f

 Z = 30x1 + 40x2 ‹	bgUk	kÂ¥ig¡	fh©f.

2)  x1 + x2 ≤ 450, 

 2x1 + x2 ≤ 600,  

 x1, x2 ≥ 0 v‹w	f£L¥ghLfS¡F	Ïz§f

 Z = 3x1 + 4x2 ‹	bgUk	kÂ¥ig¡	fh©f.

3)  x1 = 24, x2 = 14, Z = 2200  

4)  x1 = 2.5, x2 = 3.5, Z = 147.5 

5)  x1 = 1, x2 = 5, Z = 13

gæ‰Á 10.2

1) 0.9485 2) 0.2555 3) 0.7689 4) – 0.9673 5) 0.3566

6) y = – 0.65 x + 11.90 ; x = – 1.30y + 16.40  

7) x = y + 6, x = 26

8) y = 0.5932x + 38.79 ; x = 0.7954y + 13.34  

9) y = 0.25x + 24.75 ; x = 0.2683y + 27.88
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gæ‰Á 10.3

3)  100, 110, 120, 130, 140, 150, 160

4)  42.31, 40.94, 39.56, 38.19, 36.81, 35.44, 34.06, 32.69

5)  –, 22, 23.33, 24, 23.67, 24.33, 26, 26.33, – .

6)  – , 87.33, 88.33, 89.67, 92, 95, –.

7)  –, –, 495.75, 503.63, 511.63, 529.50, 553, 572.50, –, –.

8)  –, –, 648.125, 661.500, 674.625, 687.875, 696.375, 715.250, 735.750, –, –.

9)  105.10, 95.68, 99.35, 99.87

10)  98.4, 92.2, 108.9, 100.5

11)  98.4, 92.14, 108.9, 100.52

gæ‰Á 10.4

1) 136.54, 135.92, 136.23  2) 125, 126.21, 125.6  3) 125, 126.21, 125.6

4) 114.74, 112.73, 113.73  5) 139.79   6) 124.34 

7) 119.09    8) 137.27   9) 124.41 

10) 101.1

gæ‰Á 10.5

1)  X = 33.6, R = 6.2

     X gl« : UCL = 37.446, LCL = 30.254

     R gl« : LCL = 0, UCL = 13.14

gæ‰Á 10.6

1) d 2) c 3) b 4) d 5) d 6) c 7) c 8) a 9) d 10) a 11) d 12) a

13) a 14) b 15) c 16) d 17) b 18) d 19) a 20) c 21) b 22) a 23) a 24) b

25) b
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Â£l Ïašãiy¥ gutš m£ltiz

Z .00 .01 .02 .03 .04 .05 .06 .07 .08 .09

0.0

0.1

0.2

0.3

0.4

.0000

.0398

.0793

.1179

.1554

.0040

.0438

.0832

.1217

.1591

.0080

.0478

.0871

.1255

.1628

.0120

.0517

.0910

.1293

.1664

.0160

.0557

.0948

.1331

.1700

.0199

.0596

.0987

.1368

.1736

.0239

.0636

.1026

.1406

.1772

.0279

.0675

.1064

.1443

.1808

.0319

.0714

.1103

.1480

.1844

.0359

.0753

.1141

.1517

.1879

0.5

0.6

0.7

0.8

0.9

.1915

.2258

.2580

.2881

.3159

.1950

.2291

.2612

.2910

.3186

.1985

.2324

.2642

.2939

.3212

.2019

.2357

.2673

.2967

.3238

.2054

.2389

.2704

.2996

.3264

.2088

.2422

.2734

.3023

.3289

.2123

.2454

.2764

.3051

.3315

.2157

.2486

.2794

.3078

.3340

.2190

.2518

.2823

.3106

.3365

.2224

.2549

.2852

.3133

.3389

1.0

1.1

1.2

1.3

1.4

.3413

.3643

.3849

.4032

.4192

.3438

.3665

.3869

.4049

.4207

.3461

.3686

.3888

.4066

.4222

.3485

.3708

.3907

.4082

.4236

.3508

.3729

.3925

.4099

.4251

.3531

.3749

.3944

.4115

.4265

.3554

.3770

.3962

.4131

.4279

.3577

.3790

.3980

.4147

.4292

.3599

.3810

.3997

.4162

.4306

.3621

.3830

.4015

.4177

.3219

1.5

1.6

1.7

1.8

1.9

.4332

.4452

.4554

.4641

.4713

.4345

.4463

.4564

.4649

.4719

.4357

.4474

.4573

.4656

.4719

.4370

.4484

.4582

.4664

.4732

.4382

.4495

.4591

.4671

.4738

.4394

.4505

.4599

.4678

.4744

.4406

.4515

.46708

.4686

.4750

.4418

.4525

.4616

.4693

.4756

.4429

.4535

.4625

.4699

.4761

.4441

.4545

.4633

.4706

.4767

2.0

2.1

2.2

2.3

2.4

.4772

.4821

.4861

.4893

.4918

.4778

.4826

.4864

.4896

.4920

.4783

.4830

.4868

.4898

.4922

.4788

.4834

.4871

.4901

.4925

.4793

.4838

.4875

.4904

.4927

.4798

.4842

.4878

.4906

.4929

.4803

.4846

.4881

.4909

.4931

.4808

.4850

.4884

.4911

.4932

.4812

.4854

.4887

.4913

.4934

.4817

.4857

.4890

.4916

.4936
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2.5

2.6

2.7

2.8

2.9

.4938

.4953

.4965

.4974

.4981

.4940

.4955

.4966

.4975

.4982

.4941

.4956

.4967

.4976

.4982

.4943

.4957

.4968

.4977

.4983

.4945

.4959

.4969

.4977

.4984

.4946

.4960

.4970

.4978

.4983

.4948

.4961

.4971

.4979

.4985

.4949

.4962

.4972

.4979

.4985

.4951

.4963

.4973

.4980

.4986

.4952

.4964

.4974

.4981

.4986

3.0

3.1

3.2

3.3

3.4

.49865

.49903

.4993129

.4995166

.4996631

.4987

.4990

.4993

.4995

.4997

.4987

.4991

.4994

.4995

.4997

.4988

.4991

.4994

.4996

.4997

.4988

.4992

.4994

.4996

.4997

.4989

.4992

.4994

.4996

.4997

.4989

.4992

.4994

.4996

.4997

.4989

.4992

.4995

.4996

.4997

.4990

.4993

.4995

.4996

.4998

.4990

.4993

.4995

.4997

.4998

3.5

3.6

3.7

3.8

3.9

.4997674

.4998409

.4998922

.4999277

.4999519

.4998

.4998

.4999

.4999

.5000

.4998

.4999

.4999

.4999

.5000

.4998

.4999

.4999

.4999

.5000

.4998

.4999

.4999

.4999

.5000

.4998

.4999

.4999

.4999

.5000

.4998

.4999

.4999

.4999

.5000

.4998

.4999

.4999

.5000

.5000

.4998

.4999

.4999

.5000

.5000

.4998

.4999

.4999

.5000

.5000


