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In these days of conflict between ancient and modern studies; there
must purely be something to be said for a study which did not

begin with Pythagoras and will not end with Einstein; but
is the oldest and the youngest — G.H.HARDY 

1.1 (Introduction)

Georg Cantor

1.2 (Sets and their Representations)

(i)

(ii)

(iii) a, e, i, o, u,

(iv)

1

(Sets)

Georg Cantor
(1845-1918 A.D.)
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(v)

(vi) x2 – 5x + 6 = 0,

N :
Z :

Q :
R :

Z+ :
Q+ :

R+ :

(i)

(ii)

A, B, C, X, Y, Z

(iii) a,

b, c, x, y, z

a, A a A

(epsilon)

‘a  A’ b, A ‘b
 A’ b A

V a  V b  V.



        3

P 3  P 15  P..

(i)

(ii)

(i)

{2, 4, 6}

(a)

{1, 2, 3, 6, 7, 14, 21, 42}

(b) {a, e, i, o, u}

(c) {1, 3, 5, . . .}

{1, 3, 7, 21, 2, 6, 14, 42}


‘SCHOOL’ { S, C, H, O, L}

(ii)

{a, e, i, o, u}

V

V = {x : x }

‘x’
x

y, z

{ }

V x

x
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 x

x

A = {x : x 3 < x < 10}

x x x,3 10

A

(a), (b) (c) A, B, C

A, B  C

A = {x : x }

B = {y : y }

C = {z : z }

x2 + x – 2 = 0

(x – 1)  (x + 2) = 0, x = 1, – 2

{1, – 2}.

{x : x x2 < 40}

1, 2, 3, 4, 5, 6 {1, 2, 3, 4, 5, 6}

A = {1, 4, 9, 16, 25, . . . }

A

A = {x : x }

A = {x : x = n2, n  N}

1 2 3 4 5 6
{ }

2 3 4 5 6 7
, , , , ,

{
1

n
x : x ,

n



n, 1  n 6}
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(i) {P, R, I, N, C, A, L} (a) { x : x }

(ii) { 0 } (b) { x : x x2 – 9 = 0}
(iii) {1, 2, 3, 6, 9, 18} (c) {x : x x + 1= 1}

(iv) {3, –3} (d) {x : x  PRINCIPAL }

(d) PRINCIPAL P I

(i) (d) (ii) (c)

x + 1 = 1 x = 0.

(iii) (a) x2 – 9 = 0 x = 3, –3
(iv) (b)

1.1

1.
(i) J
(ii)
(iii)
(iv)
(v)
(vi)
(vii)
(viii)
(ix)

2. A = {1, 2, 3, 4, 5, 6},  
(i) 5. . .A (ii) 8 . . . A (iii) 0. . .A

     (iv)  4. . . A (v) 2. . .A (vi) 10. . .A

3.
(i) A = {x : x –3 < x < 7}
(ii) B = {x : x }
(iii) C = {x : x }
(iv) D = {x : x }
(v) E = TRIGONOMETRY

(vi) F = BETTER
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4.
(i) (3, 6, 9, 12} (ii) {2,4,8,16,32} (iii) {5, 25, 125, 625}

(iv) {2, 4, 6, . . .} (v) {1,4,9, . . .,100}

5.

(i) A = {x : x }

(ii) B = {x : x
1

2
 < x <

9

2
 }

(iii) C = {x : x x2  4}

(iv) D = {x : x, LOYAL }

(v) E = {x : x }

(vi) F = {x : x k }

6.

(i) {1, 2, 3, 6} (a) {x : x }

(ii) {2, 3} (b) {x : x }

(iii) {M,A,T,H,E,I,C,S} (c) {x : x }

(iv) {1, 3, 5, 7, 9} (d) {x : x MATHEMATICS }

1.3 (The Empty Set)

A = { x : x XI  }

 XI

A

B

B = { x : x X XI }

X XI

B

B A

 {   }

(i)   A = {x : 1 < x < 2, x }. A
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(ii) B = {x : x2– 2 = 0 x }. B

x2 – 2 = 0,   x

(iii) C = {x : x } C

(iv) D = { x : x2 = 4, x }. D

x2 = 4, x

1.4 (Finite and Infinite Sets)

  A = {1, 2, 3, 4, 5}, B = {a, b, c, d, e, g}

C = { }

A 5 B C

C

S

n (S) n (S)

S

N

A, B

C n(A) = 5, n(B) = 5 n(C) =

(i) W W

(ii) S, x2 –16 = 0 S

(iii) G, G

{   }

{  }

, {1, 2, 3 . . .} , {1, 3, 5, 7, . . .}
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 {. . .,–3, –2, –1, 0,1, 2 ,3, . . .}
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(i) {x : x  N (x – 1) (x –2) = 0}

(ii) {x : x  N x2 = 4}

(iii) {x : x  N 2x –1 = 0}

(iv) {x : x  N x }

(v) {x : x  N x }

(i) = {1, 2}.

(ii) = {2}.

(iii)  = .

(iv)

(v)

1.5 (Equal Sets)

A B, A B B

A A B,

3 A B

A = B, A  B.

(i) A = {1, 2, 3, 4} B = {3, 1, 4, 2}. A = B.

(ii) A P,

A P
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A = {1, 2, 3} B = {2, 2, 1, 3, 3}

A B

7
A = {0}, B = {x : x > 15 x < 5},

C = {x : x – 5 = 0 }, D = {x : x2 = 25},

E = {x : x x2 – 2x –15 = 0 }.

0  A 0  B, C, D E, A  B,

A  C, A  D, A  E.

B = 
B  C, B  D B  E.

C = {5} –5  D, C  D

E = {5}, C = E , D = {–5, 5} E = {5},  D  E.

C E

(i) X, “ALLOY” B,  “LOYAL”

(ii) A =  {n : n  Z n2  4} B = {x : x  R x2 – 3x + 2 = 0}.

(i)  X = {A, L, L, O, Y}, B = {L, O, Y, A, L}. X B

X = {A, L, O, Y} = B
(ii) A = {–2, –1, 0, 1, 2},  B = {1, 2}. 0  A 0 B, A B

1.2

1.
(i)
(ii)
(iii) { x : x , x < 5 x > 7 }
(iv) { y : y }
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2.

(i)

(ii) {1, 2, 3, . . .}

(iii) {1, 2, 3, . . .99, 100}

(iv)

(v)

3.

(i) x-
(ii)

(iii)

(iv)

(v)

4. A = B

(i) A = { a, b, c, d } B = { d, c, b, a }

(ii) A = { 4, 8, 12, 16 } B = { 8, 4, 16, 18}

(iii) A = {2, 4, 6, 8, 10} B = { x : x x  10}

(iv) A = {x : x }, B = { 10, 15, 20, 25, 30, . . . }

5.

(i) A = {2, 3}, B =  {x : x x2 + 5x + 6 = 0 }

(ii) A = { x : x  ‘FOLLOW’ }

B = { y : y  ‘WOLF’ }

6.

A = { 2, 4, 8, 12}, B = { 1, 2, 3, 4}, C = { 4, 8, 12, 14}, D = { 3, 1, 4, 2},

E = {–1, 1}, F = { 0, a}, G = {1, –1}, H = { 0, 1}

1.6 (Subsets)

X =

Y =

Y X Y, X

X X Y 
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A B A B

A B aA, a B. 

A  B, a  A a  B

“A, B

a, A a, B A, B

A B

A B,

A B B A

B A BA . A B

A  B B   A A = B,  (two way

implications) ‘iff’

A A 


(i) Q, R

Q  R.

(ii) A, B,

B, A B

 A.

(iii) A = {1, 3, 5} B = {x : x

} A B B  A, A = B

(iv) A = { a, e, i, o, u} B = { a, b, c, d}. A, B

B A

A B A B A  B , A, B

B, A

A = {1, 2, 3}, B = {1, 2, 3, 4}

A

{ a }
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9

, A = { 1, 3 },   B = {1, 5, 9},   C = {1, 3, 5, 7, 9}.

 
(i)  . . . B (ii) A . . . B (iii) A . . . C (iv) B . . . C

(i)   B, 
(ii) A B 3  A 3  B

(iii) A C 1, 3  A 1, 3 C
(iv) B  C B C

10 A = { a, e, i, o, u}, B = { a, b, c, d}. A, B

A, B

11 A, B C A B B  C,

A C?

A = {1}, B  = {{1}, 2} C = {{1}, 2, 3}

A B A = {1) B  C A C 1 A 1  C.

1.6.1

R

N = {1, 2, 3, 4, 5, . . .}

Z = {. . ., –3, –2, –1, 0, 1, 2, 3, . . .}

Q = { x : x =
p
q

, p, q   Z q  0}

“Q x x
p
q

, p

q q Q –5 (
5

1
–

 ,
5

7
,

1
3

2
   (

7

2

11

3
–
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T,

T = {x :  xR xQ} = R – Q
T 2 , 5 

N  Z  Q, Q  R, T  R, N T.

1.6.2 R (Interval as subsets of R)
a, b  R a < b. { y : a < y < b}

(a, b) a b

a b

[ a, b ] [ a, b ] = {x : a  x  b}

[ a, b ) = {x : a  x < b}, a b, a b

( a, b ] = { x : a < x   b } a b, b

a

A = (–3, 5) B = [–7, 9], A B.

[ 0, ) ( – , 0 )

( – ,  ), –  

R 1.1

{x : xR : –5 < x  7} (–5, 7]
[–3, 5) {x : –3   x < 5}

(b – a) (a, b), [a, b],  [a, b) (a, b]

1.1
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1.7 (Power Set)

{1, 2} {1, 2}

 ,  {1, 2}

{1} { 2 } {1, 2}

{ 1, 2 }

{1, 2} { 1, 2 }

, { 1 }, { 2 } { 1, 2 } { 1, 2 }

5 A A P(A)

P(A)

A = { 1, 2 },
P( A ) = { ,{ 1 }, { 2 }, { 1,2 }}

n [ P (A) ] = 4 = 22

A n(A) = m,

n [ P(A)] = 2m.

1.8 (Universal Set)

U

A, B, C,

Z Q

R

1.3

1.  
(i) { 2, 3, 4 } . . . { 1, 2, 3, 4,5 } (ii) { a, b, c } . . . { b, c, d }

(iii) {x : x XI }. . .{x : x

}
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(iv) {x : x } . . .{x : x

}

(v) {x : x } . . . {x : x

}

(vi) {x : x } . . . {x :x

}

(vii) {x : x } . . .  {x : x }

2.

(i) { a, b }  { b, c, a }

(ii) { a, e }  { x : x }

(iii) { 1, 2, 3 }  { 1, 3, 5 }

(iv) { a }   { a, b, c }

(v) { a }  { a, b, c }

(vi) { x : x }   { x : x

}

3.  A = { 1, 2, { 3, 4 }, 5 }

(i) {3, 4}A (ii) {3, 4}A (iii) {{3, 4}}A
(iv) 1A (v) 1 A(vi) {1, 2, 5}A
(vii) {1, 2, 5}A (viii) {1, 2, 3}A
(ix)   A (x)   A (xi) {}A

4.

(i) {a} (ii) {a, b} (iii) {1, 2, 3} (iv) 
5. P(A) A = ?
6.

(i) {x : x  R, – 4 < x  6} (ii) {x : x  R, – 12 < x < –10}
(iii) {x : x  R, 0  x < 7} (iv) {x : x  R, 3  x  4}

7.

(i) (– 3, 0) (ii) [6 , 12] (iii) (6, 12] (iv) [–23, 5)
8.

(i) (ii)
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9. A = {1, 3, 5}, B = {2, 4, 6} C = {0, 2, 4, 6, 8}

A, B C

(i) {0, 1, 2, 3, 4, 5, 6} (ii) 
(iii) {0,1,2,3,4,5,6,7,8,9,10} (iv) {1,2,3,4,5,6,7,8}

1.9 (Venn Diagrams)

John Venn

 1.2  1.3

1.2 , U = {1,2,3, ..., 10} A = {2,4,6,8,10}

1.3 , U = {1,2,3, ..., 10} A = {2,4,6,8,10}

B = {4, 6} B  A.

1.10 (Operations on Sets)
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1.10.1 (Union of sets) A B
A B A B

‘’
A B ‘A

B’

12 A = {2, 4, 6, 8} B = { 6, 8, 10, 12} A B
A B  = { 2, 4, 6, 8, 10, 12}

A  B

13 A = { a, e, i, o, u } B = { a, i, u }.
A B = A.

 A B = { a, e, i, o, u } = A.
A B

A B  A, AB = A.

14 X = { } XI
Y = { } XI

X Y

 X  Y = { }. XI

6 A B
A B

A B  = { x : x A x B }

A B

 1.4
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(i) A B  = B  A ( )

(ii) ( A B )  C = A ( B  C)

( )

(iii) A   = A (   )

(iv) A A  = A ( )

(v) U  A  = U (U )

1.10.2 (Intersection of sets) A B

A B ‘’
A B

A B

AB = {x :  x  A x  B}

15 A B AB

A B

A B = { 6, 8 }

16 X Y X Y

XY = { }

17 A = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} B = { 2, 3, 5, 7 }

A  B AB = B.

AB = { 2, 3, 5, 7 } = B B A A B = B

7 A B A B

A B = {x : x  A x  B}

A B

A B AB  = ,
A B

A = { 2, 4, 6, 8 }  1.5
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B = { 1, 3, 5, 7 } A B

A B

A B

(i) A B  = B  A ( )
(ii) ( A  B )  C = A( B  C ) ( )
(iii)   A = , U  A = A ( U )
(iv) A A = A
(v) A(B C)  = ( A  B )  ( A  C ) ( )
 

[ (i) (v)]

(i) (iii)

(ii) (iv)

(v)

 1.6

Figs. 1.7 (i) to (v)
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1.10.3 (Difference of sets) A B

A B A B

A–B “ A B”

18 A = { 1, 2, 3, 4, 5, 6}, B = { 2, 4, 6, 8 } A – B
B – A

, A – B = { 1, 3, 5 }, 1, 3, 5 A

B B – A = { 8 }, B A

A – B  B – A

19 V = { a, e, i, o, u } B = { a, i, k, u} V – B
B – V

, V – B = { e, o }, e, o

V B B – V = { k },

k B V

V – B  B – V

A – B = { x : x  A x  B }

A B

A B

A – B, A  B B – A

1.4

1.

(i) X = {1, 3, 5}, Y = {1, 2, 3}

(ii) A =  [ a, e, i, o, u}, B = {a, b, c}

1.8

 1.9
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(iii) A = {x : x }

B = {x : x }

(iv) A = {x : x  1 < x  6 }

B = {x : x 6 < x < 10 }

(v) A = {1, 2, 3}, B = 
2. A = { a, b }, B =  {a, b, c}. A B ? A B

3. A B A B, A B ?

4. A = {1, 2, 3, 4}, B = {3, 4, 5, 6}, C = {5, 6, 7, 8 } D = { 7, 8, 9, 10},

(i) A  B (ii) A  C (iii) B  C (iv)  B  D

(v) A  B  C (vi) A  B  D (vii) B  C  D

5.

6. A = { 3, 5, 7, 9, 11 }, B = {7, 9, 11, 13}, C = {11, 13, 15} D = {15, 17};

(i) A  B (ii) B  C (iii) A  C  D

(iv) A  C (v) B  D (vi) A  (B  C)

(vii) A  D (viii) A  (B  D) (ix) ( A B )  ( B C )

(x) ( A D)  ( B  C)

7. A = {x : x }, B = {x : x }

C = {x : x } D = {x : x },

(i) A  B (ii) A  C (iii) A  D

(iv) B  C (v) B  D (vi) C  D

8.

(i) {1, 2, 3, 4} {x : x 4  x  6 }

(ii) { a, e, i, o, u } { c, d, e, f }

(iii) {x : x } {x : x }

9. A = {3, 6, 9, 12, 15, 18, 21}, B = { 4, 8, 12, 16, 20 },

C = { 2, 4, 6, 8, 10, 12, 14, 16 }, D = {5, 10, 15, 20 };

(i) A – B (ii) A – C (iii) A – D (iv) B – A
(v) C – A (vi) D – A (vii) B – C (viii) B – D
(ix) C – B (x) D – B (xi) C – D (xii) D – C



22

10. X= { a, b, c, d } Y = { f, b, d, g},

(i) X – Y (ii) Y – X (iii) X  Y

11. R Q R – Q ?

12.

(i) { 2, 3, 4, 5 } { 3, 6}

(ii) { a, e, i, o, u } { a, b, c, d }

(iii) { 2, 6, 10, 14 } { 3, 7, 11, 15}

(iv) { 2, 6, 10 } { 3, 7, 11}

1.11 (Complement of a Set)

U A, U

A = {x : x   U

x } 2  U  2  A,

3  U 3  A, 7  U 7  A

U A

{2, 3, 7}, U  A A
  A = {2, 3, 7} A = {x : x  U x  A }

8 U A, U

A U A

U A A A = {x : x 
U x  A } A = U – A

A U A

20 U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} A = {1, 3, 5, 7, 9}

A

U A

A= { 2, 4, 6, 8,10 }.

21 U XI

A, XI A
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A, XI A

 A U A

U

A = { 2, 4, 6, 8, 10 }

(A) = {x : x  U x  A}

= {1, 3, 5, 7, 9} = A

U A

(A) = A

( A B) A  B

22 U = {1, 2, 3, 4, 5, 6}, A = {2, 3} B = {3, 4, 5}

A, B ,  A  B, A B (  A B)  = A B.

A = {1, 4, 5, 6}, B = { 1, 2, 6 } A B = { 1, 6 }

A B  = { 2, 3, 4, 5 } (A B)  = { 1, 6 }

    ( A B)  = { 1, 6 } =  A B

( A B)   = A  B.

A B U

( A B)  = A  B . ( A B) = A  B

De Morgan

De Morgan

A A

A A  1.10
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1. : (i) A A  = U  (ii) A A = 
2. De Morgan : (i) (A B)´  = A  B (ii) (A B = A  B
3. : (A) = A

4.   U = U U = .

1.5

1. U = {1, 2, 3, 4, 5, 6, 7, 8, 9 }, A  = {1, 2, 3, 4}, B = {2,  4, 6, 8 }

C = { 3, 4, 5, 6 }

(i) A    (ii) B    (iii) (A C)    (iv) (A B)    (v) (A)    (vi) (B – C)

2. If U = { a, b, c, d, e, f, g, h}

(i) A = {a, b, c} (ii) B = {d, e, f, g}

(iii) C = {a, c, e, g} (iv) D = { f, g, h, a}

3.

(i) {x : x } (ii) { x : x }

(iii) {x : x } (iv) { x : x }

(v) {x : x, }

(vi) { x : x } (vii) { x : x }

(viii) { x : x + 5 = 8 } (ix) { x : 2x + 5 = 9}

(x) { x : x  7 } (xi) { x : x N  2x + 1 > 10 }

4. U = {1, 2, 3, 4, 5, 6, 7, 8, 9 }, A = {2, 4, 6, 8} B = { 2, 3, 5, 7}

(i) (AB) = A  B (ii)  (AB) = A  B

5.

(i) (A  B) (ii) A  B (iii) (A  B) (iv) A  B

6. U

A 600

A
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7.
(i) A A = . . . (ii)  A = . . .

(iii) A A = . . . (iv) U A = . . .

1.12
Practical Problems on Union and Intersection of Two Sets

(i) A B

A  B = ,
n ( A B ) = n ( A ) + n ( B ) ... (1)

AB A B

A B = . (1)

(ii) A B n ( A B ) = n ( A ) + n ( B )

 – n ( A B ) ... (2)

A – B,  A   B B – A AB

n ( AB) = n ( A – B) + n ( A  B ) + n ( B – A )
= n ( A – B) +  n ( A B ) + n ( B – A ) + n ( A  B ) – n ( A  B)

= n ( A ) + n ( B ) – n ( A  B),

(iii) A, B C

n ( A B  C ) = n ( A ) + n ( B ) + n ( C ) – n ( A  B ) – n ( B  C)

     – n ( A  C ) + n ( A  B  C ) ... (3)

n ( A B  C ) = n (A) + n ( B  C ) – n [ A  ( B  C ) ] [ (2) ]

= n (A) + n ( B ) + n ( C ) – n ( B  C ) – n [ A  ( B  C ) ] [ (2) ]

A  ( B  C ) = ( A  B )  ( A  C ),

n [ A  ( B  C ) ] = n ( A  B ) + n ( A  C ) – n [ ( A  B)  (A  C)]

=  n ( A  B ) + n ( A  C )  – n (A  B  C)

 1.11
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n ( A B  C ) = n (A) + n ( B ) + n ( C ) – n ( A  B ) – n ( B  C)

– n ( A  C ) + n ( A  B  C )

23 X Y X  Y 50 X

Y X  Y

n (X  Y) = 50, n (X) = 28,

        n (Y) = 32, n (x  Y) = ?

n (X  Y) = n (X) + n (Y) – n (X  Y)

n (X  Y) = n (X) + n (Y) – n (X  Y)

= 28 + 32 – 50 = 10
n ( X  Y ) = k,

n (X – Y) = 28 – k , n (Y – X) = 32 – k ( )

50 = n (X  Y) = n (X – Y) + n (X Y) + n (Y – X)
= (28 – k) + k + (32 – k)

k = 10.

24

M P

n ( M  P ) = 20 , n ( M ) = 12 n ( M  P ) = 4

n ( P )

n ( M  P ) = n ( M ) + n ( P ) – n ( M  P ),

20 = 12 + n ( P ) – 4
n ( P ) = 12

25

 1.12
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X

Y X Y

X Y

n (X) = 24, n (Y) = 16, n (X  Y) = 35, n (X  Y) = ?

n (X  Y) = n (X) + n (Y) – n (X  Y),

35 = 24 + 16 – n (X  Y)

, n (X  Y) = 5

 5

U A

B

n (U) = 400, n (A) = 100, n (B) = 150 n (A  B) = 75.

n  (A B) = n (A  B)
= n (U) – n (A  B)

= n (U) – n (A) – n (B) + n (A  B)

= 400 – 100 – 150 + 75 = 225

27 C
1
, 50

C
2
, C

1
C

2

(i) C
1

C
2

(ii) C
2

C
1

(iii) C
1

C
2

U,

A, C
1

B, C
2
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n ( U) = 200, n ( A ) = 120, n ( B ) = 50 n ( A B ) = 30
(i)

A = ( A – B )  ( A B ).

n (A) = n( A – B ) + n( A B )
( A – B) AB )

n ( A – B ) = n ( A ) – n ( A B ) =
120 –30 = 90

C
1

C
2

(ii)  B = ( B – A)  ( A B).

n (B) = n (B – A) + n ( A B) ( A – B A – B

n ( B – A ) = n ( B ) – n ( A  B

= 50 – 30 =  20
C

2
C

1

(iii) C
1

C
2

n ( A B ) = n ( A ) + n ( B ) – n ( A B )

= 120 + 50 – 30 = 140.

1.6

1. X Y n ( X ) = 17, n ( Y ) = 23

n ( X  Y ) = 38, n ( X  Y )

2. X Y X Y X Y

X  Y

3.

4. S T S T S T

S T

5. X Y X X Y X Y

Y

6.

 1.13
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7.

8.

28 “ CATARACT ”
“ TRACT”

X “CATARACT”
X = { C, A, T, A, R, A, C, T } = { C, A, T, R }

Y “ TRACT”
Y = { T, R, A, C }

X Y Y X X = Y

29 { –1, 0, 1 }

A = {–1, 0, 1} A

 A { –1 }, { 0 }, { 1 } A

{ –1, 0 }, {–1, 1} ,{0, 1} A A

A , { –1 }, { 0 }, { 1 }, {–1, 0}, {–1, 1} ,{0, 1} {–1, 0, 1}

30 A B =  A B  A = B

a A, a A  B. A  B = A  B ,

aA  B. aB. A  B. bB, bA B.

A B = A B , b A B. b A. B A  A = B.

31 A, B

P ( A B ) = P ( A )  P (  B ).

X P(AB) X  AB. X P(A) X P(B),

X [P ( A) P (B)] P ( AB) [P ( A) P ( B)]

Y [P ( A ) P ( B )] Y P ( A) Y P ( B ) YA Y B.
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Y  A  B, Y  P ( A  B ), [P ( A )  P ( B )]

 P ( A B), P ( A B ) = P ( A )  P ( B ).

32

A B

U  S

A T B

n ( U ) = 1000, n ( S ) = 720, n (  T ) = 450

n ( S  T ) = n ( S ) + n ( T ) – n ( S  T )

= 720 + 450 – n (S  T) = 1170 – n ( S  T )

n ( S  T ) n ( S  T ) S  T  U,

n ( S  T )  n ( U ) = 1000 n ( S  T )

1000 n ( S  T ) 170

33 A

B A B

U A

M B S

n ( U ) = 500, n (M ) = 400, n ( S ) = 200 n ( S  M ) = 50.

n ( S  M ) = n ( S ) + n ( M ) – n ( S  M )  = 200 + 400 – 50 = 550

S  M  U n ( S  M )  n ( U ).

34

F, B C



        31

n ( F ) = 38, n ( B ) = 15, n ( C ) = 20, n (F B C ) = 58 n (F B C ) = 3

n (F  B  C ) = n ( F ) + n ( B ) + n ( C ) – n (F B ) – n (F  C ) – n (B  C )
+ n ( F B  C ),

n ( F  B ) + n ( F  C ) + n ( B  C ) = 18

a

b

c

d

d = n ( F  B  C ) = 3

a + d + b + d + c + d = 18

a + b + c = 9,

1.

A = {x : x R x2 – 8x + 12 =  0

x },  B = {2, 4, 6},  C = { 2, 4, 6, 8, . . . }, D = { 6 }.

2.

(i) x   A A B , x  B

(ii) A  B B  C , A  C

(iii) A B B  C , A  C

(iv) A B B  C , A  C

(v) x  A A B , x  B

(vi) A B x  B , x  A

3. A, B, C A B = AC A B = AC

B = C.

4.

(i) A  B (ii) A – B =  (iii) A  B = B (iv) A B = A

 1.14
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5. A B, C – B  C – A.
6. P ( A ) = P ( B ), A = B

7. A B

P ( A )  P ( B ) = P ( A B )?

8. A B ,

A = ( A  B )  ( A – B )  A ( B – A ) =  ( A B )

9.

(i) A (  A  B ) = A (ii) A ( A B ) = A.

10. A B = A C B = C

11. A B X

A  X = B  X =  A X = B  X, A = B.

( A = A ( A X ) , B = B ( B X ) )

12. A, B C A  B, B C A C

A B  C = .

13.

14.

15. H, T,

I, H I H T

T I

(i)

(ii)

16. A, 26 B, 29 C

A B, 12 C A, 14 B

C

C
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 A B

 A B A

B R

 A A

 A B A

B

 A B A B

A B A B

A B

 A B (A B) = A  B (A B) = A  B

 A B A B = ,
n (A  B) = n (A) + n (B)

A  B  ,
n (A  B) = n (A) + n (B) – n (A  B)

Georg Cantor (1845  1918 )

1874

1897

a
1
 sin x + a

2
 sin 2x + a

3
 sin 3x + ...

1874

1879



34

Cantor Richard Dedekind (1831 -

1916 ) Kronecker (1810-1893 )

Gottlob Frege

Bertand Russell (1872 -1970 ) 1902

Russell Paul R.Halmos

‘Naïve  Set Theory’

1908 Ernst Zermelo 1922 Abraham Fraenkel

1925 John Von Neumann

1937 Paul Bernays

Kurt Gödel 1940

Von Neumann-Bernays (VNB)

Gödel-Bernays (GB)

Cantor

——





Mathematics is the indispensable instrument of
all physical research.– BERTHELOT 

2.1 (Introduction)

m, n, l, m,
A,  B

2.2  (Cartesian Product of Sets)

A, B,

A = { } B = {b, c, s},

b, c s

( , b), ( , c), ( , s), ( , b), ( , c),

( , s)

2

(Relations and Functions)

G.W.Leibnitz
(1646-1716 A.D.)

2.1
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n
Principle of Mathematical

Induction

4.2 (Motivation)

(a)
(b)

N
R N

 S (Inductive set)  1ðÎ S
x + 1 ðÎ S  x ðÎð S.  N, R

R N

 1, 2, 3,...,n,
n = 3 1 + 2 + 3 n = 4 1 + 2 + 3 + 4

 1 + 2 + 3+...+n =
( 1)

2
n nð+
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n
n

4.3 (The Principle of Mathematical Induction)

P(n)
(i) n = 1, P(1)
(ii)  n = k, n = k + 1,

P(k) P (k + 1)
n P(n)

 (i) n ð³ 4
n = 4

n = 4 P(4)
 (ii) n = k

n = k n =  k + 1
conditional

proposition n = k n = k + 1
Induction step

n = k assumption
Induction hypothesis

1 = 12 =1
4 = 22 = 1 + 3
9 = 32 = 1 + 3 + 5
16 = 42 = 1 + 3 + 5 + 7,

1 + 3 + 5 + 7 + ... + (2n € 1) =n2 ,
n n
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P(n): 1 + 3 + 5 + 7 + ... + (2n € 1) =n2

P n n

P

1 = 12 P

Induction step P (k)

k ,  P (k + 1)

P (k)

P (k) : 1 + 3 + 5 + 7 + ... + (2k € 1) =k2 ... (1)

P (k+1)

P (k + 1) : 1 + 3 + 5 + 7 + ... + (2k € 1) + {2(k +1) € 1} ... (2)

= k2 + (2k + 1) [(1) ]

= (k + 1)2

, P (k + 1)

n P(n)

 1 n ð³ð 1

12 + 22 + 32 + 42 +•+  n2 =
( 1)(2 1)

6
n n nð+ ð+

.

P(n)

P(n) :  12 + 22 + 32 + 42 +•+  n2 =
( 1)(2 1)

6
n n nð+ ð+

n = 1 P(1): 1 =
1(1 1)(2 1 1)

6
ð+ ð´ ð+

=
1 2 3

1
6

ð´ ð´
ð=

k P(k)

12 + 22 + 32 + 42 +•+  k2 =
( 1)(2 1)

6
k k kð+ ð+

...(1)

 P(k + 1)
(12  +22  +32  +42  +• +k2  ) + (k + 1) 2

= 2( 1)(2 1)
( 1)

6
k k k

k
ð+ ð+

ð+ ð+ [(1) ]
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=
2( 1)(2 1) 6( 1)

6
k k k kð+ ð+ ð+ ð+

=
2( 1)(2 7 6)

6
k k kð+ ð+ ð+

=
( 1)( 1 1){2( 1) 1}

6
k k kð+ ð+ ð+ ð+ ð+

, P(k + 1) P (k)
N  P(n)

 2 n 2n > n.

P(n): 2n > n
 n=1, 21>1. P(1)

k P(k)
P(k) : 2k  > k ... (1)

 P(k +1) P(k)

2. 2k > 2k
2 k + 1 > 2k = k + k > k + 1

, P(k + 1)  P(k)
n P(n)

3 n ð³ 1

1 1 1 1
...

1.2 2.3 3.4 ( 1) 1
n

n n n
ð+ ð+ ð+ ð+ ð=

ð+ ð+.

P(n)

P(n):
1 1 1 1

...
1.2 2.3 3.4 ( 1) 1

n
n n n

ð+ ð+ ð+ ð+ ð=
ð+ ð+

 P(1):
1 1 1

1.2 2 1 1
ð= ð=

ð+
,  P(n), n = 1

k P(k)
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1 1 1 1
...

1.2 2.3 3.4 ( 1) 1
k

k k k
ð+ ð+ ð+ ð+ ð=

ð+ ð+ ... (1)

 P(k + 1) P(k)

1 1 1 1 1
...

1.2 2.3 3.4 ( 1) ( 1) ( 2)k k k k
ð+ ð+ ð+ ð+ ð+

ð+ ð+ ð+

=
1 1 1 1 1

...
1.2 2.3 3.4 ( 1) ( 1)( 2)k k k k

ðé ðù
ð+ ð+ ð+ ð+ ð+ðê ðúð+ ð+ ð+ðë ðû

=
1

1 ( 1)( 2)
k

k k k
ð+

ð+ ð+ ð+ [(1) ]

=
( 2) 1

( 1)( 2)
k k
k k

ð+ ð+
ð+ ð+

 =
2( 2 1)

( 1)( 2)
k k
k k

ð+ ð+
ð+ ð+  =

ð( ð)
ð( ð)ð( ð)

2
1

1 2

k

k k

ð+

ð+ ð+
 =

ð( ð)
ð( ð)

ð( ð)
ð( ð)

1 1

2 1 1

k k

k k

ð+ ð+
ð=

ð+ ð+ ð+

 P(k + 1) P(k)

n ð³ 1 P(n)

4 n 7n € 3n 4

P(n)

P(n) :  7n € 3n

P(1):  71 € 31 = 4 4 P(n), n = 1

k P(k)

, P(k) : 7k € 3k, 4

 7k € 3k = 4d, d ðÎ N.

 P(k + 1) P(k )

7(k+1)€ 3(k + 1) = 7(k + 1) € 7.3k + 7.3k € 3(k  + 1)

= 7(7k € 3k) + (7 € 3)3k

= 7(4d) + (7 € 3)3k

= 7(4d) + 4.3k  = 4(7d + 3k)
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 7(k + 1) € 3(k + 1), , P(k + 1)
  P(k) n

P(n)

 5 n (1 + x)n ð³ (1 + nx),
x > € 1.

P(n)

P(n): (1 + x)n ð³ð (1 + nx), x > € 1

n = 1, P(n)  ( 1+x) ð³ð  (1 + x) x > €1

P(k): (1 + x)k ð ð³ (1 + kx), x > € 1 ... (1)

 P(k + 1) x > €1  P(k)

... (2)

(1 + x)k + 1 = (1 + x)k (1 + x)

x > €1, (1+x) > 0.

(1 + x)k ð³ (1 + kx),

(1 + x) k + 1 ð³ (1 + kx)(1 + x)

(1 + x)k + 1 ð³  (1 + x + kx + kx2). ... (3)

k x2 ð ð³ 0 kx2 ð ð³ 0.

(1 + x + kx + kx2) ð³ (1 + x + kx),

(1 + x)k + 1 ð³ (1 + x + kx)

(1 + x)k + 1 ð³  [1 + (1 + k)x]

n

P(n)

 6 n ðÎN 2.7n + 3.5n € 5, 24

P(n)
P(n) : 2.7n + 3.5n € 5, 24

n = 1 P(n)

2.7 + 3.5 € 5 = 24 24

P(k)
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2.7k + 3.5k € 5 = 24q, q ðÎð N ... (1)
 P(k + 1) P(k)

2.7k+1 + 3.5k+1 € 5 =2.7k . 71 + 3.5k . 51 € 5
= 7 [2.7k + 3.5k € 5 € 3.5k + 5] + 3.5k . 5 € 5
= 7 [24q € 3.5k + 5] + 15.5k €5
= 7 × 24q € 21.5k + 35 + 15.5k € 5
= 7 × 24q € 6.5k + 30
= 7 × 24q € 6 (5k € 5)
= 7 × 24q € 6 (4p) [(5k € 5), p ðÎ N
= 7 × 24q € 24p
= 24 (7q € p)
= 24 ×r, r = 7q € p, ... (2)

P(k + 1) P(k)
n ðÎ N P(n)

12 + 22 + ... +n2  >
3

3
n

, n ðÎ N

P(n)

, P(n) : 12 + 22 + ... +n2  >
3

3
n

, n ðÎN

n = 1  P(n) P(1) :
3

2 1
1

3
ð>

 P(k)

, P(k) : 12 + 22 + ... +k2  >
3

3
k

... (1)

P(k + 1) P(k)
 12 + 22 + 32 + ... +k2 + (k + 1)2

= ð( ð) ð( ð) ð( ð)
3

2 22 2 21 2 ... 1 1
3
k

k k kð+ ð+ ð+ ð+ ð+ ð> ð+ ð+[(1) ]
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=
1
3

 [k3 + 3k2 + 6k + 3]

=
1
3

 [(k + 1)3 + 3k + 2] >
1
3

 (k + 1)3

 P(k + 1) P(k) n ðÎN
P(n)

n
(ab)n = anbn

P(n)
P(n) : (ab)n = anbn.

n = 1 P(n) (ab)1 = a1b1.
 P(k)

   (ab)k = akbk ... (1)
P(k + 1) P(k)

(ab)k + 1 = (ab)k (ab)
= (ak bk) (ab) [(1) ]
= (ak . a1) (bk . b1)
= ak+1 . bk+1

P(k+ 1) P(k)
n P(n)

4.1

n ðÎð N

1. 1 + 3 + 32 + ... + 3n € 1 =
(3 1)

2

n ð-
.

2. 13 + 23 + 33 + • + n3 =
2

( 1)
2

n nð+ðæ ðö
ðç ð÷
ðè ðø

.

3.
1 1 1 2

1
(1 2) (1 2 3) (1 2 3 ) ( 1)

n
...

...n n
ð+ ð+ ð+ ð+ ð=

ð+ ð+ ð+ ð+ ð+ ð+ ð+.
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4. 1.2.3 + 2.3.4 +•+ n(n+1) (n+2) =
( 1)( 2)( 3)

4
n n n nð+ ð+ ð+

5. 1.3 + 2.32 + 3.33 +• + n.3n =
1(2 1)3 3

4

nn ð+ð- ð+

6. 1.2 + 2.3 + 3.4 +•+ n (n+1) =
( 1)( 2)

3
n n nð+ ð+ðé ðù

ðê ðúðë ðû

7. 1.3 + 3.5 + 5.7 +•+ (2n€1) (2n+1) =
2(4 6 1)

3
n n nð+ ð-

8. 1.2 + 2.22 + 3.22 + ...+n.2n = (n€1) 2n + 1 + 2

9.
1 1 1 1 1

... 1
2 4 8 2 2n n

ð+ ð+ ð+ ð+ ð= ð-

10.
1 1 1 1

...
2.5 5.8 8.11 (3 1)(3 2) (6 4)

n
n n n

ð+ ð+ ð+ ð+ ð=
ð- ð+ ð+

11.
1 1 1 1 ( 3)

...
1.2.3 2.3.4 3.4.5 ( 1)( 2) 4( 1)( 2)

n n
n n n n n

ð+
ð+ ð+ ð+ ð+ ð=

ð+ ð+ ð+ ð+

12. a + ar + ar2 +•+ arn-1 =
( 1)

1

na r
r

ð-
ð-

13.
2

2

3 5 7 (2 1)
1 1 1 ... 1 ( 1)

1 4 9
n

n
n

ð+ðæ ðö ðæ ðö ðæ ðö ðæ ðöð+ ð+ ð+ ð+ ð= ð+ðç ð÷ ðç ð÷ ðç ð÷ ðç ð÷
ðè ðø ðè ðø ðè ðø ðè ðø

14.
1 1 1 1

1 1 1 ... 1 ( 1)
1 2 3

n
n

ðæ ðö ðæ ðö ðæ ðö ðæ ðöð+ ð+ ð+ ð+ ð= ð+ðç ð÷ ðç ð÷ ðç ð÷ ðç ð÷
ðè ðø ðè ðø ðè ðø ðè ðø

15. 12 + 32  + 52  + •+ (2 n€1)2  =
(2 1)(2 1)

3
n n nð- ð+

16.
1 1 1 1

...
1.4 4.7 7.10 (3 2)(3 1) (3 1)

n
n n n

ð+ ð+ ð+ ð+ ð=
ð- ð+ ð+

17.
1 1 1 1

...
3.5 5.7 7.9 (2 1)(2 3) 3(2 3)

n
n n n

ð+ ð+ ð+ ð+ ð=
ð+ ð+ ð+
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18. 1 + 2 + 3 +• + n <
1
8

(2n + 1)2

19. n (n + 1) (n + 5)
20. 102n € 1 + 1
21. x2n € y2n, ( x + y )
22. 32n+2 € 8n € 9,
23. 41n € 14n

24. (2n + 7) < (n + 3)2

ð®

ð®

P(n) n = 1
k, P(k) P (k+1)

Phythagoreans
Blaise Pascal

John Wallis
De Morgan

De Morgan

G. Peano



Mathematics is the Queen of Sciences and Arithmetic is the Queen of
Mathematics. – GAUSS

5.1 (Introduction)

x2 + 1 = 0
x2 + 1 = 0 x2 = – 1

x2 = – 1
ax2 + bx + c = 0

D = b2 –  4ac < 0 ,

5.2 (Complex Numbers)

1 i 2 1i  

i, x2 + 1 = 0

a + ib a b

2 + i3,  (– 1) + 3i ,
1

4
11

i
   
 

z = a + ib a Rez

b Imz

z = 2 + i5, Rez = 2 Imz = 5 z
1
 = a + ib  z

2
 =

c + id a = c b = d.

W. R. Hamilton
 (1805-1865 A.D.)

5

(Complex Numbers and Quadratic Equations)
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7 1 3z i 

1 = r cos , 3  = r sin 

 2 2 2cos θ sin θ 4r  

4 2r    ( r >0)

1
cos θ

2
 ,

3
sin θ

2





3

π π
2 cos sin

3 3
z i
   
 

5.7

16

1 3i




16

1 3i




 =
16 1 3

1 3 1 3

i

i i

 


 

=
 
 

 
2

16 1 3 16 1 3

1 31 3

i i

i

   




=  4 1 3 4 4 3i i     5.8

 – 4 = r cos , 4 3  = r sin 

  16 + 48 =  2 2 2cos θ + sin θr

r2 = 64, r = 8

cos  = 
1

2
,  sin  =

3

2

π 2πθ = π – =
3 3

  5.7

  5. 8
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=
2π 2π

8 cos sin
3 3

i
  
 

5.2

1. z = – 1 –  i 3 2. z = – 3  + i

3 8
3. 1 – i 4. – 1 + i 5. – 1 – i

6. – 3 7. 3  + i 8. i

5.6 (Quadratic Equations)

  0

ax2 + bx + c = 0 a, b, c a  0
b2 – 4ac < 0

2 4

2

b b ac
x

a

  


2 24 4

2 2

b b ac b ac b i

a a

     




n n

9 x2 + 2 = 0

x2 + 2 = 0

x2 = – 2

x = 2   = 2 i
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10 x2 + x + 1= 0

b2 – 4ac = 12 – 4 × 1 × 1 = 1 –  4 = – 3

x =
1 3 1 3

2 1 2

i    




25 5 0x x  

21 4 5 5    = 1 –  20 = – 19

1 19 1 19

2 5 2 5

i    


5.3

1. x2 + 3 = 0 2. 2x2 + x + 1 = 0 3. x2 + 3x + 9 = 0

4. – x2 + x – 2 = 0 5. x2 + 3x + 5 = 0 6. x2 – x + 2 = 0

7. 22 2 0x x   8. 23 2 3 3 0x x  

9.
2 1

0
2

x x   10.
2 1 0

2

x
x   

12
(3 2 )(2 3 )

(1 2 )(2 )

i i

i i

 
 

(3 2 )(2 3 )

(1 2 )(2 )

i i

i i

 
   =

6 9 4 6

2 4 2

i i

i i

  
  

 =
12 5 4 3

4 3 4 3

i i

i i

 


 

=
48 36 20 15 63 16

16 9 25

i i i   



 =

63 16

25 25
i

(3 2 )(2 3 ) 63 16
is

(1 2 )(2 ) 25 25

i i
i

i i

 


 
(3 2 )(2 3 ) 63 16

is
(1 2 )(2 ) 25 25

i i
i

i i
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(i)
1

1

i

i




(ii)
1

1 i

1

1

i

i




=
1 1 1 1 2

1 1 1 1

i i i
i

i i

   
  

  
= 0 + i

0 = r cos , 1 = r sin 

r2 = 1 r = 1

cos  = 0, sin  = 1

, πθ
2


1

1

i

i




1
π
2

(ii)
1 1 1 1

1 (1 )(1 ) 1 1 2 2

i i i

i i i

 
   

   

1

2
= r cos , –

1

2
 = r sin 

(i)

r =
1

2
, cos  =

1

2
, sin  = _ 1

2

πθ
4




1

1 i
1

2
π

4



x + iy =
a ib

a ib


 , x2 + y2 = 1

x + iy =
( )( )

( )( )

a ib a ib

a ib a ib

 
   =

2 2

2 2

2a b abi

a b

 
  =

2 2

2 2 2 2

2a b ab
i

a b a b




 



      119

x – iy =
2 2

2 2 2 2

2a b ab
i

a b a b




 

x2 + y2 = (x + iy) (x – iy) =
2 2 2 2 2

2 2 2 2 2 2

( ) 4

( ) ( )

a b a b

a b a b




 

=
2 2 2

2 2 2

( )

( )

a b

a b


  = 1

15 

3 2 sinθ
1 2 sinθ

i

i




3 2 sinθ
1 2 sinθ

i

i


 =

(3 2 sinθ) (1 2 sinθ)
(1 2 sinθ) (1 2 sinθ)

i i

i i

 
 

=
2

2

3+6 sinθ + 2 sinθ – 4sin θ
1+ 4sin θ

i i

=
2

2 2

3 4sin θ 8 sinθ
1 4sin θ 1 4sin θ

i


 

2

8sinθ
1 4sin θ

 = 0 sin  = 0

  = n, n  Z.

16
1

π π
cos sin

3 3

i
z

i






z =
1

1 3
2 2

i

i





=
 2 3 1 32( 1) 1 3

1 31 3 1 3

i ii i

i i

   
 

 
 =

3 1 3 1

2 2
i
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3 1 3 1θ θ
2 2

r cos , r sin
 
 

2 2

2 3 1 3 1

2 2
r
    
       
   

=
 22 3 1

2 4
2

4 4

      

r 2x 

3 1 3 1
cosθ , sinθ

2 2 2 2

 
 

π π 5πθ
4 6 12
  

5π 5π
2 cos sin

12 12
i

  
 

5

1.

325
18 1

i
i

    
   

2. z
1

z
2

Re (z
1

z
2
) = Rez

1
 Rez

2
 – Imz

1
 Imz

2
.

3.
1 2 3 4

1 4 1 5

i

i i i

           

4.
a ib

x iy
c id


 



2 2
2 2

2 2
( 2 )


 


a b

x y
c d

5.

(i)  2
1 7

2

i

i



 (ii)
1 3

1– 2
i

i



6.
2 20

3 4 0
3

x x   7.
2 3

2 0
2

x x  
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8. 227 10 1 0x x   9. 221 28 10 0x x  

10. z
1
 = 2 – i, z

2
 = 1 + i,

1 2

1 2

1

–
z z

z z i

 


11. a + ib =
2

2

( )

2 1

x i

x




, a2 + b2 =
 

2 2

22

( 1)

2 1

x

x





12. z
1
 = 2 – i, z

2
 = –2 + i,

(i) 1 2

1

Re
z z

z

 
 
 

(ii)
1 1

1
Im

z z

 
 
 

13.
1 2

1 3

i

i




14. (x – iy) (3 + 5i),  –6 – 24i x y

15.
1 1

1 1

i i

i i

 


 

16. (x + iy)3 = u + iv,
2 24( – )u v

x y
x y
 

17.   β 1 ,
β α

1 αβ
–

–

18. 1 2
x x– i 

19.  (a + ib) (c + id) (e + if) (g + ih) = A + iB

(a2 + b2) (c2 + d2) (e2 + f 2) (g2 + h2) = A2 + B2

20.
1

1
1

m
i

– i
 

 
 

, m
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 a + ib a b

a b

 z
1
 = a + ib z

2
 = c + id

(i) z
1
 + z

2
 = (a + c) + i (b + d)

(ii) z
1

z
2
  = (ac – bd) + i (ad + bc)

 z = a + ib (a  0, b  0)

2 2 2 2

a b
i

a b a b




  ,
1

z
z–1

z (a + ib)
2

2 2 2 2

a b
i

a b a b

 
 

  

= 1 + i0 =1

 k , i4k = 1, i4k + 1 = i, i4k + 2 = – 1, i4k + 3 = – i

 z = a + ib z z  = a – ib

 z = x + iy r (cos  + i sin ), r = 2 2x y

(z ) cos =
x

r
, sin =

y

r
 ( z 

–<   , z

 n n

 ax2 + bx + c = 0, a, b, c  R, a 0, b2 – 4ac < 0,

x =
24

2

b ac b i

a

  
i

Mahavira
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Bhaskara

Cardan x + y = 10, xy = 40

x = 5 + 15 y = 5 – 15
(useless)

Albert Girard

Euler 1 i W.R. Hamilton

a + ib (a, b)

— —





Mathematics is the art of saying many things in many

different ways. — MAXWELL

6.1 (Introduction)

 ‘<’
‘>’ , ‘’  ‘’

(Inequalities)

(optimisation problems),

6.2 (Inequalities)

(i) 200 1

30 x
30 x

200

30x < 200 ... (1)
i (equality) =

(Linear Inequalities)

6
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ii 120

40 20

x y 40x +20y

40x + 20y  120 ... (2)

40x + 20y < 120 ... (3)
40x + 20y = 120 ... (4)

1  ‘<’, ‘>’, ‘’  ‘’

3 < 5;  7 > 5

x < 5; y > 2; x   3, y   4
3 < 5 < 7 , 3 < x < 5 x, 3

5 )  2 < y < 4

ax + b < 0 ... (5)
ax + b > 0 ... (6)
ax + b  0 ... (7)
ax + b  0 ... (8)
ax + by < c ... (9)
ax + by > c ... (10)
ax + by  c ... (11)
ax + by   c ... (12)
ax2 + bx + c  0 ... (13)
ax2 + bx + c > 0 ... (14)

5 6 9 10 14 7 8

11 12 13 a   0 5 8

x a   0 b   0

9 12 x y

13 14 x

a  0.
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6 3
(Algebraic Solutions of Linear Inequalities in One Variable

and their Graphical Representation)

6 2 1 30x < 200 x

x

30x 200

x = 0 = 30 (0) = 0 < 200

x = 1 = 30 (1) = 30  < 200

x = 2 = 30 (2) = 60 < 200,

x = 3 = 30 (3) = 90 < 200,

x = 4 = 30 (4) = 120 < 200,

x = 5 = 30 (5) = 150 < 200,

x = 6 = 30 (6) = 180 < 200,

x = 7 = 30 (7) = 210  < 200,

x

0 1 2 3 4 5 6 x

{0, 1, 2, 3, 4, 5, 6}

(trial and error method)

1
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2

‘<’ >, ‘’ ‘’

3 > 2 – 3 < – 2
– 8 < – 7 (–8) (–2) > (–7) (–2), 16 > 14

1

2

1 30 x < 200,

(i) x

(ii) x

30 x < 200
30 200

30 30

x
 2

x <
20
3

(i) x

x

x = 1 2 3 4 5 6

{1 2 3 4 5 6}

(ii) x

..., – 3, –2, –1, 0, 1, 2, 3, 4, 5, 6
{...,–3, –2,–1, 0, 1, 2, 3, 4, 5, 6}
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2 5x 3< 3x+1

(i) x (ii) x

5x –3 < 3x + 1

5x –3 + 3 < 3x +1 +3 (  1)

5x < 3x +4

5x – 3x < 3x + 4 – 3x (  1)

2x < 4

x < 2 ( 2)

(i) x
..., – 4, – 3, – 2, – 1, 0, 1

{..., 4 3 2 1 0 1}

(ii) x x < 2

 (–, 2).

3  4x + 3 < 6x +7.

 4x + 3 < 6x + 7

4x – 6x < 6x + 4 – 6x

– 2x < 4 x > – 2
–

(– )

4
5 2

5
3 6

– x x –

5 2
5

3 6

– x x –

2 (5 – 2x)  x – 30
10 – 4x  x – 30
– 5x  – 40,
x   8
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8

x [8 
5 7x + 3 < 5x + 9

7x + 3 < 5x + 9

 2x < 6 x < 3

6 1

 6.1

6
3 4 1

1
2 4

x x 
 

3 4 1
1

2 4

x x 
 

3 4 3

2 4

x x 


2 (3x – 4)  (x – 3)
6x – 8  x – 3
5x  5  or x  1

6 2

 6.2

7 XI 62

48 60

x
62 48

60
3

x 


110 + x  180   x  70
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70

8 10

40

x
x + 2

x > 10 ... (1)
x + ( x + 2) < 40 ... (2)

2

2x + 2 < 40

x< 19 ... (3)

(1) (3)

10<x <19

x 10 19

(11, 13), (13, 15) (15, 17), (17, 19)

6 1

1 24x< 100

(i) x (ii) x

2 12x> 30

(i) x (ii) x

3 5x 3< 7

(i) x (ii) x

4. 3x + 8 > 2,

(i) x (ii) x

5 16 x
5. 4x + 3 < 5x + 7 6. 3x – 7 > 5x – 1
7. 3(x – 1)  2 (x – 3) 8. 3 (2 – x)  2 (1 – x)

9. 11
2 3

x x
x    10. 1

3 2

x x
 



131

11.
3( 2) 5(2 )

5 3

x x 
 12.

1 3 1
4 ( 6)

2 5 3

x
x

    
 

13. 2 (2x + 3) – 10 < 6 (x – 2) 14. 37 – (3x + 5) > 9x – 8 (x – 3)

15.
(5 2) (7 3)

4 3 5

x x x 
  16.

(2 1) (3 2) (2 )

3 4 5

x x x  
 

17 20

17. 3x – 2 < 2x + 1 18. 5x – 3 > 3x – 5

19. 3 (1 – x) < 2 (x + 4) 20.
(5 2) (7 3)

2 3 5

 
 

x x x

21 70 75

60

22 'A' 100

90

87 92 94 95

'A'

23 10 11

24 5

23

25

2

61

26 91

3

5

[ x x + 3 2x
x + (x + 3) + 2x  91

2x  (x + 3) + 5]
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6 4 (Graphical
Solution of Linear Inequalities in Two Variables)

non-vertical

6 3 6 4

 6.3  6.4

I II

ax + by < c ax + by > c

ax + by = c, ... (1)

a  0 b  0

(i) ax + by = c (ii) ax + by > c (iii) ax + by < c.
(i) (i) (x, y) (i)

(ii) b > 0 ax + by = c, b > 0, P

(,) a + b = c.

II Q ( , )
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6 5

 > 
b  > b
a + b > a + b
a + b > c

Q(  ), ax + by > c

ax + by = c II

ax + by > c

ax + by = c P

(, ) Q(,)
ax + by > c

a + b > c

  a + b > a + b

  >  ( b > 0)

Q(,  ) II

II ax + by > c

ax + by > c II

b < 0

ax + by > c I

ax + by > c ; b > 0

b < 0 II I

ax + by > c

(Solution region) (Shaded region)

 1

(Solution region)

2

(a, b)

 6.5

P
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(0, 0)

3 ax + by  c ax + by  c

ax + by = c

4 ax  + by > c ax  + by < c ax  + by = c

6 2 x y
40x + 20y   120 ... (1)

x y

x y 1

1 (Solution set) x = 0

1

= 40x + 20y = 40 (0) + 20y = 20y.

20y  120 y  6 ... (2)

x = 0 y 0 1 2 3 4 5

6

1 0 0 0 1 0 2

0 3 0 4 0 5 0 6

x= 1 2 3 1

(1, 0),  (1, 1), (1, 2), (1, 3), (1, 4)
(2, 0), (2, 1), (2, 2), (3, 0)

6.6

x y domain)
 6.6
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1

(Graphical method)

1

40x + 20y = 120 ... (3)

I

II

1 I

0 0

x y

x = 0, y = 0

,

I 6 7 1

I II

1 I

9 3x+ 2y > 6 (Graphically)

3x+ 2y = 6 6 8
xy I II

0 0
I 6 8

3 (0) + 2 (0) > 6

0 > 6 ,

I

 6.7

 6.8
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II

10 3x – 6  0

3x – 6 = 0 6 9

0 0

3 (0) – 6  0 – 6  0
x = 2

11 y < 2

y = 2 6 10

I 0 0

y = 0

1 × 0 < 2 0 < 2

y = 2

0 0

y = 2

6 2

1. x + y < 5 2. 2x + y  6 3. 3x + 4y  12
4. y + 8  2x 5. x – y  2 6. 2x – 3y > 6
7. – 3x + 2y  – 6 8. 3y – 5x < 30 9. y < – 2

10. x > – 3.

 6.9

 6.10
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6 5 (Solution of System of Linear
Inequalities in Two Variables)

12

x + y  5 ... (1)

x – y  3 ... (2)

x+ y = 5 6 11

 6.11

1 x+ y = 5

6.11)

(2) x – y = 3

(double shaded region)

1 2
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13

5x + 4y  40 ... (1)

x  2 ... (2)

y  3 ... (3)

5x + 4y = 40, x = 2 = 3

1 5x + 4y = 40

2 x= 2

3 y = 3

6 12

 6.12

x y

x

 0 y  0
x  0, y  0

14
8x + 3y  100 ... (1)
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x  0 ... (2)
y  0 ... (3)

8x + 3y = 100

8x + 3y  100

8x +3y =100 6 13

 6.13

8x + 3y  100, (Triple shaded)

15

x + 2y  8 ... (1)

2x + y  8 ... (2)

x > 0 ... (3)

y > 0 ... (4)

x + 2y = 8 2x + y = 8 1 2

x  0, y  0
6 14
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6 3

1 15 graphically:

1. x  3, y  2 2. 3x + 2y  12, x  1, y  2

3. 2x + y  6, 3x + 4y < 12 4. x + y  4,  2x – y < 0

5. 2x – y >1, x – 2y < – 1 6. x + y  6, x + y  4

7. 2x + y  8, x + 2y  10 8. x + y  9, y > x, x  0

9. 5x + 4y  20, x  1, y  2

10. 3x + 4y  60, x +3y  30, x  0, y  0

11. 2x + y  4, x + y  3,  2x – 3y  6

12. x – 2y  3, 3x + 4y  12, x  0 , y  1.

13. 4x + 3y  60, y  2x, x  3, x, y  0

14. 3x + 2y  150, x + 4y  80, x  15, y  0, x 0

15. x + 2y  10, x + y  1, x – y  0, x  0, y  0

 6.14
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16 – 8  5x – 3 < 7.

– 8  5x – 3 5x – 3 < 7
x

– 8  5x –3 < 7
–5  5x < 10  –1  x < 2

17 – 5 
5 3

2

x
  8.

– 5 
5 3

2

x
 8

–10  5 – 3x  16 – 15  – 3x  11

5  x  –
11

3

11

3


 x  5

18

3x – 7 < 5 + x ... (1)

11 – 5 x  1 ... (2)

1

3x – 7 < 5 + x

x < 6 ... (3)

2

11 – 5 x  1

– 5 x  – 10
x  2 ... (4)
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3 4 x
2 2 6 6 16

 6.16

x 2 2 6

2  x < 6.

19 30o

35o

C =
5

9
 (F – 32)

C F

30 < C < 35

C =
5

9
  (F – 32),

30 <
5

9
 (F – 32) < 35,

9

5
× 30 < (F – 32) <

9

5
× 35

54 < (F – 32) < 63
86 < F < 95.

86° F 95° F

20 12% 600

30%

15% 18%
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30% x

 = (x + 600)

30% x + 12%  600 > 15%  (x + 600)

30% x + 12%   600 < 18%  (x + 600)

30

100

x
  +

12

100
 (600) >

15

100
 (x + 600)

30

100

x
  +

12

100
 (600) <

18

100
 (x + 600)

30x + 7200 > 15x + 9000

30x + 7200 < 18x + 10800

15x > 1800  12x < 3600

x > 120 x < 300,

120 < x < 300

30% 120 300

6

1 6
1. 2  3x – 4  5 2. 6  – 3 (2x – 4) < 12

3.
7

3 4 18
2

x–    4.
3( 2)

15 0
5

x
  

5.
3

12 4 2
5

x
   


6.

(3 11)
7 11

2

x
  .

7 10

7. 5x + 1 > – 24,   5x – 1 < 24
8. 2 (x – 1) < x + 5,   3 (x + 2) > 2 – x

9. 3x – 7 > 2 (x – 6) ,   6 – x > 11 – 2x

10. 5 (2x – 7)  – 3  (2x + 3)  0 ,    2x + 19  6x + 47 .
11. 68o F 77o F

F =
9

5
 C + 32
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12 8% 2% (dilute)

4% 6%

8% 640 2%

13 45% 1125

25% 30%

14 IQ)

IQ =
MA

CA
 × 100,

MA CA 12

IQ 80  IQ  140

 <, >,  




 x (Values)

 x< a ( x> a)
a a

 x a x a

a a
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— —

 < >







Every body of discovery is mathematical in form because there is no
other guidance we can have – DARWIN

7.1 (Introduction)

7.2 (Fundamental Principle of Counting)

P
1
, P

2
, P

3
S

1
, S

2

7

Jacob Bernoulli
(1654-1705 A.D.)

(Permutations and Combinations)
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3 × 2 = 6

2 × 3 = 6

6 × 2 = 12

B
1
, B

2
, T

1
, T

2
, T

3
W

1
, W

2
,

7.2.)
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“ m n

m×n ”

‘ m n

p

m × n × p ”

(i)

(ii)

(i)

(ii)

(iii)

 1 ROSE,

R, O, S, E



       149

 4 × 3 × 2 × 1 = 24



 = 4 × 4 × 4 × 4 = 256.

 2

= 4 × 3 = 12.

 3

= 2 × 5,

10

 4
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= 5 × 4 = 20

5 × 4 × 3 = 60

= 5 × 4 × 3 × 2 = 120

= 5 × 4 × 3 × 2 × 1 = 120

= 20 + 60 + 120 + 120 = 320.

7.1

1.

(i) ?

(ii) ?

2.

?

3.

?

4.

?

5.

?

6.

?

7.3 (Permutations)

ROSE, REOS,

...,

NUMBER,
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NUM, NMU,MUN,NUB, ...

= 6 × 5 × 4 =

120 (

6 × 6 × 6 = 216

 1

7.3.1 (Permutations when all the objects are
distinct)

 1 n r
nP

r
0 < r n

nP
r
. = n ( n – 1) ( n – 2). . .( n – r + 1)

r  . . .

 r 

n n

n – 1
[n – 2 r (n – (r – 1)]

r = n(n – 1) (n – 2) . . .
(n – (r – 1)) n ( n – 1) (n – 2) ... (n – r + 1)

nP
r

n! ( n

n!

7.3.2 (Factorial notation) n! n

1 × 2 × 3 × . . . × (n – 1) × n n!

‘n 1 × 2 × 3 × 4 . . .  × (n – 1) × n

= n !
1 = 1 !
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1 × 2 = 2 !
1× 2 × 3 = 3 !

1 × 2 × 3 × 4 = 4 !

 0 ! = 1

5 ! = 5 × 4 ! = 5 × 4 × 3 ! = 5 × 4 × 3 × 2 !
= 5 × 4 × 3 × 2 × 1!

n

     n ! = n (n  – 1) !

= n (n  – 1) (n  – 2) ! [ ;fn n 2]

= n (n  – 1) (n  – 2)  (n  – 3) ! [ ;fn n 3]

 5  (i) 5 ! (ii) 7 ! (iii) 7 ! – 5!

(i) 5 ! = 1 × 2 × 3 × 4 × 5 = 120
(ii) 7 ! = 1 × 2 × 3 × 4 × 5 × 6 ×7 = 5040

(iii) 7 !  –  5! = 5040  –  120 = 4920

 6  (i)
7!

5!       (ii)  
12!

10! (2!)

(i)
7!

5!
 =

7 6 5!

5!

 
 = 7 × 6 = 42

(ii)    
12!

10! 2!
  =

 
   

12 11 10!

10! 2

 


 = 6 × 11 = 66

 7  
!

! !

n

r n r , n = 5, r = 2

 
5!

2! 5 2 !  ( n = 5, r = 2)

 
5!

2! 5 2 ! =
5! 4 5

10
2! 3! 2
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 8
1 1

8! 9! 10!

x
  , x

1 1

8! 9 8! 10 9 8!

x
 
  

1
1

9 10 9

x
 


10

9 10 9

x



x = 100

 7.2

1.
(i) 8 ! (ii) 4 ! – 3 !

2.  3 ! + 4 ! = 7 ! ? 3.
8!

6! 2!

4
1 1

6! 7! 8!

x
  , x

5.  
!

!

n

n r ,

(i) n = 6, r = 2 (ii) n = 9, r = 5.

7.3.3 nPr ( Derivation of the formula for nPr )

 
!

P
!

n
r

n

n r
= , 0  r  n

nP
r
 = n (n – 1) (n – 2) . . .  (n – r + 1)

 (n – r) (n – r – 1) . . . 3 × 2 × 1,

       
  

1 2 1 1 3 2 1
P

1 3 2 1
n

r

n n n ... n r n r n r ...

n r n r ...

        


      =  
!

!

n

n r ,
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!

P
!

n
r

n

n r

 ,  0 < r n

nP
r

r = n,
!

P !
0!

n
n

n
n 

n P
0
= 1

n P
0
 = 1 =

! !

! ( 0)!



n n

n n ... (1)

r = 0

 
!

P 0
!

n
r

n
, r n

n r
  
 .

 2 n r

nr

nP
r

 = 4P
4
 = 4! = 24

44 = 256

NUMBER  = 6
3

6!
P

3!
  =

4 × 5 × 6 = 120

  63 = 216
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12
2

12!
P 11 12

10!
    = 132.

7.3.4 (Permutations when all the objects

are not distinct objects) ROOT

2 O

O O
1

 O
2
.

RO
1
O

2
T

RO
1
O

2
T  RO

2
O

1
T O

1
  O

2

 O
1

  O
2

O

=
4!

3 4 12
2!
  

 O
1
, O

2
 O

1
, O

2

O

1 2

2 1

RO O T

RO O T





R O O T

1 2

2 1

T O O R

T O O R





T O O R

1 2

2 1

R O T O

R O T O





R O T O

1 2

2 1

T O R O

T O R O





T O R O

1 2

2 1

R TO O

R TO O





R T O O

1 2

2 1

T R O O

T R O O





T R O O
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1 2

2 1

O  O  R T

O  O T R





O O R T

1 2

2 1

O R O T

O R O T





O R O T

1 2

2 1

O  T O  R

O  T O  R





O T O R

1 2

2 1

O  R T O

O  R T O





O R T O

1 2

2 1

O  T R O

O  T R O





O T R O

1 2

2 1

O  O T R

O  O T R





O O T R

INSTITUTE

I T

 I
1
, I

2
, T

1
,  T

2
, T

3
.

9

I
1
 NT

1
 SI

2
 T

2
 U E T

3
I

1
, I

2
T

1
,

T
2
, T

3
I

1
, I

2
T

1
, T

2
, T

3

I
1
, I

2
T

1
, T

2
, T

3
2! × 3!

9!

2! 3!

3 n p

=
!

!

n

p
.



       157

4  n
1 2

!

! ! !k

n

p p ... p
p

1
, p

2

, ..., p
k

k

 9 ALLAHABAD

A, L

 =
9! 5 6 7 8 9

4!2! 2

   
  = 7560

 10

 
9

4
9! 9!

= P = =
9 – 4 ! 5!

 = 9 × 8 × 7 × 6 = 3024.

 11

6P
3

6P
3

5P
2

= 6 5
3 2

6! 5!
P P

3! 3!
  

= 4 × 5 × 6  –  4 ×5 = 100
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 12 n

(i) 5 3P 42 P 4n n , n  (ii)
4

–1
4

P 5
=

3P

n

n , n > 4

(i)

5 3P 42 Pn n
n (n – 1) (n – 2) (n – 3) (n – 4) = 42 n(n – 1) (n – 2)

n > 4 n(n – 1) (n – 2)  0

n(n – 1) (n – 2),
(n – 3) (n – 4) = 42
n2  –  7n  –  30 = 0
n2 – 10n + 3n – 30 = 0
(n – 10) (n + 3) = 0

n  –  10 = 0   n + 3 = 0

n = 10 n = – 3
n n = 10

(ii)
4

–1
4

P 5

3P

n

n


3n (n – 1) (n – 2) (n – 3) = 5(n – 1) (n – 2) (n – 3) (n – 4)
3n = 5 (n – 4) [  (n – 1) (n – 2) (n – 3)  0, n > 4]

  n = 10

 13 r, 5 4P
r
 = 6 5P

r–1 .

4 5
15 P 6 Pr r

   
4! 5!

5 6
4 ! 5 1 !r r

  
  

      
5! 6 5!

4 ! 5 1 5 5 1 !r r r r




     

(6  – r) (5  – r) = 6
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r2  –  11r + 24 = 0

r2 – 8r – 3r + 24 = 0

(r  –  8) (r  –  3) = 0
r = 8   or r = 3.

r = 8, 3.

 14 DAUGHTER

(i) (ii)

(i) DAUGHTER A, U E

(AUE)

6P
6
 = 6! A, U,

E

= 6 ! × 3 ! = 4320.

(ii)

8 ! – 6 ! × 3 ! = 6 ! (7×8  –  6)
= 2 × 6 ! (28 – 3)
= 50 × 6 ! = 50 × 720 = 36000

 15

4 + 3 + 2 = 9

9!
= 1260

4! 3! 2!
.

 16 INDEPENDENCE

(i) P
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(ii)

(iii)

(iv)  I P  ?

N E D,

12!
1663200

3! 4! 2!
 

(i)  P

P

11!
138600

3! 2! 4!
  .

 (ii) E   I

EEEEI

N D
8!

3! 2!

E, E, E, E I

5!

4!

8! 5!
= 16800

3! 2! 4!
 

(iii)

=

= 1663200 – 16800  = 1646400
(iv)  I P (I P ).

 =
10!

3! 2! 4!
= 12600
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7.3

1.

2.

3.

4.

5.

6. n – 1P
3
 : nP

4
 = 1 : 9 n

7. r  (i) 5 6
1P 2 Pr r (ii) 5 6

1P Pr r .

8. EQUATION

?

9. MONDAY

(i) (ii)

(iii) ?

10. MISSISSIPPI I

?

11. PERMUTATIONS

(i)  P S

(ii)

(iii) P S

7.4 (Combinations)

 X, Y, Z

X  Y Y X

?

XY, YZ ZX
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(iii) a b a + b

a + b
8.1)

8.1

1 1 1 2 2
2 1 2 2 1 3 3 3

1

8.2

8.2

Blaise Pascal
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(2x+3y)5ð 
1 5 10 10 5 1

(i), (ii), (iii),
(2x+3y)5 = (2x)5 + 5(2x)4 (3y) + 10(2x)3 (3y)2 +10 (2x)2 (3y)3 + 5(2x)(3y)4 + (3y)5

= 32x5 + 240x4y + 720x3y2 + 1080x2y3 + 810xy4 + 243y5.
(2x+3y)12, 12

12

)!€(!
!

C
rnr

n
r

n ð=  , 0ð£r ð£ n n n
n

o
n C1C ð=ð=

8.3

(pattern)
7



176

7C0
7C1

7C2
7C3

7C4
7C5

7C6
7C7

(i), (ii) (iii),

(a+b)7 = 7C0 a7 + 7C1a
6b + 7C2a

5b2 + 7C3a
4b3 + 7C4a

3b4 + 7C5a
2b5 + 7C6ab6 + 7C7b

7

n

8.2.1 n (Binomial theorem for any positive

integer n)

(a + b)n = nC0a
n + nC1a

n-1b + nC2a
n-2 b2 + ...+ nCn-1a.bn-1 + nCnb

n

P(n)

P(n) : (a + b)n = nC0a
n + nC1a

n-1b + nC2a
n-2b2 + ...+ nCn-1a.bn-1 + nCnb

n

n = 1

P (1) : (a + b)1 = 1C0a
1 + 1C1b

1 = a + b

 P (1)

P (k), k

(a+b)k = kC0a
k + kC1a

k-1b + kC2a
k-2b2 + ...+ kCkb

k ... (1)

P(k+1)

(a+b)k+1 = k+1C0a
k+1 + k+1C1a

kb + k+1C2a
k-1b2 + ...+ k+1Ck+1b

k+1

,

(a+b)k+1 = (a+b) (a+b)k

= (a+b) (kC0a
k + kC1a

k-1b + kC2a
k€2b2+... +kCk-1abk-1 + kCkb

k) [(1) ]

= kC0a
k+1 + kC1a

kb + kC2a
k€1b2 +...+ kCk€1a

2bk€1 + kCkabk + kC0a
kb

+ kC1a
k-1b2 + kC2a

k€2b3+ ... +kCk-1abk + kCkb
k+1 [ ]

= kC0a
k+1 + (kC1+

kC0)a
kb + (kC2+

kC1)a
k-1b2 + ...

+ (kCk+
kCk-1) abk + kCkb

k+1 ( )

= k+1C0a
k+1 + k+1C1a

kb + k+1C2 ak€1b2 + ...+ k+1Ckabk + k+1Ck+1 bk+1

(k+1C0= 1, kCr +
kCr-1=

k+1Cr
kCk = 1= k+1Ck+1 )
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P(k) P (k+1)

n P(n)

(x + 2)6

(x+2)6 = 6C0x
6 + 6C1x

5.2 + 6C2x
422 + 6C3x

3.23  + 6C4x
2.24 + 6C5x.25 + 6C6.2

6

= x6 + 12x5 +60x4 + 160x3 +240x2 + 192x + 64
, (x+2)6 = x6 + 12x5 +60x4 + 160x3 +240x2 + 192x + 64.

1. nC0a
nb0 + nC1a

n-1b1 + ...+ nCra
n€rbr + ...+nCna

n€nbn, b0 = 1 = an€n

0

( ) C
n

n n n k k
k

k

a b a bð-

ð=

ð+ ð=ðå

0

( ) C
n

n n n k k
k

k

a b a bð-

ð=

ð+ ð=ðå

2. nCr

3. (a+b)n (n+1)
4. a n,

 (n€1) b

n
5. (a+b)n, a b n + 0 = n,

(n € 1) + 1 =n 0 + n = n
a b n

8.2.2 (a + b)n (Some special cases)
(i) a = x b = €y,

(x € y)n = [x + (€y)]n

= nC0x
n + nC1x

n-1(€y) + nC2x
n€2(€y)2 + nC3x

n€3(€y)3 + ... + nCn (€y)n

= nC0x
n € nC1x

n€1y + nC2x
n€2y2 € nC3x

n-3y3 + ... + (€1)n nCn yn

(x€y)n = nC0x
n € nC1x

n€1 y + nC2x
n€2 y2 + ... + (€1)n nCn yn

(x€2y)5 = 5C0x
5 € 5C1x

4 (2y) + 5C2x
3 (2y2)

€ 5C3x
2 (2y)3 + 5C4 x(2y)4 € 5C5(2y)5

= x5 €10x4y + 40x3y2 € 80x2y3 + 80xy4 € 32y5
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(ii) a = 1 b = x,
(1+x)n = nC0(1)n + nC1(1)n-1x + nC2(1)n-2x2 + ... + nCnx

n

= nC0 +
nC1x + nC2x

2 + nC3x
3 + ... + nCnx

n

, (1+x)n = nC0 +
nC1x + nC2x

2 + nC3x
3 + ... + nCnx

n

x =1,
2n = nC0 +

nC1 +
nC2 + ... + nCn.

(iii) a = 1 b = €x,
(1€ x)n = nC0 €

nC1x + nC2x
2 € ... + (€1)n nCnx

n

x = 1,
0 = nC0 €

nC1 +
nC2 € ... + (€1)n nCn

1
4

2 3
x

x
ðæ ðöð+ðç ð÷
ðè ðø

, x ð¹ 0

4
2 3

x
x

ðæ ðöð+ðç ð÷
ðè ðø

= 4C0(x
2)4 + 4C1(x

2)3
3
x

ðæ ðö
ðç ð÷
ðè ðø

 + 4C2(x
2)2

2
3
x

ðæ ðö
ðç ð÷
ðè ðø

+ 4C3(x
2)

3
3
x

ðæ ðö
ðç ð÷
ðè ðø

+ 4C4

4
3
x

ðæ ðö
ðç ð÷
ðè ðø

= x8 + 4.x6 .
3
x

+ 6.x4 . 2

9

x
+ 4.x2. 3

27

x
+ 4

81

x

= x8 + 12x5 + 54x2 + 4

108 81
x x

ð+

2 (98)5

98

98  100 € 2
(98)5 = (100 € 2)5

= 5C0 (100)5 € 5C1 (100)4.2 + 5C2 (100)322 €  5C3 (100)2 (2)3

+ 5C4 (100) (2)4 € 5C5 (2)5

= 10000000000 € 5 • 100000000 • 2 + 10 • 1000000 • 4 € 10 •10000
• 8 + 5 • 100 • 16 € 32

= 10040008000 € 1000800032

= 9039207968
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3 (1.01)1000000 10,000

1.01

       (1.01)1000000= (1 + 0.01)1000000

= 1000000C0 +
1000000C1(0.01) +

= 1 + 1000000 × 0.01 +

= 1 + 10000 +

> 10000

(1.01)1000000 > 10000

4 6n€5n

a b q r a = bq + r
a b q r

6n€5n
6n€5n = 25k+1 k

(1 + a)n = nC0 +
nC1a + nC2a

2 + ... + nCna
n

a = 5,
(1 + 5)n = nC0 +

nC15 + nC25
2 + ... + nCn5

n

(6)n = 1+5n + 52.nC2 + 53.nC3 + ... + 5n

6n € 5n= 1+52 (nC2 + nC35 + ... + 5n-2)
6n € 5n= 1+ 25 (nC2 + 5.nC3 + ... + 5n-2)
6n € 5n= 25k+1 k= nC2 + 5.nC3 + ... + 5n€2.

6n € 5n

8.1

 5.

1. (1€2x)5 2.
5

2
2
x

€
x

ðæ ðö
ðç ð÷
ðè ðø

3. (2x € 3)6

4.
5

1
3
x

x
ðæ ðöð+ðç ð÷
ðè ðø

5.
6

1
x

x
ðæ ðöð+ðç ð÷
ðè ðø
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6. (96)3 7. (102)5 8. (101)4 9. (99)5

10. (1.1)10000  1000.

11. (a+b)4 € (a€b)4 ð( ð)43 2ð+ € ð( ð)43 2€

12. (x+1)6 + (x€1)6 ( 2 +1)6 + ( 2  €1)6

13. 9n+1 € 8n € 9, n

14.
0

3 C 4r

n
r n n

r ð=

ð=ðå

8.3 (General and Middle Terms)

1. (a + b)n nC0a
n nC1a

n€1b
nC2a

n€2b2

(r + 1) nCra
n€rbr (a + b)n (r + 1)

(General term) Tr+1 Tr+1 =
nCr an € rbr

2. (a + b)n

(i) n (Even) (n+1) n

n + 1
1 1
2

nð+ ð+ðæ ðö
ðç ð÷
ðè ðø

th

1
2
nðæ ðöð+ðç ð÷

ðè ðø

(x + 2y)8
8

1
2

ðæ ðöð+ðç ð÷
ðè ðø

ok€

 vFkkZr~5ok€ in gSA

(ii) ;fn n fo"ke la[;k(odd)gS rks(n+1) le la[;k gSA blfy,] izlkj osQ nks e•; in

1
2

n ð+ðæ ðö
ðç ð÷
ðè ðø

ok€

rFkk
1

1
2

n ð+ðæ ðöð+ðç ð÷
ðè ðø

ok€

gksaxsA vr%(2x€y)7 osQ izlkj esa e•; in
7 1

2
ð+ðæ ðö

ðç ð÷
ðè ðø

ok€

vFkkZr~~ pkSFkk vkSj
7 1

1
2
ð+ðæ ðöð+ðç ð÷

ðè ðø

ok€ok€

 vFkkZr~ ik€pok€ in gSA
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3.
2

1
n

x
x

ðæ ðöð+ðç ð÷
ðè ðø

, tgk€x ð¹ 0 gS] osQ izlkj esa e•; in
2 1 1

2
n ð+ ð+ðæ ðö

ðç ð÷
ðè ðø

ok€

vFkkZr~(n+1)ok€ in gS]

D;ksafd2n le la[;k gSA

;g 2nCnx
n

1
n

x
ðæ ðö
ðç ð÷
ðè ðø

= 2nCn (vpj) }kjk fn;k tkrk gSA

x (Independent Term) (Constant term)dgykrk gSA

5 ;fn (2+a)50 osQ f}in izlkj dk l=kgok€ vkSj v‚ƒkjgok€ in leku gks rksa dk eku
Kkr dhft,A

(x+y)n osQ f}in izlkj esa(r+1)ok€in gS% Tr+1 =
nCrx

n€ryr

l=kgosa in osQ fy,]r + 1 =17,  ;k r = 16

blfy, T17 = T16+! =
50C16 (2)50€16 a16

= 50C16 234 a16.

blh izdkj T18 =
50C17 233 a17

gesa Kkr gS fd T17 = T18

blfy,] 50C16 (2)34 a16  = 50C17 (2)33 a17

;k 16

17

3350

3450

2.C

2.C

17

16

a
a

ð= = 16

17

3350

3450

2.C

2.C

17

16

a
a

ð=

;k a =
50

16
50

17

C 2

C

ð´
 =

50! 17! 33!
2

16! 34! 50!
ð´ ð´ = 1

6 fn[kkb, fd(1+x)2n osQ izlkj esa e•; in
1.3.5...(2 1)

2
!

ð- n nn
x

n
 gS] tgk€n ,d

/u iw.kk„d gSA

 D;ksafd2n ,d le la[;k gS] blfy, (1+x)2n dk e•; in
2

1
2

th
nðæ ðöð+ðç ð÷

ðè ðø

ok€

 vFkkZr~~ (n+1)ok€

in gSA

bl izdkj] e•; in Tn+1 = 2nCn(1)2n€n(x)n = 2nCnx
n =

nx
nn
n

!!
)!2(

=
2 (2 1) (2 2) 4 3 2 1

! !
nn n n ... . . .

x
n n

ð- ð-
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=
nx

nn
nnn

!!
)2()12()22...(4.3.2.1 ð-ð-

=
!!

)]2...(6.4.2[)]1€2(...5.3.1[
nn

nn
. xn

=
n

n

x
nn

nn
!!

]...3.2.1[2)]12...(5.3.1[ ð-

=
nn x

nn
nn

.2
!!

!)]12...(5.3.1[ ð-

= nn x
n

n
2

!
)12...(5.3.1 ð-

(x+2y)9 osQ izlkj esax6y3 dk xq.kkad Kkr dhft,A

eku yhft,(x+2y)9 osQ izlkj esax6y3, (r+1)osain esa vkrk gSA
vc Tr+1 = 9Cr x9€ r (2y)r = 9Cr 2

 r . x9 € r . y r

Tr+1 rFkkx6y3 esax vkSjy osQ ?kkrkadksa dh rqyuk djus ij gesa izkIr gksrk gS]r = 3.

blfy,] x6y3 dk xq.kkad= 9C3 2
3 =

39!
2

3!6!
.  = 39 8 7

2
3 2
. .

.
.

 = 672.

(x + a)n  osQ f}in izlkj osQ nwljs] rhljs vkSj pkSFks in …e'k% 240] 720 vkSj 1080
gSaAx, a rFkkn Kkr dhft,A

 gesa Kkr gS fd nwljk inT2 = 240

ijarq T2 = nC1x
n€1 . a

blfy, nC1x
n€1 . a = 240 ... (1)

blh izdkj nC2x
n€2 a2 = 720 ... (2)

vkSj nC3x
n€3 a3 = 1080 ... (3)

(2) dks(1) ls Hkkx djus ij gesa izkIr gksrk gS]
2 2

2
1

1

C 720
240C

n n

n n

x a

x a

ð-

ð-
ð= ;k

( 1)!
6

( 2)!
n a

.
n x

ð-
ð=

ð-



f}in izes;           183

;k )1(
6
ð-

ð=
nx

a
... (4)

(3) dks(2), ls Hkkx djus ij]

)2(2
9
ð-

ð=
nx

a
... (5)

(4) o (5) ls] )2(2
9

1
6

ð-
ð=

ð- nn ;k n = 5

vc (1) ls] 5x4a = 240 vkSj(4) ls]
2
3

ð=
x
a

bu lehdj.kksa dks gy djus ls gex = 2vkSja = 3 izkIr djrs gSaA

 ;fn (1+a)n osQ izlkj esa rhu …ekxr inksa osQ xq.kkad 1% 7% 42 osQ vuqikr esa gSa rks
n dk eku Kkr dhft,A

eku yhft,(1 + a)n osQ izlkj esa(r € 1)ok€, rok€ rFkk(r + 1)ok€ in] rhu …ekxr in gSaA
(r € 1)ok€in nCr€2a

r€2 gS rFkk bldk xq.kkadnCr€2 gSA blh izdkjrosarFkk (r + 1)osainksa osQ xq.kkad
…e'k%nCr€1 o nCr  gSaA D;ksafd xq.kkadks dk vuqikr 1 % 7 % 42 gS blfy, gesa izkIr gksrk gS]

2

1

C 1
C 7

n
r

n
r

ð-

ð-

ð= vFkkZr~~n € 8r + 9 = 0 ... (1)

vkSj
1C 7

C 42

n
r

n
r

ð- ð= vFkkZr~~n € 7r + 1 = 0 ... (2)

lehdj.k (1) o (2) dks gy djus ij gesan = 55 izkIr gksrk gSA

8.2

xq.kkad Kkr dhft,%
1. (x + 3)8 esax5  dk 2. (a € 2b)12 esaa5b7 dk

fuEufyf[kr osQ izlkj esa O;kid in fyf[k,%
3. (x2 € y)6 4. (x2 € yx)12, x ð¹ 0
5. (x € 2y)12 osQ izlkj esa pkSFkk in Kkr dhft,A

6.

18
1

9
3

x
x

ðæ ðö
ð-ðç ð÷

ðè ðø
osQ izlkj esa 13ok€ in Kkr dhft,A
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fuEufyf[kr izlkjksa esa e•; in Kkr dhft,%

7.

73

6
3 ð÷ð÷

ðø

ðö
ðçðç
ðè

ðæ
ð-

x
8.

10

9
3
x

yðæ ðöð+ðç ð÷
ðè ðø

9. (1 + a)m+ n osQ izlkj esa fl† dhft, fdam rFkkan osQ xq.kkad cjkcj gSaA
10. ;fn (x + 1)n osQ izlkj esa(r € 1)ok€ , rok€ vkSj(r + 1)ok€ inksa osQ xq.kkadksa esa 1 % 3 % 5 dk

vuqikr gks] rksn rFkkr dk eku Kkr dhft,A
11. fl† dhft, fd (1 + x)2n osQ izlkj esaxn dk xq.kkad](1 + x)2n€1 osQ izlkj esaxn osQ xq.kkad

dk nqxuk gksrk gSA
12. m dk /ukRed eku Kkr dhft, ftlosQ fy,(1 + x)m osQ izlkj esax2 dk xq.kkad 6 gksA

10
6

23 1
2 3

x
x

ðæ ðöð-ðç ð÷
ðè ðø

 osQ izlkj esax ls Lora=k in Kkr dhft,A

 ge ikrs gSa fdTr+1 =
6

6 23 1
C

2 3

r r

r x
x

ð-
ðæ ðö ðæ ðöð-ðç ð÷ ðç ð÷
ðè ðø ðè ðø

= ð( ð) ð( ð)
6

66 23 1 1
C 1

2 3

r r
r r

r r
x

x

ð-
ð-ðæ ðö ðæ ðö ðæ ðöð-ðç ð÷ ðç ð÷ ðç ð÷

ðè ðø ðè ðø ðè ðø

=
6 2

6 12 3
6

(3)
( 1) C

(2)

r
r r

r r
x

ð-
ð-

ð-
ð-

x ls Lora=k in osQ fy,] in esax dk ?kkrkad 0 (gksuk pkfg,)Avr%12 € 3r = 0 ;k r = 4

bl izdkj 5ok€ in x ls Lora=k gSA blfy, vHkh"V in= (€1)4  6C4

6 8

6 4

(3) 5
12(2)

ð-

ð-
ð=

11 ;fn (1 + a)n osQ izlkj esaar-1, ar rFkkar+1 osQ xq.kkad lekarj Js.kh esa gksa rks fl†
dhft, fd n2 € n(4r + 1) + 4r2€2 = 0

  ge tkurs gSa fd(1 +a)n osQ izlkj esa(r + 1)ok€ innCra
r gSA bl izdkj ;g ns[kk tk ldrk

gS fdar, (r + 1)osa in esa vkrk gSA vkSj bldk xq.kkadnCr gSA blfy,ar€1, ar rFkkar+1 osQ xq.kkad
…e'k%nCr€1, nCr rFkknCr+1 gSaA ijarq ;s xq.kkad lekarj Js.kh esa gSaA blfy,

nCr€1+
nCr+1 = 2nCr
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;k )!(!
!

2
)!1()!1(

!
)!1()!1(

!
rnr

n
rnr

n
rnr

n
ð-

ð´ð=
ð-ð-ð+

ð+
ð+ð-ð-

;k )!1()!1()()1(
1

)!1()()1()!1(
1

ð-ð-ð-ð+
ð+

ð-ð-ð-ð+ð-ð- rnrrrrnrnrnr

)!1()()!1(
1

2
ð-ð-ð-ð-

ð´ð=
rnrnrr

;k
1 1 1

( 1)! ( 1)! ( € ) ( 1) ( 1) ( )r n r n r n r r r

ðé ðù
ð+ðê ðúð- ð- ð- ð- ð+ ð+ðë ðû

1
2

( 1)! ( 1)![ ( € )]r n r r n r
ð= ð´

ð- ð- ð-

;k )(
2

)1(
1

)()1(
1

rnrrrrnrn ð-
ð=

ð+
ð+

ð-ð+ð-

;k )(
2

)1()1()(
)1()()1(

rnrrrrnrn
rnrnrr

ð-
ð=

ð+ð+ð-ð-
ð+ð-ð-ð+ð+

;k r(r + 1) + (n € r) (n € r + 1) = 2 (r + 1) (n € r + 1)
;k r2 + r + n2 € nr + n € nr + r2 € r = 2(nr € r2 + r + n € r + 1)
;k n2 € 4nr € n + 4r2 € 2 = 0
;k n2 € n (4r + 1) + 4r2 € 2 = 0

fn[kkb, fd(1+ x)2n  osQ izlkj esa e•; in dk xq.kkad](1+ x)2n€1 osQ izlkj esa nksuksa
e•; inksa osQ xq.kkadksa osQ ;ksx osQ cjkcj gksrk gSA

 D;ksafd2n ,d le la[;k gS blfy, (1+x)2n osQ izlkj esa osQoy ,d e•; in gS tks fd

2
1

2
nðæ ðöð+ðç ð÷

ðè ðø

ok€

 vFkkZr~~(n + 1)ok€in gSA

vc (n+1)ok€in 2nCnx
n gS ftldk xq.kkad2nCn gSA

blh izdkj] (2n€1) ,d fo"ke la[;k gS blfy,(1 + x)2n€1 osQ izlkj osQ nks e•; in

2 1 1
2

nð- ð+ðæ ðö
ðç ð÷
ðè ðø

ok€

 vkSj
2 1 1

1
2

nð- ð+ðæ ðöð+ðç ð÷
ðè ðø

ok€

 vFkkZr~~nok€ vkSj(n + 1) ok€ in gSA
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bu inksa osQ xq.kkad …e'k%2n€1Cn€1vkSj2n€1Cn gSaA
bl izdkj 2n€1Cn€1 + 2n€1Cn=

2nCn   [D;ksafdnCr€1+
nCr =

n+1Cr]
;gh vHkh"V gSA

13 f}in izes; dk mi;ksx djrs gq, xq.kuiQy(1 + 2a)4 (2 €a)5 esaa4 dk xq.kkad Kkr
dhft,A

 lcls igys ge xq.kuiQy osQ izR;sd esa f}in izes; xq.ku[kaM iz;ksx dj izlkj.k djrs gSaA bl
izdkj

(1+2a)4 = 4C0+
4C1 (2a) + 4C2 (2a)2 + 4C3 (2a)3+ 4C4 (2a)4

= 1+4 (2a)+6 (4a2) + 4 (8a3) + 16a4.

= 1+8 a+24a2+3 2a3 + 16a4

vkSj (2€a)5 = 5C0 (2)5 € 5C1 (2)4 (a) + 5C2 (2)3 (a)2 € 5C3 (2)2 (a)3

+ 5C4 (2) (a)4 € 5C5 (a)5

= 32 € 80a + 80a2 € 40a3+10a4 € a5

bl izdkj,  (1+2a)4 (2€a)5

= (1+8a + 24a2 + 32a3 + 16a4) (32€80a + 80a2 € 40a3 + 10a4 € a5)

gesa laiw.kZ xq.kk djus rFkk lHkh inksa osQ fy[kus dh vko';drk ugha gSA ge osQoy ogh in fy[krs
gSaftuesaa4 vkrk gSA ;fnar.a4€r = a4 rks ;g fd;k tk ldrk gSA ftu inksa esaa4 vkrk gS] os gSa%

1.10a4 + (8a) (€40a3) + (24a2) (80a2) + (32a3) (€80a) + (16a4) (32) = € 438a4

vr% xq.kuiQy esaa4 dk xq.kkad€ 438 gSA

14 (x+a)n osQ izlkj esa var lsrok€ in Kkr dhft,A

(x + a)n osQ izlkj esa(n + 1)in gSaA inksa dk voyksdu djrs gq, ge dg ldrs gSa fd var
esa igyk in izlkj dk vafre in gSa vFkkZr~(n + 1)ok€ in (n + 1) € (1€1) gSA var ls nwljk in]
izlkj dknok€ in n=(n + 1) € (2 € 1)gSA var ls rhljk in] izlkj dk(n€1)ok€ in gS vkSj
n€1 = (n+1) € (3 € 1). blh izdkj] var lsrok€ in] izlkj dk [(n+1) € (r € 1)]ok€ in vFkkZr~~
(n€ r + 2)ok€ in gksxkA

vkSj izlkj dk(n€r+2)ok€ in nCn€r+1 xr€1 an€r+1 gSA

15

18
3

3

1

2
x

x

ðæ ðö
ð+ðç ð÷

ðè ðø
, x > 0 osQ izlkj esax ls Lora=k in Kkr dhft,A
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izlkj dk O;kid in

Tr+1 = ð( ð)1818 3
3

1
C

2

r
r

r x
x

ð- ðæ ðö
ðç ð÷
ðè ðø

=
18

18 3

3

1
C

2

r

r r
r

x .

.x

ð-

 =
18 2

18 31
C

2

ð- r

r r
. x

D;ksafd gesax ls Lora=k in Kkr djuk gS vFkkZr~~ ml in esax ugha gSA

blfy,
18 2

0
3

rð-
ð=  ;k r = 9

vr% vHkh"V in18C9 92
1

 gSA

16 2

3
m

x
x

ðæ ðöð-ðç ð÷
ðè ðø

, x ð¹ 0, tgk€m ,d izko`Qr la[;k gS] osQ izlkj esa igys rhu inksa osQ

xq.kkadksa dk ;ksx 559 gSA izlkj esax3 okyk in Kkr dhft,A

2

3
m

x
x

ðæ ðöð-ðç ð÷
ðè ðø

osQ izlkj osQ igys rhu inksa osQ xq.kkadmC0 , (€3)mC1 vkSj9 mC2 gSaA

blfy, fn, x, izfrca/ osQ vuqlkjmC0 €3 mC1+ 9 mC2= 559.

;k 1 € 3m +
9 ( 1)

559
2

m mð-
ð= blls gesam = 12 (m,d izko`Qr la[;k gS) izkIr gksrk gSA

vc Tr+1 =
12Cr x12€r 2

3
r

x
ðæ ðöð-ðç ð÷
ðè ðø=

 12Cr (€3)r . x12€3r

D;ksafd gesax3 okyk in pkfg,A vr%12 € 3r = 3 ;k r = 3.

bl izdkj] vHkh"V in= 12C3 (€3)3 x3 vFkkZr~€ 5940x3 gSA

17 ;fn (1+x)34 osQ izlkj esa(r€5)osa vkSj(2r€1)osa inksa osQ xq.kkad leku gksar Kkr
dhft,A

(1+x)34 osQ izlkj esa(r€5)osa rFkk(2r€1)osa inksaosQxq.kkad…e'k%34Cr€6 vkSj34C2r€2 gSaA
D;ksafd os leku gSa] blfy,

34Cr€6 = 34C2r€2

;g rHkh laHko gS tcfd ;kr € 6 = 2r € 2 ;k r€6 = 34 € (2r € 2)gksA
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[bl rF; dk iz;ksx djosQ fd ;fnnCr=
nCp gks rksr = p ;k r = n€p]

blfy,] gesar = € 4;k r = 14 izkIr gqvk ijarqr izko`Qr la[;k gS vkSjr = €4laHko ugha gSA
vr% r = 14

1. ;fn (a + b)n osQ izlkj esa izFke rhu in …e'k% 729] 7290 rFkk 30375 gksa rksa, b, vkSj
n Kkr dhft,A

2. ;fn (3 + ax)9 osQ izlkj esax2 rFkkx3 osQ xq.kkad leku gksa] rksa dk eku Kkr dhft,A
3. f}in izes; dk mi;ksx djrs gq, xq.kuiQy(1+2x)6 (1€x)7 esax5 dk xq.kkad Kkr dhft,A
4. ;fn a vkSjb fHkUu&fHkUu iw.kk„d gksa] rks fl† dhft, fd(an € bn) dk ,d xq.ku[kaM

(a € b)gS] tcfdn ,d /u iw.kk„d gSA
[ an = (a € b + b)n fy[kdj izlkj dhft,A]

5. ð( ð) ð( ð)6 6
3 2 3 2ð+ ð- ð- dk eku Kkr dhft,A

6. ð( ð) ð( ð)4 4
2 2 2 21 1a a a að+ ð- ð+ ð- ð-dk eku Kkr dhft,A

7. (0.99)5 osQ izlkj osQ igys rhu inksa dk iz;ksx djrs gq, bldk fudVre eku Kkr dhft,A

8. ;fn 4
4

1
2

3

n
ðæ ðö

ð+ðç ð÷
ðè ðø

 osQ izlkj esa vkjaHk ls 5osa vkSj var ls 5osa in dk vuqikr1:6  gks

rksn Kkr dhft,A

9.
4

2
1

2
x

x
ðæ ðöð+ ð-ðç ð÷
ðè ðø

x ð¹ 0 dk f}in izes; }kjk izlkj Kkr dhft,A

10. (3x2 € 2ax + 3a2)3 dk f}in izes; ls izlkj Kkr dhft,A

ð®,d f}in dk fdlh Hkh /u iw.kk„dn osQ fy, izlkj f}in izes; }kjk fd;k tkrk gSA
bl izes; osQ vuqlkj
(a + b)n = nC0a

n + nC1a
n€1b + nC2a

n€2b2 + ...+ nCn€1a.bn€1 + nCnb
n

ð®izlkj osQ inksa osQ xq.kkadksa dk O;ofLFkr …e ikLdy f=kHkqt dgykrk gSA
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‚e'k% k = 1, 2, 3€ n, j[kus ij] ge ikrs gSa
24 • 14 = 4(1)3 + 6(1)2 + 4(1) + 1
34 • 24 = 4(2)3 + 6(2)2 + 4(2) + 1
44 • 34 = 4(3)3 + 6(3)2 + 4(3) + 1
..................................................
..................................................
..................................................
(n • 1)4 • (n • 2)4 = 4(n • 2)3 + 6(n • 2)2 + 4(n • 2) + 1
n4 • (n • 1)4 = 4(n • 1)3 + 6(n • 1)2 + 4(n • 1) + 1
(n + 1)4 • n4 = 4n3 + 6n2 + 4n + 1

nksuksa i{kksa dks tksM+us ij] ge ikrs gSa
(n + 1)4 • 14 = 4(13 + 23 + 33 +...+ n3) + 6(12 + 22 + 32 + ...+ n2) +

4(1 + 2 + 3 +...+ n) + n

3 2

1 1 1

4 6 4
n n n

k k k

k k k n
ð= ð= ð=

ð= ð+ ð+ ð+ðå ðå ðå , ... (1)

(i) rFkk (ii) ls] ge tkurs gSa

ð( ð) ð( ð)ð( ð)2

1 1

1 1 2 1
and

2 6

n n

k k

n n n n n
k k

ð= ð=

ð+ ð+ ð+
ð= ð=ðå ðå rFkk

ð( ð) ð( ð)ð( ð)2

1 1

1 1 2 1
and

2 6

n n

k k

n n n n n
k k

ð= ð=

ð+ ð+ ð+
ð= ð=ðå ðå

bu ekuksa dks(1) esa j[kus ij] ge ikrs gSa
3 4 3 2

1

6 ( 1) (2 1) 4 ( 1)
4 4 6 4

6 2

n

k

n n n n n
k n n n n • • • n

ð=

ð+ ð+ ð+
ð= ð+ ð+ ð+ðå

or 4Sn = n4 + 4n3 + 6n2 + 4n • n (2n2 + 3n + 1) • 2n (n + 1) • n

= n4 + 2n3 + n2

= n2(n + 1)2.

vr% Sn =
ð[ ð]22 2 ( 1)( 1)

4 4

n nn n ð+ð+
ð=

19 Js.kh5 + 11 + 19 + 29 + 41€osQninksa dk ;ksxiQy Kkr dhft,A

 vkb, fy[ksa
Sn = 5 + 11 + 19 + 29 + ... +an•1 + an

vFkok Sn =        5 + 11 + 19  + ... +an•2 + an•1 + an

?kVkus ij ge ikrs gSa
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0 = 5 + [6 + 8 + 10 + 12 + ...(n • 1) inksa] • an

vFkok an =
( 1)[12 ( 2) 2]

5
2

n nð- ð+ ð- ð´
ð+

= 5 + (n • 1) (n + 4) =n2 + 3n + 1

bl izdkj  Sn =
2 2

1 1 1 1

( 3 1) 3
n n n n

k
k k k

a k k k k n
ð= ð= ð=

ð= ð+ ð+ ð= ð+ ð+ðå ðå ðå ðå

=
( 1)(2 1) 3 ( 1)

6 2
n n n n n

n
ð+ ð+ ð+

ð+ ð+=
( 2) ( 4)

3n

n n n
S

ð+ ð+
ð= .

20 ml Js.kh osQn inksa dk ;ksx Kkr dhft, ftldknok€ inn (n + 3) gSA

fn;k x;k gS
an = n (n + 3) =n2 + 3n

bl izdkj n inksa dk ;ksxiQy

Sn =
2

1 1 1

3
n n n

k
k k k

a k k
ð= ð= ð=

ð= ð+ðå ðå ðå

=
( 1) (2 1) 3 ( 1)

6 2
n n n n nð+ ð+ ð+

ð+
( 1)( 5)

3
n n nð+ ð+

ð= .

9.4

iz'u 1 ls 7 rd izR;sd Js.kh osQninksa dk ;ksx Kkr dhft,A

1. 1 × 2 + 2 × 3 + 3 × 4 + 4 × 5 +... 2. 1 × 2 × 3 + 2 × 3 × 4 + 3 × 4 × 5 + ...

3. 3 × 12 + 5 × 22 + 7 × 32 + ... 4.
1 1 1

1 2 2 3 3 4
ð+ ð+ ð+

ð´ ð´ ð´ ...

5. 52 + 62 + 72 + ... + 202 6. 3 × 8 + 6 × 11 + 9 × 14 + ...

7. 12 + (12 + 22) + (12 + 22 + 32) + ...

iz'u8 ls10 rd izR;sd Js.kh osQn inksa dk ;ksx Kkr dhft, ftldkn ok€ in fn;k gS%

8. n (n+1) (n+4). 9. n2 + 2n

10. 2(2 1)n •
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21 ;fn fdlh lekarj Js.kh dkpok€]qok€]r ok€ rFkksok€ in xq.kks†kj Js.kh esa gSa] rks
fn[kkb, fd (p • q), (q •  r), (r-s) Hkh xq.kks†kj Js.kh esa gksxsaA

 ;gk€ ap = a + (p •1) d ... (1)
aq = a + (q •1) d ... (2)
ar = a + (r •1) d ... (3)
as = a + (s •1) d ... (4)

fn;k x;k gS fdap, aq, ar rFkkas xq.kks†kj Js.kh esa gSaA blfy,

q

p

a

a
 =

q rr

q p q

a aa q r
a a a p q

ð- ð-
ð= ð=

ð- ð-
(D;ksa\) € (5)

blh izdkj r

q

a
a

 = s r s

r q r

a a a r s
a a a q r

ð- ð-
ð= ð=

ð- ð-
; (D;ksa\) € (6)

vr%(5) rFkk (6) ls

q r
p q

ð-
ð-

 =
r s
q r

ð-
ð-

 vFkkZr~p • q, q • r rFkkr • s xq.kks†kj Js.kh esa gSaA

22;fn a, b, cxq.kks†kj Js.kh esa gSa rFkk
11 1
yx za b cð= ð= gSa rksfl„ dhft, x, y, zlekarj

Js.kh esa gSaA

ekuk fda1/x = b1/y = c1/z= k. gSa rks
a = kx , b = ky rFkk c = kz. € (1)

D;ksafda, b, cxq.kks†kj Js.kh esa gSa
b2 = ac € (2)

(1) rFkk (2) osQ mi;ksx ls ge ikrs gSa
k2y = kx+z

blls gesa feyrk gS 2y = x + z.
vr%x, yrFkkz lekarj Js.kh esa gSaA

23 ;fn a, b, c, drFkkp fofHkUu okLrfod la[;k,€ bl izdkj gSa fd
(a2 + b2 + c2)p2 • 2(ab+ bc+ cd)p + (b2+ c2 + d2) ð£ 0 rks n'kkZb, fda, b, crFkkd xq.kks†kj
Js.kh esa gSaA
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fn;k gSa
(a2 + b2 + c2) p2 • 2 (ab + bc + cd)p + (b2 + c2 + d2) ð£ 0 ... (1)

ijarq ck;k€ i{k
= (a2p2 • 2abp+b2) + (b2p2 • 2bcp+c2) + (c2p2 • 2cdp + d2),

blls gesa feyrk gS
(ap • b)2 + (bp • c)2 + (cp • d)2 ð³ 0 ... (2)

D;ksafdokLrfodla[;kvksaosQoxks•dk;ksx….ksrjgS] blfy,(1) rFkk(2) ls] ge ikrs gSa

ð( ð) ð( ð) ð( ð)ap b bp c cp dð- ð+ ð- ð+ ð- ð=
2 2 2

0
vFkokap • b = 0, bp • c = 0, cp • d = 0blls gesa feyrk gS

b c d
p

a b c
ð= ð= ð=

vr%a, b, c rFkkd xq.kks†kj Js.kh esa gSaA

24 ;fn p,q,r xq.kks†kj Js.kh esa gSa rFkk lehdj.kksapx2 + 2qx + r = 0 vkSj

dx2 + 2ex + f = 0 ,d mHk;fu"B ewy j[krs gksa] rks n'kkZb, fd
d
p

e
q

f
r

, , lekarj Js.kh esa gSaA

lehdj.k px2 + 2qx + r = 0osQ ewy fuEufyf[kr gSa%

22 4 4

2

q q rp
x

p

ð- ð± ð-
ð=

D;ksafdp ,q, r xq.kks†kj Js.kh esa gSa] blfy,q2 = pr, vFkkZr~ q
x

p
ð-

ð= ijarq q
p

ð- lehdj.k

dx2 + 2ex + f = 0dk Hkh ewy gS](D;ksa\)
blfy,

2

2 0
q q

d e f ,
p p

ðæ ðö ðæ ðöð- ð-
ð+ ð+ ð=ðç ð÷ ðç ð÷

ðè ðø ðè ðø
;k oqQ2 • 2eqp + fp2 = 0 ... (1)
(1) dkspq2 ls Hkkx nsus ij rFkkq2 = pr dk mi;ksx djus ls] ge ikrs gSa

2
0

d e fp
,

p q pr
ð- ð+ ð=;k

2e d f
q p r

ð= ð+

vr% , ,
d e f
p q r lekarj Js.kh esa gSaA
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9

1. n'kkZb, fd fdlh lekarj Js.kh osQ(m + n)osa rFkk (m • n)osa inksa dk ;ksxmosa in dk
nqxquk gSA

2. ;fn fdlh lekarj Js.kh dh rhu la[;kvksa dk ;ksx24gS rFkk mudk xq.kuiQy440gS] rks
la[;k,€ Kkr dhft,A

3. ekuk fd fdlh lekarj Js.kh osQn, 2n, rFkk3n inksa dk ;ksxiQy ‚e'k%S1, S2rFkk S3 gS
rks fn[kkb, fdS3 = 3(S2 •S1)

4. 200rFkk400osQ eƒ; vkus okyh mu lHkh la[;kvksa dk ;ksxiQy Kkr dhft, tks7 ls
foHkkftr gksaA

5. 1 ls 100 rd vkus okys mu lHkh iw.kk•dksa dk ;ksxiQy Kkr dhft, tks2 ;k 5 ls
foHkkftr gksaA

6. nks vadksa dh mu lHkh la[;kvksa dk ;ksxiQy Kkr dhft,] ftudks4 ls foHkftr djus ij
'ks"kiQy1gksA

7. lHkhx , y ðÎN osQ fy,f (x + y) = f (x). f (y) dks larq"V djrk gqvkf ,d ,slk iQyu gS

fd f (1) = 3,oa
1

( ) 120
n

x

f x
ð=

ð=ðå rksn dk eku Kkr dhft,A

8. xq.kks†kj Js.kh osQ oqQN inksa dk ;ksx315gS] mldk izFke in rFkk lkoZ vuqikr ‚e'k%5 rFkk
2 gSaA vafre in rFkk inksa dh la[;k Kkr dhft,A

9. fdlh xq.kks†kj Js.kh dk izFke in1gSA rhljs ,oa ik€posa inksa dk ;ksx90gks rks xq.kks†kj Js.kh
dk lkoZ vuqikr Kkr dhft,A

10. fdlh xq.kks†kj Js.kh osQ rhu inksa dk ;ksx56gSA ;fn ge ‚e ls bu la[;kvksa esa ls1, 7,
21?kVk,€ rks gesa ,d lekarj Js.kh izkIr gksrh gSA la[;k,€ Kkr dhft,A

11. fdlh xq.kks†kj Js.kh osQ inksa dh la[;k le gSA ;fn mlosQ lHkh inksa dk ;ksxiQy] fo"ke LFkku
ij j[ks inksa osQ ;ksxiQy dk5 xquk gS] rks lkoZ vuqikr Kkr dhft,A

12. ,d lekarj Js.kh osQ izFke pkj inksa dk ;ksxiQy56gSA vafre pkj inksa dk ;ksxiQy112
gSA ;fn bldk izFke in11gS] rks inksa dh la[;k Kkr dhft,A

13. ;fn
a bx
a bx

b cx
b cx

c dx
c dx

x
ð+
ð-

ð=
ð+
ð-

ð=
ð+
ð-

ð¹( ) ,0 gks rks fn[kkb, fda, b, crFkkd xq.kks†kj Js.kh

esa gSaA
14. fdlh xq.kks†kj Js.kh esaS,n inksa dk ;ksx]Pmudk xq.kuiQy rFkkRmuosQ O;qR‚eksa dk ;ksx

gks rks fl„ dhft, fdP2Rn = Sn.
15. fdlh lekarj Js.kh dkpok€]qok€rok€ in ‚e'k%a, b, cgSa] rks fl„ dhft,

(q • r )a + (r • p )b + (p • q )c = 0
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16. ;fn
1 1 1 1 1 1

a ,b ,c
b c c a a b

ðæ ðö ðæ ðö ðæ ðöð+ ð+ ð+ðç ð÷ ðç ð÷ ðç ð÷
ðè ðø ðè ðø ðè ðø

lekarj Js.kh esa gSa] rks fl„ dhft, fd

a, b, clekarj Js.kh esa gSaA
17. ;fn a, b, c, dxq.kks†kj Js.kh esa gSa] rks fl„ dhft, fdð( ð)a b b c c dn n n n n nð+ ð+ ð+,( ),( )

xq.kks†kj Js.kh esa gSaA
18. ;fn x2 • 3x +p = 0osQ ewya rFkk b gSa rFkk x2 •12x +q = 0,osQ ewyc rFkkd gSa] tgk€

a, b, c, dxq.kks†kj Js.kh osQ :i esa gSaA fl„ dhft, fd (q + p) : (q • p) = 17:15

19. nks /ukRed la[;kvksaa rFkkb osQ chp lekarj ekƒ; rFkk xq.kks†kj ekƒ; dk vuqikrm:n.

gSA n'kkZb, fd ð( ð)ð( ð)2 2 2 2:a b m m • n : m • m • nð= ð+

20. ;fn a, b, clekarj Js.kh esa gSab, c, dxq.kks†kj Js.kh esa gSa rFkk
1 1 1
c d e

, , lekarj Js.kh esa

gSa] rks fl„ dhft, fda, c, exq.kks†kj Js.kh esa gSaA
21. fuEufyf[kr Jsf.k;ksa osQn inksa dk ;ksx Kkr dhft,A

(i) 5 + 55 +555 + €

(ii) .6 +. 66 +. 666+€

22. Js.kh dk20ok€ in Kkr dhft, %
2 × 4 + 4 × 6 + 6 × 8 + ... +n inksa rd

23. Js.kh 3+ 7 +13 +21 +31 +€osQn inksa dk ;ksx Kkr dhft,A
24. ;fn S1, S2, S3 ‚e'k% izFken izko`Qr la[;kvksa dk ;ksx] muosQ oxks• dk ;ksx rFkk ?kuksa dk

;ksx gS rks fl„ dhft, fd9 2
2S = S3 (1 + 8S1).

25. fuEufyf[kr Jsf.k;ksa osQn inksa rd ;ksx Kkr dhft,a%
3 3 2 3 3 31 1 2 1 2 3
1 1 3 1 3 5

...
ð+ ð+ ð+

ð+ ð+ ð+
ð+ ð+ ð+

26. n'kkZb, fd %
2 2 2

2 2 2

1 2 2 3 ( 1) 3 5
3 11 2 2 3 ( 1)

... n n n
n... n n

ð´ ð+ ð´ ð+ ð+ ð´ ð+ ð+
ð=

ð+ð´ ð+ ð´ ð+ ð+ ð´ ð+
.

27. dksbZ fdlku ,d iqjkus VS‡DVj dks12000# esa [kjhnrk gSA og6000# udn Hkqxrku djrk
gS vkSj 'ks"k jkf'k dks500# dh okf"kZd fdLr osQ vfrfjDr ml ƒku ij ftldk Hkqxrku u
fd;k x;k gks12%okf"kZd C;kt Hkh nsrk gSA fdlku dks VS‡DVj dh oqQy fdruh dher
nsuh iMs+xh\
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28. 'ke'kkn vyh22000#i;s esa ,d LdwVj [kjhnrk gSA og4000#i;s udn nsrk gS rFkk 'ks"k
jkf'k dks1000#i;sa okf"kZd fd'r osQ vfrfjDr ml /u ij ftldk Hkqxrku u fd;k x;k
gks10%okf"kZd C;kt Hkh nsrk gSA mls LdwVj osQ fy, oqQy fdruh jkf'k pqdkuh iM+sxh\

29. ,d O;fDr vius pkj fe=kksa dks i=k fy[krk gSA og izR;sd dks mldh udy djosQ pkj nwljs
O;fDr;ksa dks Hkstus dk funsZ'k nsrk gS] rFkk muls ;g Hkh djus dks dgrk gSa fd izR;sd i=k
izkIr djus okyk O;fDr bl  ̂ ak`[kyk dks tkjh j[ksA ;g dYiuk djosQ fd  ̂ ak`[kyk u VwVs rks
8 osa i=kksa osQ lewg Hksts tkus rd fdruk Mkd [kpZ gksxk tcfd ,d i=k dk Mkd [kpZ50
iSls gSA

30. ,d vkneh us ,d cSad esa10000#i;s5%okf"kZd lk/kj.k C;kt ij tek fd;kA tc ls
jde cSad esa tek dh xbZ rc ls]15osa o"kZ esa mlosQ [kkrsa esa fdruh jde gks xbZ] rFkk20
o"kksZa ckn oqQy fdruh jde gks xbZ] Kkr dhft,A

31. ,d fuekZrk ?kksf"kr djrk gS fd mldh e'khu ftldk ewY;15625#i;s gS] gj o"kZ20%
dh nj ls mldk voewY;u gksrk gSA5 o"kZ ckn e'khu dk vuqekfur ewY; Kkr dhft,A

32. fdlh dk;Z dks oqQN fnuksa esa iwjk djus osQ fy,150deZpkjh yxk, x,A nwljs fnu4
deZpkfj;ksa us dke NksM+ fn;k] rhljs fnu4vkSj deZpkfj;ksa us dke NksM+ fn;k rFkk bl izdkj
vU;A vc dk;Z iw.kZ djus esa8 fnu vf/d yxrs gSa] rks fnuksa dh la[;k Kkr dhft,] ftuesa
dk;Z iw.kZ fd;k x;kA

ð®vuq‚e ls gekjk rkRi;Z gS] ‰fdlh fu;e osQ vuqlkj ,d ifjHkkf"kr (fuf'pr) ‚e esa
la[;kvksa dh O;oLFkkŠA iqu% ge ,d vuq‚e dks ,d iQyu osQ :i esa ifjHkkf"kr dj
ldrs gSa] ftldk izkar izko`Qr la[;kvksa dk leqPp; gks vFkok mldk mileqPp;
{1, 2, 3, ...,k} osQ izdkj dk gksA os vuq‚e] ftuesa inksa dh la[;k lhfer gksrh gS]
‰ifjfer vuq‚eŠ dgykrs gSaA ;fn dksbZ vuq‚e ifjfer ugha gS rks mls vifjfer
vuq‚e dgrs gSaA

ð®eku yhft,a1, a2, a3, ...,d vuq‚e gSa rksa1 + a2 + a3 + ...osQ :i esa O;Dr fd;k
x;k ;ksx Js.kh dgykrk gS ftl Js.kh osQ inksa dh la[;k lhfer gksrh gS mls ifjfer Js.kh
dgrs gSaA

ð®fdlh vuq‚e esa in leku fu;rkad ls yxkrkj c<+rs ;k ?kVrs gSa] lekarj Js.kh gksrh gSaA
fu;rkad dks lekarj Js.kh dk lkoZ varj dgrs gSaA lkekU;r% ge lekarj Js.kh dk izFke
in a, lkoZ varjd rFkk vafre inl ls iznf'kZr djrs gSaA lekarj Js.kh dk O;kidin ;k
n ok€ inan = a + (n • 1) d gSA
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lekarj Js.kh osQn inksa dk ;ksxSn fuEufyf[kr lw=k }kjk izkIr gksrk gS%

ð( ð) ð( ð)S 2 1
2 2n
n n

= a+ n • d = a+lðé ðùðë ðû .

ð®dksbZ nks la[;kvksaa rFkkb dk lekarj ekƒ;A,
2

a+b
gksrk gS vFkkZr~ vuq‚ea, A,

b lekarj Js.kh(A.P.)esa gSA
ð®fdlh vuq‚e dks xq.kks†kj Js.kh ;kG.P.dgrs gSa] ;fn dksbZ in] vius fiNys in ls ,d

vpj vuqikr esa c<+rk gSA bl vpj xq.kkad dks lkoZ vuqikr dgrs gSaA lkƒkkj.kr% ge
xq.kks†kj Js.kh osQ izFke in dksa rFkk lkoZ vuqikrr ls lkaosQfrd djrs gSaA xq.kks†kj Js.kh
dk O;kid in ;knok€ inan= arn • 1 gksrk gSA

xq.kks†kj Js.kh osQ izFken inksa dk ;ksx
ð( ð) ð( ð) • 1 1•

S 1
1 1 •

n n

n

a r a r
= or if r

r • r
ð¹ ;k

ð( ð) ð( ð) • 1 1•
S 1

1 1 •

n n

n

a r a r
= or if r

r • r
ð¹;fn r ð¹1

gksrk gSA

ð®dksbZ nks /ukRed la[;k,€a rFkkbdk xq.kks†kj ekƒ;ab gS vFkkZr~~ vuq‚ea, G, b

xq.kks†kj Js.kh esa gSaA

bl ckr osQ izek.k feyrs gSa fd4000o"kZ iwoZ cschyksfu;k osQ fuokfl;ksa dks lekarj rFkk
xq.kks†kj vuq‚eksa dk Kku FkkABoethius(510 A.D.)osQ vuqlkj lekarj rFkk xq.kks†kj vuq‚eksa
dh tkudkjh izkjafHkd ;wukuh (xzhd) ys[kdksa dks FkhA Hkkjrh; xf.krKksa esa ls vk;ZHkV(476
A.D.) us igyh ckj izko`Qr la[;kvksa osQ oxks• rFkk ?kuksa dk ;ksx viuh izfl„ iqLrd
^vk;ZHkVh;e~* tks yxHkx499 A.D.esa fy[kh xbZ Fkh] esa fn;kA mUgksausp ok€ in ls vkjaHk]
lekarj vuq‚e osQn inksa osQ ;ksx dk lw=k Hkh fn;kA vU; egku Hkkjrh; xf.krK cz‹xqIr(598
A.D.), egkohj(850 A.D.)rFkk HkkLdj(1114•1185 A.D.)us la[;kvksa osQ oxksZa ,oa ?kuksa
osQ ;ksx ij fopkj fd;kA ,d nwljs fof'k"V izdkj dk vuq‚e  ftldk xf.kr esa eg†oiw.kZ
xq.k/eZ gS tksFibonacci sequence dgykrk gS] dk vkfo"dkj bVyh osQ egku xf.krK
Leonardo Fibonacci(1170•1250 A.D.)us fd;kA  l=kgoha 'krkCnh esa Jsf.k;ksa dk
oxhZdj.k fof'k"V :i ls gqvkA1671bZ- esaJames Gregory us vifjfer vuq‚e osQ lanHkZ
esa vifjfer Js.kh 'kCn dk mi;ksx fd;kA chtxf.krh; rFkk leqPp; fl„karksa osQ leqfpr
fodkl osQ mijkar gh vuq‚e rFkk Jsf.k;ksa ls lacaf/r tkudkjh vPNs <+ax ls izLrqr gks ldhA



Geometry, as a logical system, is a means and even the most powerful
means to make children feel the strength of the human spirit that is

of their own spirit.  – H. FREUDENTHAL

10.1 (Introduction)

Rene Descartes

La Gemoetry

(Analytical

Geometry)

(basics)

XY- (6, – 4)  (3,

0)

(6, – 4) x-

y- y- x-

x-

y- x-

10

(Straight Lines)

René Descartes

(1596 -1650 A.D.)

 10.1
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I. P (x
1,

y
1
) Q (x

2
, y

2
)

   1

2 2

2 2 1PQ x – x y – y 

(6, – 4) (3, 0)

22(3 6) 9 16 5(0 4)    

II. (x
1,

y
1
)  (x

2
, y

2
) m: n

2 1 2 1m ny ym nx x ,
m n m n

 
   

A(1, – 3) B (–3, 9)

1: 3
1 ( 3) 3 1

0
1 3

. .
x

 
 



 1.9 3. 3
0

1 3
y

 
 



III. m = n,  (x
1,

y
1
)  (x

2
, y

2
)

1 2 1 2

2 2

y yx x ,
 

 
 

IV. (x
1,

y
1
), (x

2
, y

2
)  (x

3
, y

3
)

     1 2 32 3 3 1 1 2

1

2
    y y y y y yx x x

(4, 4), (3, – 2)  (– 3, 16)

 =
541

4( 2 16) 3(16 4) ( 3)(4 2) 27
2 2


        

ABC A, B  C

collinear
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slope

10.2 (Slope of a line)

x- , 
 l, x-

l, Inclination of the

line l 0° 180° (

10.2)

x-

0° y–
y– 90°

1  l
tan  l

90°

m

m = tan ,   90°

x y

10.2.1 (Slope of a line when

coordinates of any two points on the line are given)

non-

vertical l, 
P(x

1
, y

1
)  Q(x

2
, y

2
)

x
1
 x

2
, x-

l



x– QR RQ PM

10.3 (i)  (ii)

 10.2

10. 3 (i)



220

 I   10.3 (i), MPQ = 
l  = m = tan  ... (1)

MPQ 2 1

2 1

MQ
tanθ

MP

y y

x x


 


... (2)

 (1) (2) 2 1

2 1

y y
m

x x






II 
 10.3 (ii) ,MPQ = 180° – .
 = 180° – MPQ.

l   = m = tan 
= tan ( 180° – MPQ)
= – tan MPQ

=
2 1

1 2

MQ

MP

y y

x x


  

  =
2 1

2 1

y y
.

x x




(x
1
, y

1
)

(x
2
, y

2
)

2 1

2 1

y y
m

x x






10.2.2 (Conditions for
parallelism and perpendicularity of lines) l

1
l
2

m
1

m
2
,

  l1

l2

 = ,  tan  = tan 
m

1
 = m

2
,

l
1

l
2

m
1
 = m

2

tan  = tan 
(tangent) (0° 180° ),  = 

 10. 3 (ii)

 10. 4
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 l
1

 l
2

l1 l2

 =  + 90°.

, tan  = tan ( + 90°)

= – cot =
1

tan


m
2
 =

1

1

m
 m

1
m

2
  = – 1

m
1

m
2
  =  – 1,  tan tan  = – 1.

tan = – cot  = tan ( + 90°)  tan ( – 90°)
  90°

 l
1

l
2

l
1

l
2

  m
2
=

1

1

m
  m

1
m

2
 = – 1

(a) (3, – 2) (–1, 4)
(b) (3, – 2) (7, –2)
(c) (3, – 2) (3, 4)

(d) x– °

(a) (3, – 2) (–1, 4)

4 ( 2) 6 3

1 3 4 2
m

 
   
  

(b) (3, – 2) (7, –2)

2 ( 2) 0
0

7 3 4
m
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(c) (3, – 2) (3, 4)

0

6

33

)2(4





m ,

(d)  = 60°

     m = tan 60° = 3

10.2.3 (Angle between two lines)

 L
1

L
2

m
1

m
2

L
1

 L
2


1


2

1 1 22α αtan tanm m vkjS
ge tkurs gSa fd tc nks js[kk,¡ ijLij

izfrPNsn djrh gSa rc os nks 'kh"kkZfHkeq[k dks.kksa
osQ ;qXe cukrh gSa tks ,sls gSa fd fdUgha nks
layXu dks.kksa dk ;ksx 180° gSA eku yhft, fd js[kkvksa L

1
vkSj L

2
osQ chp layXu dks.k  vkSj 

gSa (vko`Qfr 10-6)A rc
 = 

2
 – 

1
vkSj 

1
, 

2
 90°

blfy,, tan  = tan (
2
 – 

1
) 2 1 2 1

1 2 1 2

tan tan –
1 tan tan 1

m m

m m

 
 
 

 
 

   (D;ksafd 1 + m
1
m

2
 0)

vkSj = 180° – 

bl izdkj tan  = tan (180° –  ) = – tan  =
2 1

1 21

m m

m m


 , D;ksafd 1 + m

1
m

2
 0

vc] nks fLFkfr;k¡ mRiUu gksrh gaS%

 I ;fn mm
mm

21

12

1


/ukRed gS] rc tan  /ukRed gksxk vkSj tan ½.kkRed gksxk ftldk

 10. 6
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vFkZ gS  U;wudks.k gksxk vkSj  vf/d dks.k gksxkA

II ;fn mm
mm

21

12

1


½.kkRed gS] rc tan  ½.kkRed gksxk vkSj tan  èkukRed gksxk

ftldk vFkZ gS  vf/d dks.k gksxk vkSj  U;wu dks.k gksxkA
bl izdkj] m

1
vkSj m

2
, <ky okyh js[kkvksa  L

1
vkSj L

2
osQ chp dk U;wu dks.k (ekuk fd )

bl izdkj gS]

2 1
1 2

1 2

tan θ , 1 0
1
m m

m m
m m


  


tgk¡ ... (1)

vf/d dks.k (ekuk fd )  =1800 –  osQ iz;ksx ls izkIr fd;k tk ldrk gSA

 2 ;fn nks js[kkvksa osQ chp dk dks.k π
4

gS vkSj ,d js[kk dh <ky 1

2
gS rks nwljh js[kk

dh <ky Kkr dhft,A
ge tkurs gSa fd m

1
vkSj m

2
 <ky okyh nks js[kkvksa osQ chp U;wudks.k  bl izdkj gS fd

2 1

1 2

tan θ
1

m m

m m



 ... (1)

;gk¡ m
1
=

1

2
, m

2
 = m vkSj  = π

4

vc (1) esa bu ekuksa dks j[kus ij

1 1
π 2 2tan   1

1 14 1 1
2 2

m m
,

m m

 
 
 

;k

ftlls izkIr gksrk gS

1 1
2 21 1

1 1
1 1

2 2

m m
–

m m

 
  

 
;k

blfy,] 1
3

3
m m  ;k
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vr% nwljh js[kk dh <ky 3 ;k 1

3
 gSA vko`Qfr 10-7 esa nks mÙkj dk dkj.k Li"V fd;k x;k gSA

 (–2, 6) vkSj (4, 8) fcanqvksa dks feykus okyh js[kk] (8, 12) vkSj (x, 24) fcanqvksa dks
feykus okyh js[kk ij yac gSA x dk eku Kkr dhft,A

 (– 2, 6) vkSj (4, 8) fcanqvksa ls tkus okyh js[kk dh <ky  1
8 6 2 1

4 2 6 3
m


  
 

(8, 12) vkSj (x, 24) fcanqvksa ls tkus okyh js[kk dh <ky 2
24 12 12

8 8
m

x x


 
 

D;ksafd nksuksa js[kk,¡ yac gSa blfy,, m
1

m
2
 = –1, ftlls izkIr gksrk gS

1 12
1 = 4

3 8
x

x
  


; k .

10.2.4
(Collinearity of three points) ge tkurs
gSa fd nks lekarj js[kkvksa osQ <ky leku gksrs
gSaA ;fn leku <ky okyh nks js[kk,¡ ,d gh
fcanq ls gksdj tkrh gSa] rks vko';d :i ls
os laikrh (coincident) gksrh gSaA vr% ;fn
XY-ry esa A, B vkSj C rhu fcanq gSa] rc os
,d js[kk ij gksaxs vFkkZr~ rhuksa fcanq lajs[k gksaxs
(vko`Qfr 10-8) ;fn vkSj osQoy ;fn AB
dh <ky = BC dh <kyA

 10. 7

 10. 8
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rhu fcanq P (h, k), Q (x
1
, y

1
) vkSj R (x

2
, y

2
) ,d js[kk ij gSaA fn[kkb,

(h – x
1
) (y

2
 – y

1
)  = (k – y

1
) (x

2
 – x

1
)

D;ksafd fcanq P, Q vkSj R lajs[k gSa] ge ikrs gS

PQ dh <ky = QR dh <ky vFkkZr~ 1 2 1

1 2 1

ky y y

x h x x

 


 

;k 1 2 1

1 2 1

k y y y

h x x x

 


  ,

;k (h – x
1
) (y

2
 – y

1
)  = (k – y

1
) (x

2
 – x

1
)

vko`Qfr 10.9, esa ,d jSf[kd xfr dk le; vkSj nwjh dk ys[kkfp=k fn;k gSA le; vkSj
nwjh dh nks fLFkfr;k¡] tc T = 0, D = 2 vkSj
tc T = 3, D = 8 vafdr dh xb± gSaA <ky dh
ladYiuk dk iz;ksx djosQ xfr dk fu;e Kkr
dhft, vFkkZr~ nwjh] le; ij fdl izdkj
vkfJr gS\

 eku yhft, fd js[kk ij dksbZ fcanq
(T, D) gS tgk¡ T le; ij D nwjh fu:fir gSA
blfy,] fcanq (0, 2), (3, 8) vkSj (T, D) lajs[k
gSA bl izdkj
8 2 D 8

6 (T 3) 3 (D 8)
3 0 T 3

 
   

 
;k

;k D = 2(T + 1), tks fd vHkh"V laca/ gSA

1. dkrhZ; ry esa ,d prqHkZqt [khafp, ftlds 'kh"kZ (– 4, 5),  (0, 7), (5, – 5) vkSj (– 4, –2)
gSaA bldk {ks=kiQy Hkh Kkr dhft,A

2.  2a Hkqtk osQ leckgq f=kHkqt dk vk/kj y-v{k osQ vuqfn'k bl izdkj gS fd vk/kj dk eè;
fcanq ewy fcanq ij gSA f=kHkqt osQ 'kh"kZ Kkr dhft,A

3. P (x
1
, y

1
) vkSj Q (x

2
, y

2
) osQ chp dh nwjh Kkr dhft, tc : (i) PQ, y-v{k osQ lekarj

gS] (ii) PQ, x-v{k osQ lekarj gSA
4. x-v{k ij ,d fcanq Kkr dhft, tks (7, 6) vkSj (3, 4) fcanqvksa ls leku nwjh ij gSA

10.9
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5. js[kk dh <ky Kkr dhft, tks ewy fcanq vkSj P (0, – 4) rFkk B (8, 0) fcanqvksa dks feykus okys
js[kk[kaM osQ eè; fcanq ls tkrh gaSA

6. ikbFkkxksjl izes; osQ iz;ksx fcuk fn[kykb, fd fcanq (4, 4), (3, 5) vkSj (–1, –1) ,d ledks.k
f=kHkqt osQ 'kh"kZ gSaA

7. ml js[kk dk lehdj.k Kkr dhft, tks y&v{k dh /u fn'kk ls okekoÙkZ ekik x;k 30°dk
dks.k cukrh gSA

8. x dk og eku Kkr dhft, ftlosQ fy, fcanq (x, – 1), (2,1) vkSj (4, 5) lajs[k gaSA
9. nwjh lw=k dk iz;ksx fd, fcuk fn[kykb, fd fcanq  (– 2, – 1), (4, 0), (3, 3)vkSj (–3, 2) ,d

lekarj prqHkqZt osQ 'kh"kZ gSaA
10. x-v{k vkSj (3,–1) vkSj (4,–2) fcanqvksa dks feykus okyh js[kk osQ chp dk dks.k Kkr dhft,A
11. ,d js[kk dh <ky nwljh js[kk dh <ky dk nqxquk gSA ;fn nksuksa osQ chp osQ dks.k dh Li'kZT;k

(tangent)
3

1
gS rks js[kkvksa dh <ky Kkr dhft,A

12. ,d js[kk (x
1
, y

1
) vkSj (h, k) ls tkrh gSA ;fn js[kk dh <ky m gS rks fn[kkb,

k – y
1
= m (h – x

1
).

13. ;fn rhu fcanq (h, 0), (a, b) vkSj (0, k) ,d js[kk ij gSa rks fn[kkb, fd 1
k

b

h

a
.

14. tula[;k vkSj o"kZ osQ fuEufyf[kr ys[kkfp=k ij fopkj dhft, (vko`Qfr 10.10)A
js[kk ABdh <ky Kkr dhft, vkSj blosQ iz;ksx ls crkb, fd o"kZ 2010 esa tula[;k fdruh
gksxh\

10.10
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10.3 (Various Forms of the Equation
of a Line)
ge tkurs gSa fd fdlh ry esa fLFkr ,d js[kk esa fcanqvksa dh la[;k vuar gksrh gSA js[kk vkSj fcanqvksa
ds chp dk ,d laca/ gesa fuEufyf[kr leL;k dks gy djus esa lgk;d gksrk gS%

ge oSQls dg ldrs gSa fd fn;k x;k fcanq fdlh nh gqbZ js[kk ij fLFkr gS\ bldk mÙkj ;g
gks ldrk gS fd gesa fcanqvksa osQ js[kk ij gksus dk fuf'pr izfrca/ Kkr gksA dYiuk dhft, fd XY-

ry esa P (x, y)  ,d LosPN fcanq gS L osQ lehdj.k gsrq ge fcanq P osQ fy, ,d ,sls dFku ;k
izfrca/ dh jpuk djuk pkgrs gSa tks osQoy ml n'kk esa lR; gksrk gS tc fcanq P js[kk L ij fLFkr
gks] vU;Fkk vlR; gksrk gSA fuLlansg ;g dFku ,d ,slk chtxf.krh; lehdj.k gS] ftlesa x rFkk
y nksuksa gh lfEefyr gksrs gSaA
vc] ge fofHkUu izfrca/ksa osQ varxZr js[kk dh lehdj.k ij fopkj djsaxsA
10.3.1 (Horizontal and vertical lines) ;fn ,d {kSfrt
js[kk L, x-v{k ls a nwjh ij gS rks js[kk osQ izR;sd fcanq dh dksfV ;k rks a ;k – a gS
[vko`Qfr 10.11 (a)]A blfy,] js[kk Ldk lehdj.k ;k rks y = a ;k y = – a gSA fpÉ dk p;u

js[kk dh fLFkfr ij fuHkZj djrk gS fd js[kk  y-v{k osQ Åij ;k uhps gSA blh izdkj] x-v{k ls
b nwjh ij fLFkr ,d ÅèokZ/j js[kk dk lehdj.k ;k rks x = b ;k x =  – b gS [vko`Qfr 10.11(b)]A

v{kksa osQ lekarj vkSj (– 2, 3) ls tkus okyh js[kkvksa osQ lehdj.k Kkr dhft,A
vko`Qfr 10.12 esa js[kkvksa dh fLFkfr;k¡ n'kkZbZ xbZ gSaA x-v{k osQ lekarj js[kk osQ izR;sd fcanq osQ

y-funsZ'kkad 3 gaS] blfy, x-v{k osQ lekarj vkSj (– 2, 3) ls tkus okyh js[kk dk lehdj.k

 10.11
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y2

x-
x

y2 = 4ax, a = 2
(2, 0)

x = € 2  ( 11.19)
 4a = 4 × 2 = 8

(2,0) x = € 2

(2,0)x- x-

y2 = 4ax y2 = € 4ax

x = € 2  (2,0) , y2 = 4ax a = 2.

y2 = 4(2) x = 8x

(0,0) (0,2)  y- ,
y- x2 = 4ay
x2 = 4(2)y,  x2 = 8y

y-
(2,€3)

y-
x2 = 4ay x2 = € 4ay,

x2 = € 4ay
( 2,€3),

22   = € 4a (€3), a   =
1
3

x2 =
1

4
3

ðæ ðöð- ðç ð÷
ðè ðø

y,    3x2 = € 4y

11.19
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1. y2 = 12x 2. x2 = 6y 3. y2 = € 8x
4. x2 = € 16y 5. y2 = 10x 6. x2 = € 9y

7.  (6,0), x = € 6 8.  (0,€3), y = 3
9.  (0,0), (3,0) 10.   (0,0),  (€2,0)

11.  (0,0), (2,3) x-
12.   (0,0), (5,2) y-

11. 5 (Ellipse)

11.20)

ðA

Major axis

11.20

11.21 11.22
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Minor axis

2a 2b

2c a b

11.22)

11.5.1

(  11.23)

P

P

    F1P + F2P = F1O + OP + F2P

           (   F1P = F1O + OP)

= c + a + a € c = 2a

Q

Q

F1Q + F2Q = 2222 cbcb ð+ð+ð+ = 2 22 b cð+

P Q

2 22 cb ð+ =  2a,   a = 22 cb ð+

a2 = b2 + c2 , c = 22 ba ð- .
11.5.2 (Special cases of an ellipse)

c2 = a2 € b2 a

c 0 a,

 (i) c = 0,

a2 = b2, a = b,

11.24)

11.23

11.24
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  (ii) c =a, b = 0.
F1F2

11.25)

11.5.3 Eccentricity)

e
c

e
a

ð=

c ae

11.5.4 (Standard equation of an ellipse)

x- y-

11.26

11.25

 11.26 (a) x-

F1 F2 F1F2 O O

O F2 x- O F1 x-

 11.26
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O x- y- F1

(€ c, 0) F2 (c, 0)

 11.27)

 P(x, y)
P  2a

PF1 + PF2 = 2a ... (1)

2222 )()( ycxycx ð+ð-ð+ð+ð+   =  2a

22)( ycx ð+ð+   =  2a € 22)( ycx ð+ð-

(x + c)2 + y2 = 4a2 € 4a 2222 )()( ycxycx ð+ð-ð+ð+ð-

x
a
c

aycx ð-ð=ð+ð- 22)(

22

2

2

2

ca
y

a
x

ð-
ð+   = 1

2

2

2

2

b
y

a
x

ð+  = 1 ( c2 = a2 € b2)

2

2

2

2

b
y

a
x

ð+   = 1 ... (2)

 P (x, y) 0 < c < a.

y2  = b2 ð÷ð÷
ðø

ðö
ðçðç
ðè

ðæ
ð-

2

2

1
a
x

 11.27
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PF1 = 2 2( )x c yð+ ð+

= ð÷ð÷
ðø

ðö
ðçðç
ðè

ðæ ð-
ð+ð+

2

22
22)(

a
xa

bcx

=
2 2

2 2 2
2( ) ( )

a x
x c a c

a

ðæ ðöð-
ð+ ð+ ð-ðç ð÷

ðè ðø
 ( b2 = a2 € c2)

=
2

cx c
a a x

a a
ðæ ðöð+ ð= ð+ðç ð÷
ðè ðø

PF2 =
c

a x
a

ð-

PF1 + PF2  = 2
c c

a x a € x a
a a

ð+ ð+ ð= ... (3)

2

2

2

2

b
y

a
x

ð+ = 1,

P(x, y)

x- 2

2

2

2

b
y

a
x

ð+  = 1

P (x, y)

2

2

2

2

1
b
y

a
x

ð-ð= ð£  1, x2 ð£a2,  € a ð£x ð£a.

x = € a x = a
y = € b y = b

 11.26 (b)
2 2

2 2
1

x y

b a
ð+ ð=
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ðA

11.26

1.  (x, y)
(€ x, y), (x, €y) (€ x, €y)
2.

x2 x-
y2 y-

11.5.5 (Latus rectum)

 11.28

x y

a b

2 2

2 2
+ =1

AF2 l A (c, l),  (ae, l)

A,
2 2

2 2
1

x y

a b
ð+ ð=,

2 2

2 2

( )
1ð+ ð=

ae l

a b
ðÞ l2 = b2 (1 € e2)

2 2 2 2
2

2 2 2
1

c a € b b
e €

a a a
ð= ð= ð=

l2 =
4

2

b

a
,

2b
l

a
ð=

y-  11.28
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AF2 = F2B.

22b
a

9
2 2

1
25 9
x y

ð+ ð=

2

25
x 2

9
y

x-

2 2

2 2
1

x y

a b
ð+ ð=,

a = 5 b = 3

2 2 25 9 4c a € b €ð= ð= ð=

 (€ 4,0)  (4,0) (€ 5, 0)

(5, 0) a = b =

4
5

22 18
5

b
a

ð=

10 9x2 + 4y2= 36

2 2

1
4 9
x y

ð+ ð=

2

9
y 2

4
x

y-

2 2

2 2
1

x y

b a
ð+ ð=, b = 2 a = 3

c = 2 2a € b    = 9 4 5€ ð=

5
3

c
e

a
ð= ð=
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 (0, 5 )  (0, € 5 ), (0,3) (0, €3)

a =
5

3

 11  (ð± 5, 0)
(ð± 13, 0)

x-
2 2

2 2
1

x y

a b
ð+ ð=

a  a = 13,c = ð± 5.
c2 = a2 € b2,  25 = 169 €b2 b = 12

2 2

1
169 144
x y

ð+ ð=

 12
(0,ð± 5)

y-
2 2

2 2
1

x y

b a
ð+ ð=

a =
20

10
2

ð= ð=

c2 = a2 € b2

52 = 102 € b2 b2 = 75

2 2

1
75 100
x y

ð+ ð=

 13 x-
(4, 3) (€ 1,4)

2

2

2

2

b
y

a
x

ð+  = 1 (4, 3) (€1, 4)

2 2

16 9
+ 1

a b
ð= ... (1)
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22

161
ba

ð+   = 1 ƒ (2)

 (1) (2) 2 247
7

a ð= 2 247
15

b ð=

2 2

1
247247
157

x y
ð+ ð=

ðæ ðö
ðç ð÷
ðè ðø

 7x2 + 15y2 = 247

11.3

1.
2 2

1
36 16
x y

ð+ ð= 2.
2 2

1
4 25
x y

ð+ ð= 3.
2 2

1
16 9
x y

ð+ ð=

4.
2 2

1
25 100
x y

ð+ ð= 5.
2 2

1
49 36
x y

ð+ ð= 6.
400100

22 yx
ð+ = 1

7. 36x2 + 4y2 = 144 8. 16x2 + y2 = 16 9. 4x2 + 9y2 = 36

10.  (ð± 5, 0),  (ð± 4, 0)

11. (0,ð± 13), (0,ð± 5)

12. (ð± 6, 0),  (ð± 4, 0)

13. (ð± 3, 0), (0, ð± 2)

14.  (0,ð± 5 ), (ð± 1, 0)

15. 26,  (ð± 5, 0)

16.  16, (0, ð± 6).

17. (ð± 3, 0),a = 4

18. b = 3, c = 4, x

19.  (0,0) y- (3, 2)  (1,6)

20.  x- (4,3) (6,2)
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11.6 (Hyperbola)

7

transverse axis
conjugate axis

d k V r k  g S]  m U g sa v f r i j o y ;  o sQ  ' k h " k Z ( vertices ( 11.29)
n k su k sa u k f H k ; k sa o sQ  c h p  d h  n wj h  d k s g e  2 c

a
b

b  = 2 2c € a 2b

( 11.30)
P1F2 € P1F1

 A B P

BF1 € BF2 =  AF2 € AF1 (
)

BA +AF1€ BF2 = AB + BF2€ AF1

11.30

11.29
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 AF1 =  BF2

BF1 € BF2 =  BA + AF1€ BF2 = BA = 2a

11.6.1 (Eccentricity)

 8 e =
c
a

c ð³a,

ae

11.6.2 (Standard equation of  Hyperbola)

x- y-

 11.31(a) x-

11.31

 F1 F2 F1F2 O O

O  F2 x- O F1 x- O

x- y- F1 (€ c,0) F2 (c,0)
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 P(x, y) P
2a PF1 € PF2 = 2a

2 2 2 2( ) ( ) 2x c y € x € c y að+ ð+ ð+ ð=

2 2 2 2( ) 2 ( )x c y a x € c yð+ ð+ ð= ð+ ð+

(x + c)2 + y2 = 4a2 + 4a 2 2( )x € c yð+ + (x € c)2 + y2

a
cx

 € a = 2 2( )x € c yð+

2 2

2 2 2
1

x y
€

a c € a
ð=

2 2

2 2
1

x y
€

a b
ð= ( c2 € a2 = b2)

2 2

2 2
1

x y
€

a b
ð=  1.

11.32
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P(x, y), 0 < a < c.

y2  = b2

2 2

2

x € a

a

ðæ ðö
ðç ð÷
ðè ðø

PF1 = + 2 2( )x c yð+ ð+

= +
2 2

2 2
2

( )
x € a

x c b
a

ðæ ðö
ð+ ð+ ðç ð÷

ðè ðø
 = a + x

a
c

PF2 = a €
a
c

x

c > a P x = a, x > a,
c
a

x > a.

a €
c
a

 x PF2 =
c
a

x  € a.

 PF1 €  PF2 = a  +
c
a

x  €
cx
a

  + a = 2a

  P x = € a,  PF1

c
€ a x

a
ðæ ðöð= ð+ðç ð÷
ðè ðø

,  PF2 = a €
c

x
a

.

 PF2 € PF1 = 2a.
2 2

2 2
1

x y
€

a b
ð= ,

 (0,0) x-

2 2

2 2
1

x y
€

a b
ð= .

ðA a = b rectangular
hyperbola

(x, y)
2 2

2 2
1

x y

a b
ð= ð+ ð³ 1.
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a
x

ð³ 1,  xð£ €a  xð³a. x = + a x = € a,

 ( )

11.31 (b)
2 2

2 2

y x
a b

ð- = 1

ðA

11.29,

1.

(x, y) (€ x, y), (x, € y) (€ x, € y)

2.

2 2

1
9 16
x y

€ ð=

x
2 2

1
25 16
y x

€ ð=

y

11.6.3 (Latus rectum)

 9

22b
a

 14
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(i) (ii) y2 € 16x2 = 16

 (i)

a = 3,b = 4 c =

 (ð± 5, 0) (ð± 3, 0)

e =

(ii)

,

a = 4, b = 1

 (0, ð±ð )  (0,ð± 4)

.

 15 (0, ð± 3) (0, ð± )

y- ,
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 (0, ð±
11
2

 ), a =
11
2

 (0, ð± 3); c = 3 b2 = c2 € a2 =
25
4

.

2 2

11 25
4 4

y x
€

ðæ ðö ðæ ðö
ðç ð÷ ðç ð÷
ðè ðø ðè ðø

  = 1, 100y2  €  44x2 = 275.

 16  (0,ð±12)

(0, ð±12), c = 12.

=
22

36ð=
b
a

, b2 = 18a

c2 = a2 + b2;
144 =a2 + 18a
a2 + 18a € 144 = 0,
a = € 24, 6.

a a = 6 b2 = 108.

2 2

1
36 108
y x

€ ð= , 3y2 € x2 = 108

 11.4

1.
2 2

1
16 9
x y

€ ð= 2.
2 2

1
9 27
y x

€ ð= 3. 9y2 € 4x2 = 36

4. 16x2 € 9y2 = 576 5. 5y2 € 9x2 = 36 6. 49y2 € 16x2 = 784.

7.  (ð± 2, 0), (ð± 3, 0) 8.   (0, ð± 5),  (0, ð± 8)
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9.   (0, ð± 3),  (0,ð± 5)
10. (ð± 5, 0),
11.  (0,ð±13),

12.  (ð± 3 5 , 0),

13. (ð± 4, 0),

14.  (ð± 7,0), e =
3
4

.

15.  (0,ð±ð 10 ),  (2,3)

 17

AB
( 11.33)

a
= 5
x

y2 = 4 (5)x = 20x
x = 45

y2 = 900
y = ð±30

AB = 2y = 2 × 30 = 60

 18

11.34

x2= 4ay
3

6
100
,ðæ ðö

ðç ð÷
ðè ðø

,

11.33
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(6)2 = 4a
3

100
ðæ ðö
ðç ð÷
ðè ðø

,  a =
36 100

12
ð´

 = 300

 AB,
1

100
 B (x,

2
100

)

x2 = 4 × 300 ×
2

100
 = 24

x = 24 = 2 6

 19 AB

A, x- B, y- P(x, y)

AP = 6 P

AB, OX ðq

AB P(x, y) AP = 6

AB = 15 ,

PB = 9

P PQ PR y- x-

ðD PBR , cosðq =
9
x

ðD PRA , sinðq =
6
y

cos2 ðq + sin2 ðq = 1

 11.34

 11.35
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2 2

1
9 6
x yðæ ðö ðæ ðöð+ ð=ðç ð÷ ðç ð÷

ðè ðø ðè ðø

2 2

1
81 36
x y

ð+ ð=

 P

1.
2.

3. cable

supporting
4.

5.
P x-

6. x2 = 12y

7.

8. y2 = 4ax,

ð®

ð®  (h, k) r  (x € h)2 + (y € k)2 = r2
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ð®

ð®  (a, 0),a > 0 x = € a y2 = 4ax

ð®

ð® y2 = 4ax  4a

ð®

ð®x-
2 2

2 2
1

x y
+ =

a b

ð®

ð®
2 2

2 2
+ =1

x y

a b

22b
a

ð®

ð®

ð®x-
2 2

2 2 1
x y
a b

ð- ð=

ð®

ð®
2 2

2 2
1

x y

a b
ð- ð=

22b
a

ð®
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o sQ  x q. k / e k s± d k  v U o s" k . k  f d ; k  f t u d h  l S¼ ak f r d  v k Sj  O ; k o g k f j d  e g Ù k k  g SA Euclid

Euclid

j g h a 2 0 0  b Z-  i w-  e sa Apollonius •The Conic‚

Rene Descartes(1596-1650 A.D.)
(Cartesian) La Geometry

Peirre
de Farmat (1601-1665) Fermates

Ad Locus Planos et So LIDOS Isagoge•Introduction to Plane and Solid
Loci‚ Descartes

Isaac Barrow

Polar bipolar
Leibnitz abcissa ordinate Coordinate

L.Hospital

Clairaut
Cramer

 (y € a)2 + (b € x)2 = r
Monge (1781 )

y € yð¢ = a (x € xð¢)
aað¢ + 1 = 0

S.F. Lacroix (1765-1843 )
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„ „
„ = ( …)

… …
€

y € x €
€

ð¢
ð¢

 (ða, ðb)  y = ax + b 2

( )

1

aðb

ð+

€ a € b

a

tanðq 1
a € a

aa

ð¢ðæ ðö
ð=ðç ð÷ð¢ð+ðè ðø

C. Lame
E = 0  Eð¢ð = 0 mE +mð¢Eð¢ = 0

Archimedes (287€212 ) Apollonius (200 )

• ðv •



Mathematics is both the queen and the hand-maiden of
all sciences€ E.T. BELL

121 (Introduction)

(coordinate)

(space)

Leonhard Euler
 (1707-1783 A.D.)

(Introduction to Three Dimensional Geometry)

12
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 12.1

1 123 ð P 2 4 5 ð F

F OY F 2 0 5

2 3 1 2 3 1 2

121 3 1 2 3 1 2

12.1

1. x€ y z

2. XZ� y

3.

(1, 2, 3), (4, �2, 3), (4, �2, �5), (4, 2, �5), (� 4, 2, �5), (� 4, 2, 5),(�3, �1, 6) (2, � 4, �7)

4.

(i) x- y-

_______

(ii) XY _______

(iii) _______

124 (Distance between Two Points)

OX, OY OZ P(x1, y1, z1)

Q (x2, y2, z2)

I II III IV V VI VII VIII

x + � � + + � � +

y + + � � + + � �

z + + + + � � � �
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P Q

PQ
124

ðÐPAQ
ðVPAQ
PQ2 = PA2 + AQ2 ... (1)

ðÐANQ =
ðVANQ

AQ2 = AN2 + NQ2 ... (2)
(1) (2)
PQ2 = PA2 + AN2 + NQ2

   PA =y2 � y1, AN = x2 � x1  NQ = z2 � z1

 PQ2 = (x2 � x1)
2 + (y2 � y1)

2
 + (z2 � z1)

2

PQ= 2
12

2
12

2
12 )()()( zzyyxx ð-ð+ð-ð+ð-

P(x1, y1, z1)  Q(x2, y2, z2) PQ
x1 = y1 = z1 = 0,  P,  O

OQ = 2
2

2
2

2
2 zyx ð+ð+ ,

O Q (x2, y2, z2)

3 P 1 3 4 Q 4 1 2

PQ P (1,�3, 4) Q (� 4, 1, 2)

PQ= 222 )42()31()14( ð-ð+ð+ð+ð-ð-

= 41625 ð+ð+

= 45  = 3 5

4 P (�2, 3, 5), Q (1, 2, 3) R (7, 0, �1)

PQ= 14419)53()32()21( 222 ð=ð+ð+ð=ð-ð+ð-ð+ð+

QR = 1425616436)31()20()17( 222 ð=ð=ð+ð+ð=ð-ð-ð+ð-ð+ð-

12.4

0

0
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PR = 14312636981)51()30()27( 222 ð=ð=ð+ð+ð=ð-ð-ð+ð-ð+ð+

 PQ + QR = PR

P, Q  R

5 A (3, 6, 9), B (10, 20, 30) C (25, � 41, 5)

AB2 = (10 � 3)2 + (20 � 6)2 + (30 � 9)2

= 49 + 196 + 441 = 686

BC2 = (25 � 10)2 + (� 41 � 20) 2 + (5 � 30)2

= 225 + 3721 + 625 = 4571

CA2 = (3 � 25)2 + (6 + 41)2 + (9 � 5)2

= 484 + 2209 + 16 = 2709

CA2 + AB2 ð¹ BC2

ðDABC

6 A B 3 4 5 1 3 7

P PA2 + PB2 = 2k2.

P (x, y, z)

PA2  = (x � 3) 2 + (y � 4) 2 + ( z � 5) 2

PB2  = (x + 1)2 + (y � 3) 2 + (z + 7)2

PA2 + PB2 = 2k2

(x � 3) 2 + (y � 4) 2 + (z � 5) 2 + (x + 1)2 + (y � 3) 2 + (z + 7)2 = 2k2

2x2 + 2y2 + 2z2 � 4 x � 14y + 4z = 2k2 � 109.

122

1

(i) (2, 3, 5)  (4, 3, 1) (ii) (�3, 7, 2)  (2, 4, �1)

(iii) (�1, 3, � 4)  (1, �3, 4) (iv) (2, �1, 3)  (�2, 1, 3)

2 2 3 5 1 2 3 7 0 1
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3
(i) (0, 7, �10), (1, 6, � 6)  (4, 9, � 6)

(ii) (0, 7, 10), (�1, 6, 6)  (� 4, 9, 6)

(iii) (�1, 2, 1), (1, �2, 5), (4, �7, 8)  (2, �3, 4)

4 1 2 3
3 2 1

5 P A 4 0 0 B
4 0 0 10

125 (Section Formula)

P(x1, y1, z1)

Q (x2, y2, z2) R (x, y, z) PQ

m : n XY

PL, QM RN PL 11 QM

11 RN XY�
L, M N

XY R LM ST ST

LP S MQ T

125

LNRS NMTR PSR QTR

m
n

 =
1

2

PR SP SL PL NR�PL
QR QT QM TM QM�NR

z z
z z

ð-ð-
ð= ð= ð= ð=

ð- ð-

z = 2 1mz nz
m n

ð+
ð+

 12.5
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XZ YZ

nm
nxmx

x
nm
nymy

y
ð+
ð+

ð=
ð+
ð+

ð= 1212 and
nm
nxmx

x
nm
nymy

y
ð+
ð+

ð=
ð+
ð+

ð= 1212 and

R P (x1, y1, z1) Q (x2, y2, z2)

m : n

ð÷ð÷
ðø

ðö
ðçðç
ðè

ðæ

ð+
ð+

ð+
ð+

ð+
ð+

nm
nzmz

nm
nymy

nm
nxmx 121212 ,,

R, PQ m : n

n n R

ð÷
ðø

ðö
ðç
ðè

ðæ
ð-
ð-

ð-
ð-

ð-
ð-

nm
nzmz

nm
nymy

nm
nxmx 121212 ,,

1 R, PQ m : n = 1:1

x =
2

and
2

,
2

212121 zz
z

yy
y

xx ð+
ð=

ð+
ð=

ð+
=

2
and

2
,

2
212121 zz

z
yy

y
xx ð+

ð=
ð+

ð=
ð+

z =
2

and
2

,
2

212121 zz
z

yy
y

xx ð+
ð=

ð+
ð=

ð+

P (x1, y1, z1) Q (x2, y2, z2)

2 PQ k : 1 R
m

k
n

ð=

ð÷ð÷
ðø

ðö
ðçðç
ðè

ðæ

ð+
ð+

ð+
ð+

ð+
ð+

k
zkz

k
yky

k
xxk

1
,

1
,

1
121212

7 1 2 3 3 4 5 2 3

(i) (ii)

(i) P (x, y, z), A (1, �2, 3) B(3, 4, �5)
2 3

5
9

32
)1(3)3(2

ð=
ð+
ð+

ð=x ,
5
2

32
)2(3)4(2

ð=
ð+

ð-ð+
ð=y ,

5
1

32
)3(3)5(2 ð-

ð=
ð+
ð+ð-

ð=z

ð÷
ðø

ðö
ðç
ðè

ðæ ð-
5
1

,
5
2

,
5
9
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(ii) P (x, y, z), A (1, �2, 3) B(3, 4, �5)
2 : 3

,3
)3(2

)1)(3()3(2
ð-ð=

ð-ð+
ð-ð+

ð=x 14
)3(2

)2)(3()4(2
ð-ð=

ð-ð+
ð-ð-ð+

ð=y

19
)3(2

)3)(3()5(2
ð=

ð-ð+
ð-ð+ð-

ð=z

(�3, �14, 19).

8 (-4, 6, 10),  (2, 4, 6)
(14, 0, �2)

A (� 4, 6, 10), B (2, 4, 6) C(14, 0, � 2)
P, AB k : 1 P

ð÷
ðø
ðö

ðç
ðè
ðæ

ð+
ð+

ð+
ð+

ð+
ð-

1
106

,
1
64

,
1
42

k
k

k
k

k
k

k P, C

14
1
42

ð=
ð+
ð-

k
k 3

2
k ð= ð-

3
2

k ð= ð-

3
4( ) 64 6 2 0

31 1
2

k
k

ð- ð+ð+
ð= ð=

ð+ ð- ð+
3

6( ) 106 10 2 2
31 1
2

k
k

ð- ð+ð+
ð= ð= ð-

ð+ ð- ð+

C (14, 0, �2) AB 3 : 2 P
A, B C

9 (x1, y1, z1), (x2, y2, z2) (x3, y3, z3)
(Centroid)

ABC A, B, C (x1, y1, z1),
(x2, y2, z2) (x3, y3, z3),

BC D D

ð÷
ðø

ðö
ðç
ðè

ðæ ð+ð+ð+
2

,
2

,
2

323232 zzyyxx
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G AD 2 : 1 G

2 3 2 3 2 3
1 1 12 2 2

2 2 2
2 1 2 1 2 1

x x y y z z
x y z

, ,

ðæ ðöð+ ð+ ð+ðæ ðö ðæ ðö ðæ ðöð+ ð+ ð+ðç ð÷ ðç ð÷ ðç ð÷ðç ð÷
ðè ðø ðè ðø ðè ðøðç ð÷

ð+ ð+ ð+ðç ð÷
ðç ð÷
ðè ðø

1 2 3 1 2 3 1 2 3

3 3 3
x x x y y y z z z

, ,
ð+ ð+ ð+ ð+ ð+ ð+ðæ ðö

ðç ð÷
ðè ðø

10 4 8 10 6 10 8 YZ

YZ P(x, y, z) , A (4, 8, 10) B (6, 10, �8)
k :1 P

ð÷
ðø

ðö
ðç
ðè

ðæ
ð+
ð-

ð+
ð+

ð+
ð+

1
810

,
1

108
,

1
64

k
k

k
k

k
k

P, YZ x

0
1

64
ð=

ð+
ð+

k
k

2
3

k ð= ð-

 YZ  AB 2 : 3

12.3

1 2 3 5 1 4 6  (i) 2 3
(ii) 2  3

2 P 3 2 4 , Q 5 4 6 R 9 8 10
Q, PR

3 2 4 7 3 5 8 YZ

4 A 2 3 4 B 1 2 1

1
C 0 2

3
, ,ðæ ðö

ðç ð÷
ðè ðø



294

5 P 4 2 6 Q 10 16 6 PQ

11 A (1, 2, 3), B (�1, �2, �1), C (2, 3, 2) D (4, 7, 6)

ABCD

AB = 222 )31()22()11( ð-ð-ð+ð-ð-ð+ð-ð-  = 4 16 16ð+ ð+ = 6

BC = 222 )12()23()12( ð+ð+ð+ð+ð+  = 9259 ð+ð+  = 43

CD = 222 )26()37()24( ð-ð+ð-ð+ð-  = 616164 ð=ð+ð+

DA = 222 )63()72()41( ð-ð+ð-ð+ð-  = 9 25 9 43ð+ ð+ ð=

AB = CD BC = AD, ABCD

ABCD AC

BD

AC = 3111)32()23()12( 222 ð=ð+ð+ð=ð-ð+ð-ð+ð-

BD = 155498125)16()27()14( 222 ð=ð+ð+ð=ð+ð+ð+ð+ð+ .

AC ð¹ BD ABCD

 AC BD
ABCD

12 P

A 3 4 5 B 2 1 4

P(x, y, z) PA = PB

222222 )4()1()2()5()4()3( ð-ð+ð-ð+ð+ð=ð+ð+ð-ð+ð- zyxzyx

222222 )4()1()2()5()4()3( ð-ð+ð-ð+ð+ð=ð+ð+ð-ð+ð- zyxzyx
10x+ 6y � 18z � 29 = 0.
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13 ABC 1 1 1 A B

3 �5 7 �1 7 �6 C

C (x, y, z) G 1, 1, 1

3 1
1

3
x ð+ ð-

ð= , x = 1

5 7
1

3
y ð- ð+

ð= , y = 1

7 6
1

3
zð+ ð-

ð= , z = 2.

C 1, 1, 2

12

1 A 3 1 2 B 1 2 4 C 1 1 2

D

2 ABC A 0 0 6 B 0 4 0

C 6 0 0

3 PQR P 2a 2 6 Q 4 3b 10

R 8 14 2c a, b c

4 y P 3 2 5

52 2

5 P 2 3 4 Q 8 0 10 R

x 4 R

R, PQ k : 1 R

8 2 3 10 4
1 1 1

k k
, ,

k k k
ð+ ð- ð+ðæ ðö

ðç ð÷ð+ ð+ ð+ðè ðø

6 A B 3 4 5 1 3 7 P

PA2 + PB2 = k2 k
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 XY YZ
ZX


 P (x, y, z)

x, YZ y, ZX z XY

 (i) x (x, 0, 0)
(ii) y (0, y, 0)
(iii) z (0, 0,z)

 P(x1, y1, z1) Q (x2, y2, z2)
2 2 2

2 1 2 1 2 1PQ ( ) ( ) ( )ð= ð- ð+ ð- ð+ ð-x x y y z z

 P (x1 y1 z1) Q (x2, y2, z2) m : n
R

2 1 2 1 2 1mx nx my ny mz nz
, ,

m n m n m n

ðæ ðöð+ ð+ ð+
ðç ð÷ð+ ð+ ð+ðè ðø

2 1 2 1 2 1mx € nx my € ny mz € nz
, ,

m € n m € n m € n

ðæ ðö
ðç ð÷
ðè ðø

 P(x1, y1, z1) Q(x2, y2, z2) PQ

1 2 1 2 1 2

2 2 2
x x y y z z

, ,
ð+ ð+ ð+ðæ ðö

ðç ð÷
ðè ðø

 (x1, y1, z1),  (x2, y2, z2) (x3, y3, z3)

1 2 3 1 2 3 1 2 3+ + + + + +
3 3 3

x x x y y y z z x
, ,ðæ ðö

ðç ð÷
ðè ðø

.

1637 Rene’ Descartes (1596�1650 A.D.)
Piarre Fermat

(1601�1665 A.D.) La Hire (1640�1718 A.D.)
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Descartes

1715 J. Bernoulli (1667�1748 A.D.) Leibnitz

1700 Antoinne Parent
(1666�1716 A.D.)

L. Euler, (1707�1783 A.D.) 1748
5

Einstein
(Space-Time Continuum)

€ ðv€



With the Calculus as a key, Mathematics can be successfully applied to the
explanation of the course of Nature – WHITEHEAD 

13.1 (Introduction)

Intuitive

idea

13.2

(Intuitive Idea of Derivatives)

t  4.9t2

(s) (t)

s = 4.9t2

t s

t = 2

t = 2

t = 2

13

(Limits and Derivatives)

Sir Issac Newton
(1642-1727 A.D.)
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t = t1 t = t2 t = t1 t = t2

(t2– t1)

= 1 2

2 1

0 2

( )

t t

t t

 


vkSj osQ chp r; dh xbZ njw h
le;kra jky

=
 
 

19.6 0
9.8 /

2 0





eh eh ls
ls

blh izdkj] t = 1 vkSj t = 2 osQ chp ekè; osx

=
 
 

19.6 – 4.9
14.7 /

2 1



ls

eh eh
ls

blh izdkj fofo/ osQ fy, t = t1 vkSj t = 2 osQ chp ge
ekè; osx dk ifjdyu djrs gSaA fuEufyf[kr lkj.kh 13-2]
t = t1 lsoaQMksa vkSj t = 2 lsoaQMksa osQ chp ehVj izfr lsoaQM
esa ekè; osx (v) nsrh gSA

 13.2

t
1

0 1 1.5 1.8 1.9 1.95 1.99

v 9.8 14.7 17.15 18.62 19.11 19.355 19.551

bl lkj.kh ls ge voyksdu djrs gSa fd ekè; osx /hjs&/hjs c<+ jgk gSA tSls&tSls t = 2

ij lekIr gksus okys le;karjkyksadks y?kqÙkj cukrs tkrs gSa ge ns[krs gSa fd t = 2 ij ge osx dk ,d
cgqr vPNk cks/ dj ikrs gSaA vk'kk djrs gSa fd 1-99 lsoaQM vkSj 2 lsoaQM osQ chp oqQN vizR;kf'kr
?kVuk u ?kVs rks ge fu"d"kZ fudkyrs gSa fd t = 2 lsoaQM ij ekè; osx 19.55 eh@ls ls FkksM+k vf/
d gSA

bl fu"d"kZ dks fuEufyf[kr vfHkdyuksa osQ leqPp; ls fdafpr cy feyrk gSA t = 2 lsoaQM
ls izkjaHk djrs gq, fofo/ le;karjkyksa ij ekè; osx dk ifjdyu dhft,A iwoZ dh Hkk¡fr t = 2 lsoaQM
vkSj t = t2 lsoaQM osQ chp ekè; osx (v)

= 2

2

2

2

t

t 
lsoaQM vkSj los aQM oQs  chp r; dh njw h

t s

0 0

1 4.9

1.5 11.025
1.8 15.876
1.9 17.689
1.95 18.63225
2 19.6

2.05 20.59225
2.1 21.609
2.2 23.716
2.5 30.625

3 44.1

4 78.4

 13.1
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= 2

2

   2

2

t

t




los Qa M eas r; dh nwjh los aQM eas r; dh nwjh

= 2

2

  19.6

2

t

t




los Qa Mksa eas r; dh nwjh

fuEufyf[kr lkj.kh 13.3, t = 2 lsoaQMksa vkSj t2 lsoaQM osQ chp ehVj izfr lsoaQM esa ekè; osx
v nsrh gS%

 13.3

t2 4 3 2.5 2.2 2.1 2.05 2.01

v 29.4 24.5 22.05 20.58 20.09 19.845 19.649

;gk¡ iqu% ge è;ku nsrs gSa fd ;fn ge t = 2, ls izkjaHk djrs gq, y?kqÙkj le;kUrjkyksa dks ysrs
tkrs gSa rks gesa t = 2 ij osx dk vf/d vPNk cks/ gksrk gSA

vfHkdyuksa osQ izFke leqPp; esa geus t = 2 ij lekIr gksus okys c<+rs le;kUrjkyksa esa ekè;
osx Kkr fd;k gS vkSj rc vk'kk dh gS fd t = 2 ls fdafpr iwoZ dqN vizR;kf'kr ?kVuk u ?kVsA
vfHkdyuksa osQ f}rh; leqPp; esa t = 2 ij var gksus okys ?kVrs le;karjkyksasa esa ekè; osx Kkr fd;k
gS vkSj rc vk'kk dh gS fd t = 2 osQ fdafpr ckn dqN vizR;kf'kr ?kVuk u ?kVsA fo'kq¼ :i ls
HkkSfrdh; vk/kj ij ekè; osx osQ ;s nksuksa vuqØe ,d leku lhek ij igq¡pus pkfg, ge fuf'pr
:i ls fu"d"kZ fudkyrs gSa fd t = 2 ij fiaM dk osx 19.551 eh@ls vkSj 19.649 eh@ls osQ chp
gSA rduhdh :i ls ge dg ldrs gSa
fd t = 2 ij rkRdkfyd osx 19.551

eh@ls- vkSj 19.649 eh@ls- osQ chp gSA
tSlk fd Hkyh izdkj Kkr gS fd osx nwjh
osQ ifjorZu dh nj gSA vr% geus tks
fu"ikfnr  fd;k] og fuEufyf[kr gSA
¶fofo/ {k.k ij nwjh esa ifjorZu dh nj
dk vuqeku yxk;k gSA ge dgrs gSa fd
nwjh iQyu s = 4.9t2 dk t = 2 ij
vodyt 19.551 vkSj 19.649 osQ chp
esa gSA¸

bl lhek dh izfØ;k dh ,d
fodYi fof/ vko`Qfr 13.1 esa n'kkZbZ xbZ 13.1
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gSA ;g chrs le; (t) vkSj pV~Vku osQ f'k[kj ls fiaM dh nwjh (s) dk vkys[k gSA tSls&tSls
l e ; k ar j k y k sa o sQ  v u qØ e h1, h2, ..., dh lhek 'kwU; dh vksj vxzlj gksrh gS oSls gh ekè; osxksa osQ
vxzlj gksus dh ogh lhek gksrh gS tks

3 31 1 2 2

1 2 3

C BC B C B
, ,

AC AC AC
, ...

osQ vuqikrksa osQ vuqØe dh gksrh gS] tgk¡  C
1
B

1
 = s

1
 – s

0
og nwjh gS tks fiaM le;karjkyksa

h1 = AC1esa r; djrk gS] bR;kfnA vko`Qfr 13.1 ls ;g fu"d"kZ fudyuk lqfuf'pr gS fd ;g ckn
dh vuqØe oØ osQ fcanq A ij Li'kZjs[kk osQ <ky dh vksj vxzlj gksrh gSA nwljs 'kCnksa esa] t = 2

le; ij fiaM dk rkRdkfyd osx oØ s = 4.9t2 osQ t = 2 ij Li'khZ osQ <ky osQ leku gSA

13.3 (Limits)

mi;qZDr foospu bl rF; dh vksj Li"Vr;k fufnZ"V djrk gS fd gesa lhek dh izfØ;k vkSj
vf/d Li"V :i ls le>us dh vko';drk gSA ge lhek dh ladYiuk ls ifjfpr gksus osQ fy,
oqQN n`"Vkarksa (illustrations) dk vè;;u djrs gSaA

iQyu f(x) = x2 ij fopkj dhft,A voyksdu dhft, fd tSls&tSls x dks 'kwU; osQ
vf/d fudV eku nsrs gSa] f(x) dk eku Hkh 0 dh vksj vxzlj gksrk tkrk gSA (ns[ksa vko`Qfr 2-10
vè;k; 2) ge dgrs gS  

0
lim 0
x

f x




(bls f (x) dh lhek 'kwU; gS] tc x 'kwU; dh vksj vxzlj gksrk gS] i<+k tkrk gS) f (x) dh lhek]
tc x 'kwU; dh vksj vxzlj gksrk gS] dks ,sls le>k tk, tSls x = 0 ij f (x) dk eku gksuk pkfg,A

O;kid :i ls tc x a, f (x) l, rc l dks iQyu f (x) dh lhek dgk tkrk gS vkSj

bls bl izdkj fy[kk tkrk gS  lim
x a

f x l


 .

iQyu g(x) = |x|, x  0 ij fopkj dhft,A è;ku nhft, fd g(0) ifjHkkf"kr ugha gSA x osQ
0 osQ vR;f/d fudV ekuksa osQ fy, g(x) osQ eku dk ifjdyu djus osQ fy, ge ns[krs gSa fd

g(x) dk eku 0 dh vksj vxzlj djrk gSA blfy,
0

lim
x  g(x) = 0. x  0 osQ fy, y = |x| osQ

vkys[k ls ;g lgtrk ls Li"V gksrk gSA  (ns[ksa vko`Qfr 2-13 vè;k; 2)

fuEufyf[kr iQyu ij fopkj dhft,%  
2 4

, 2
2

x
h x x

x


 


.

x osQ 2 osQ vR;f/d fudV ekuksa (ysfdu 2 ugha) osQ fy, h(x) osQ eku dk ifjdyu
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dhft,A vki Lo;a dks Lohdkj djkb, fd lHkh eku
4 osQ fudV gSaA ;gk¡ (vko`Qfr 13-2) esa fn, iQyu
y = h(x) osQ vkys[k ij fopkj djus ls bldks fdafpr
cy feyrk gSA

bu lHkh n`"Vkarksa ls ,d fn, eku x = a ij iQyu
osQ tks eku xzg.k dj us pkfg, os okLro esa bl ij
vk/kfjr ugha gSa fd x oSQls a dh vksj vxzlj gksrk gSA
è;ku nhft, fd x osQ la[;k a dh vksj vxzlj gksus
osQ fy, ;k rks ckb± vksj ;k nkb± vksj gS] vFkkZr~ x osQ
fudV lHkh eku ;k rks a ls de gks ldrs gSa ;k a ls
vf/d gks ldrs gSaA blls LokHkkfod :i ls nks lhek,¡
& ck,¡ i{k dh lhek vkSj nk,¡ i{k dh lhek izsfjr gksrh
gSA iQyu f osQ nk,¡ i{k dh lhek f(x) dk og eku gS
tks f(x) osQ eku ls vknsf'kr gksrk gS tc x, a osQ nkb± vksj vxzlj gksrk gSA blh izdkj ck,¡ i{k dh
lhekA blosQ n`"Vkar osQ fy,] iQyu ij fopkj dhft,

  1, 0

2, 0

x
f x

x


  

vko`Qfr 13.3 esa bl iQyu dk vkys[k n'kkZ;k x;k gS ;g
Li"V gS fd 0 ij f dk eku x  0 osQ fy, f (x) osQ eku ls
ij fuHkZj djrk gS tks fd 1 osQ leku gS vFkkZr~ 'kwU; ij f (x) osQ

ck,¡ i{k dh lhek
0

lim ( ) 1
x

f x


 gSA blh izdkj 0 ij f  dk eku
x > 0 osQ fy, f (x) osQ eku ij fuHkZj djrk gS] 2 gS vFkkZr~ 0

osQ nk,¡ i{k dh lhek
0

lim ( ) 2
x

f x


 gSA bl fLFkfr esa ck,¡ vkSj
nk,¡ i{k dh lhek,¡ fHkUu&fHkUu gSa vkSj vr% ge dg ldrs gSa fd tc x 'kwU; dh vksj vxzlj
gksrk gS rc f (x) dh lhek vfLrRoghu gSA (Hkys gh iQyu 0 ij ifjHkkf"kr gSA)

ge dgrs gSa fd lim
x a – f(x), x = a ij f (x) dk visf{kr (expected) eku gSa] ftlus x osQ

ckb± vksj fudV ekuksa osQ fy, f (x) dks eku fn, gSaA bl eku dks a ij f (x) dh ck,¡
 dgrs gSaA

  13.2

 13.3
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ge dgrs gSa fd lim ( )
x a

f x


,  x = a ij f (x) dk visf{kr eku gS ftlesa x osQ a osQ nkb±

vksj osQ fudV ekuksa osQ fy, f(x) osQ eku fn, gSaA bl eku dks a ij f (x) dh nk,¡ i{k dh
lhek dgrs gSaA

;fn nk,¡ vkSj ck,¡ i{k dh lhek,¡ laikrh gksa rks ge bl mHk;fu"B eku dks x = a ij f(x)

dh  dgrs gSa vkSj bls lim
x a f(x) ls fu:fir djrs gSaA

;fn nk,¡ vkSj ck,¡ i{k dh lhek,¡ laikrh ugha gksa rks ;g dgk tkrk gS fd x = a ij f(x)

dh lhek vfLrRoghu gSA

1 (Illustration 1) iQyu f(x) = x + 10 ij fopkj dhft,A ge x = 5 ij iQyu dh lhek
Kkr djuk pkgsaxsA vkb,] ge 5 osQ vR;ar fudV x osQ ekuksa osQ fy, f osQ eku dk ifjdyu djsaA
5 osQ vR;ar fudV ckb± vksj oqQN fcanq 4-9] 4-95] 4-994] 4-995--- bR;kfn gSaaA bu fcanqvksa ij f(x)

osQ eku uhps lkj.khc¼ gSaA blh izdkj] 5 osQ vR;ar fudV vkSj nkb± vksj okLrfod la[;k,¡ 5-001]
5-01] 5-1 Hkh gSaA bu fcanqvksa ij Hkh iQyu osQ eku lkj.kh 13-4 esa fn, gSaA

 13.4

lkj.kh 13.4 ls ge fuxfer djrs gSa fd f(x) dk eku 14-995 ls cM+k vkSj 15-001 ls NksVk
gS] ;g dYiuk djrs gq, fd x = 4.995 vkSj  5-001 osQ chp oqQN vizR;kf'kr ?kVuk ?kfVr u gksA
;g dYiuk djuk roZQlaxr gS fd 5 osQ ckb±  vksj dh la[;kvksa osQ fy, x = 5 ij f (x) dk eku

15 gS vFkkZr~  
–5

lim 15
x

f x




blh izdkj] tc x] 5 osQ nkb± vksj vxzlj gksrk gS] f dk eku 15 gksuk pkfg, vFkkZr~
 

5
lim 15
x

f x




vr% ;g laHkkO; gS fd f  osQ ck,¡ i{k dh lhek vkSj nk,¡ i{k dh lhek] nksuksa 15 osQ cjkcj
gaSA bl izdkj

     
55 5

lim lim lim 15
xx x

f x f x f x
   

  

lhek 15 osQ cjkcj gksus osQ ckjs esa ;g fu"d"kZ iQyu osQ vkys[k tks vko`Qfr 2-9(ii) vè;k; 2
esa fn;k gS] dks ns[kdj fdafpr cy nsrk gSA bl vko`Qfr esa ge è;ku nsrs gSa fd tSls&tSls x] 5

x 4.9 4.95 4.99 4.995 5.001 5.01 5.1

f(x) 14.9 14.95 14.99 14.995 15.001 15.01 15.1
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osQ ;k rks nkb± vksj ;k ckb±  vksj vxzlj gks] iQyu f (x) = x + 10 dk vkys[k fcanq (5] 15) dh
vksj vxzlj gksrk tkrk gSaA ge ns[krs gSa fd x = 5 ij Hkh iQyu dk eku 15 osQ cjkcj
gksrk gSA

iQyu f(x) = x3 ij fopkj dhft,A vkb, ge x = 1 ij bl iQyu dh lhek Kkr djus
dk iz;kl djsaA iwoZorhZ fLFkfr dh rjg c<+rs gq, ge x osQ 1 osQ fudV ekuksa osQ fy, f(x) osQ ekuksa
dks lkj.khc¼ djrs gSaA bls lkj.kh 13-5 esa fn;k x;k gS%

 13.5

bl lkj.kh ls ge fuxeu djrs gSa fd x = 1 ij f dk eku 0.997002999 ls vf/d vkSj
1.003003001 ls de gS] ;g dYiuk djrs gq, fd x = 0.999 vkSj 1.001. osQ chp oqQN
vizR;kf'kr ?kVuk ?kfVr u gksA ;g ekuuk roZQlaxr gS fd x = 1 dk eku 1 osQ ckb± vksj dh la[;kvksa
ij fuHkZj djrk gS vFkkZr~

 
1

lim 1
x

f x


 .

blh izdkj] tc x] 1 osQ nkb± vksj vxzlj gksrk gS] rks f dk eku 1 gksuk pkfg, vFkkZr~
 

1
lim 1
x

f x


 .

vr%] ;g laHkkO; gS fd ck,¡ i{k dh lhek vkSj nk,¡ i{k dh lhek nksuksa 1 osQ cjkcj gksaA
bl izdkj

     
11 1

lim lim lim 1
xx x

f x f x f x
   

  
.

lhek 1 osQ cjkcj gksus dk ;g fu"d"kZ iQyu osQ vkys[k tks vko`Qfr 2.11, vè;k; 2 esa fn;k
gS] dks ns[kdj fdafpr cy nsrk gSA bl vko`Qfr esa ge è;ku nsrs gSa fd tSls&tSls x] 1 osQ ;k rks
nkb± vksj ;k ckb± vksj vxzlj gks] iQyu f(x) = x3dk vkys[k fcanq (1] 1) dh vksj vxzlj gksrk
tkrk gSA

ge iqu% voyksdu djrs gSa fd x = 1 ij iQyu dk eku Hkh 1 osQ cjkcj gSA

 3 iQyu f(x) = 3x ij fopkj dhft,A vkb,] x = 2 ij bl iQyu dh lhek Kkr djus dk
iz;kl djsaA fuEufyf[kr lkj.kh 13.6 Lor% Li"V djrh gSA

x 0.9 0.99 0.999 1.001 1.01 1.1

f(x) 0.729 0.970299 0.997002999 1.003003001 1.030301 1.331
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 13.6

x 1.9 1.95 1.99 1.999 2.001 2.01 2.1

f(x) 5.7 5.85 5.97 5.997 6.003 6.03 6.3

iwoZor ge voyksdu djrs gSa fd  x ;k rks ck,¡ ;k nk,¡ 2 dh vksj vxzlj gksrk gS] f(x)

dk eku 6 dh vksj vxzlj gksrk gqvk izrhr gksrk gSA ge bls] bl izdkj vfHkysf[kr dj ldrs
gSa fd

     
22 2

lim lim lim 6
xx x

f x f x f x
   

  

vko`Qfr 13-4 esa iznf'kZr bldk vkys[k bl rF; dks
cy nsrk gSA

;gk¡ iqu% ge è;ku nsrs gSa fd x = 2 ij iQyu dk eku
x = 2 ij lhek osQ laikrh gSA

vpj iQyu f(x) = 3 ij fopkj dhft,A vkb, ge
x = 2 ij bldh lhek Kkr djus dk iz;kl djsaA ;g iQyu
vpj iQyu gksus ds dkj.k loZ=k ,d gh eku (bl fLFkfr
esa 3) izkIr djrk gS vFkkZr~ 2 osQ vR;ar fudV fcanqvksa osQ
fy, bldk eku 3 gSA vr%

     
2 22

lim lim lim 3
x xx

f x f x f x
 

  

f(x) = 3 dk vkys[k gj gkyr esa (0] 3) ls tkus okyh x-v{k osQ lekarj js[kk gS vkSj
vko`Qfr 2.9, vè;k; 2 esa n'kkZ;k x;k gSA blls ;g Hkh Li"V gS fd vHkh"V lhek 3 gS rF;r% ;g

ljyrk ls voyksfdr gksrk gS fd fdlh okLrfod la[;k a osQ fy,  lim 3
x a

f x




iQyu f(x) = x2 + x ij fopkj dhft,A ge  
1

lim
x

f x


Kkr djuk pkgrs gSaA ge
x = 1 osQ fudV f(x) osQ eku lkj.kh 13.7 esa lkj.khc¼ djrs gSa%

13.7

x 0.9 0.99 0.999 1.01 1.1 1.2

f(x) 1.71 1.9701 1.997001 2.0301 2.31 2.64

  13.4
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blls ;g roZQlaxr fuxfer gksrk gS fd
     

11 1
lim lim lim 2

xx x
f x f x f x

   
   .

vko`Qfr 13-5 esa n'kkZ, f(x) = x2 + x osQ
vkys[k ls ;g Li"V gS fd tSls&tSls x, 1 dh
vksj vxzlj gksrk gS] vkys[k (1] 2) dh vksj
vxzlj gksrk tkrk gSA

vr% ge iqu% izs{k.k djrs gSa fd

1
lim
x f (x) = f (1)

vc] fuEufyf[kr rhu rF;ksa dks vki
Lo;a dks Lohdkj djk,¡

2

1 1 1
lim 1, lim 1 lim 1 2
x x x

x x x
  

   vkSj

rc 2 2

1 1 1
lim lim 1 1 2 lim
x x x

x x x x
  

        .

rFkk     2

1 1 1 1
lim . lim 1 1.2 2 lim 1 lim
x x x x

x x x x x x
   

            .

iQyu f(x) = sin x ij fopkj dhft,A gekjh
2

lim sin
x

x



esa #fp gS tgk¡ dks.k jsfM;u esa

ekik x;k gSA ;gk¡] geus
2

 osQ fudV f(x) osQ ekuksa (fudVre) dks lkj.khc¼ fd;k gSA

13.8

x 0.1
2


 0.01

2


 0.01

2


 0.1

2




f(x) 0.9950 0.9999 0.9999 0.9950

blls ge fuxeu dj ldrs gSa fd      
22 2

lim lim lim 1
xx x

f x f x f x
     

  

blosQ vfrfjDr] ;g f(x) = sin x osQ vkys[k ls iq"V gksrk gS tks vko`Qfr 3.8 vè;k; 3

esa fn;k gSA bl fLFkfr esa Hkh ge ns[krs gSa fd
2

lim
x




 sin x = 1.

 13.5
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 7 iQyu f(x) = x + cos x ij fopkj dhft,A ge
0

lim
x

f (x) Kkr djuk pkgrs gaSA

;gk¡ geus 0 osQ fudV f(x) osQ eku (fudVre) lkj.khc¼ fd, gSa% (lkj.kh 13.9).

13.9

lkj.kh 13.9, ls ge fuxeu dj ldrs gSa fd
     

00 0
lim lim lim 1

xx x
f x f x f x

   
  

bl fLFkfr esa Hkh ge izs{k.k djrs gSa fd
0

lim
x

f (x) = f (0) = 1.

vc] D;k vki Lo;a dks Lohdkj djk ldrs gSa fd
 

0 0 0
lim cos lim lim cos
x x x

x x x x
  

   okLro esa lR; gS?

8 0x  osQ fy,] iQyu   2

1
f x

x
 ij fopkj dhft,A ge

0
lim
x

f (x) Kkr djuk

pkgrs gSaA
;gk¡] ge voyksdu djrs gSa fd iQyu dk izkar lHkh /ukRed okLrfod la[;k,¡ gSaA vr%

tc ge f(x) osQ eku lkj.khc¼ djrs gSa] x 'kwU; osQ ckb± vksj vxzlj gksrk gS] dk dksbZ vFkZ ugha
gSA uhps ge 0 osQ fudV x osQ /ukRed ekuksa osQ fy, iQyu osQ ekuksa dks lkj.khc¼ djrs gSaa (bl
lkj.kh esa n fdlh /u iw.kk±d dks fu:fir djrk gSA

uhps nh xbZ lkj.kh 13-10 ls] ge ns[krs gSa fd tc x, 0 dh vksj vxzlj gksrk gS] f(x) cM+k
vkSj cM+k gksrk tkrk gSA ;gk¡ bldk vFkZ gS fd] f(x) dk eku fdlh nh la[;k ls Hkh cM+k fd;k
tk ldrk gSA

13.10

x 1 0.1 0.01 10–n

f(x) 1 100 10000 102n

xf.krh; :i ls] ge dg ldrs gSa  
0

lim
x

f x


 

x – 0.1 – 0.01 – 0.001 0.001 0.01 0.1

f(x) 0.9850 0.98995 0.9989995 1.0009995 1.00995 1.0950
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ge fVIi.kh Hkh djrs gSa fd bl ikB~;Øe esa ge bl izdkj dh lhekvksa dh ppkZ ugha djsaxsA

 9 ge  
0

lim
x

f x


, Kkr djuk pkgrs gSa] tgk¡

 
2, 0

0 , 0

2, 0

x x

f x x

x x

 
 
  

igys dh rjg ge 0 osQ fudV x osQ fy, f(x) dh lkj.kh cukrs gSaA izs{k.k djrs gSa fd x osQ
½.kkRed ekuksa osQ fy, gesa x – 2 dk eku fudkyus dh vko';drk gS vkSj x osQ /ukRed ekuksa
osQ fy, x + 2 dk eku fudkyus dh vko';drk gksrh gSA

 13.11

lkj.kh 13-11 dh izFke rhu izfof"V;ksa ls] ge fuxeu djrs gSa fd iQyu dk eku –2 rd
?kV jgk gS vkSj

 
0

lim 2
x

f x


 

lkj.kh dh vafre rhu izfof"V;ksa ls] ge fuxeu djrs gSa fd
iQyu dk eku 2 rd c<+ jgk gS vkSj vr%

 
0

lim 2
x

f x




D;ksafd 0 ij ck,¡ vkSj nk,¡ i{kksa dh lhek,¡ laikrh ugha gSa]
ge dgrs gSa fd 0 ij iQyu dh lhek vfLrRoghu gSA

bl iQyu dk vkys[k vko`Qfr 13.6 esa fn;k gS ;gk¡] ge
fVIi.kh djrs gSa fd x = 0 ij iQyu dk eku iw.kZr% ifjHkkf"kr gS
vkSj] okLro esa] 0 osQ cjkcj gS] ijarq x = 0 ij iQyu dh lhek
ifjHkkf"kr Hkh ugha gSA

 10 ,d vafre n`"Vkar osQ :i esa] ge  
1

lim
x

f x


, Kkr djrs gSa tcfd

  2 1

0 1

x x
f x

x

 
  

x – 0.1 – 0.01 – 0.001 0.001 0.01 0.1

f(x) – 2.1 – 2.01 – 2.001 2.001 2.01 2.1

 13.6



lhek vkSj vodyt           309

 13.12

x 0.9 0.99 0.999 1.001 1.01 1.1

f(x) 2.9 2.99 2.999 3.001 3.01 3.1

igys dh rjg] 1 osQ fudV x osQ fy, ge f(x) osQ ekuksa dks lkj.khc¼ djrs gSaA 1 ls de
x osQ fy, f(x) esa ekuksa ls] ;g izrhr gksrk gS fd x = 1 ij iQyu dk eku 3 gksuk pkfg, vFkkZr~

 
1

lim 3
x

f x




blh izdkj] 1 ls cM+s x osQ fy, f(x) osQ ekuksa ls vknsf'kr f(x) dk eku 3 gksuk pkfg,]
vFkkZr~

 
1

lim 3
x

f x


 .

ijarq rc ck,¡ vkSj nk,¡ i{kksa dh lhek,¡ laikrh gSa vkSj
vr%

     
11 1

lim lim lim 3
xx x

f x f x f x
   

   .

vko`Qfr 13.7 esa iQyu dk vkys[k lhek osQ ckjs esa
gekjs fuxeu dks cy nsrk gSA ;gk¡] ge è;ku nsrs gaS fd
O;kid :i ls] ,d fn, fcanq ij iQyu dk eku vkSj bldh
lhek fHkUu&fHkUu gks ldrs gSa (Hkys gh nksuksa ifjHkkf"kr gksaA)

13.3.1 (Algebra of limits) mi;qZDr n`"Vkarksa ls] ge voyksdu dj
pqosQ gSa fd lhek izfØ;k ;ksx] O;odyu] xq.kk vkSj Hkkx dk ikyu djrh gS tc rd fd
fopkjk/hu iQyu vkSj lhek,¡ lqifjHkkf"kr gSaA ;g la;ksx ugha gSA okLro esa] ge budks fcuk miifÙk
osQ izes; osQ :i esa vkSipkfjd :i nsrs gSaA

 1 eku yhft, fd f vkSj g nks iQyu ,sls gSa fd lim
x a

 f(x) vkSj lim
x a

g(x) nksuksa  dk  vfLrRo

gSA rc
  (i) nks iQyuksa osQ ;ksx dh lhek iQyuksa dh lhekvksa dk ;ksx gksrk gS] vFkkZr~

lim
x a

[f(x) + g (x)] = lim
x a

f(x) + lim
x a

g(x).

 13.7
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(ii) nks iQyuksa osQ varj dh lhek iQyuksa dh lhekvksa dk varj gksrk gS] vFkkZr~
lim
x a

[f(x) – g(x)] = lim
x a

f(x) – lim
x a

 g(x).

(iii) nks iQyuksa osQ xq.ku dh lhek iQyuksa dh lhekvksa dk xq.ku gksrk gS] vFkkZr~
lim
x a

[f(x) . g(x)] = lim
x a

f(x). lim
x a

g(x).

(iv) nks iQyuksa osQ HkkxiQy dh lhek iQyuksa dh lhekvksa dk HkkxiQy gksrk gS] (tcfd gj 'kwU;srj
gksrk gS)] vFkkZr~

 
 

 
 

lim
lim

lim
x a

x a
x a

f xf x

g x g x







 fo'ks"k :i ls fLFkfr (iii) dh ,d fof'k"V fLFkfr esa tc g(x) ,d ,slk vpj iQyu gS
fd fdlh okLrfod la[;k  osQ fy, g(x) =  ge ikrs gSa

     lim . .lim
x a x a

f x f x
 
     .

vxys nks vuqPNsnksa esa] ge n`"Vkar nsaxs fd bl izes; dks fof'k"V izdkj osQ iQyuksa dh lhekvksa
osQ eku izkIr djus esa oSQls iz;ksx fd;k tkrk gSA
13.3.2 Limits of polynomials and rational
functions) ,d iQyu f(x) cgqinh; iQyu dgykrk gS] ;fn f(x) 'kwU; iQyu gS ;k ;fn
f(x) = a0 + a1x + a2x

2 +. . . + anx
n, tgk¡ ais ,slh okLrfod la[;k,¡ gSa fd fdlh izko`Qr la[;k

n osQ fy, an  0

ge tkurs gSa fd lim
x a

x = a.  vr%

 2 2lim lim . lim .lim .
x a x a x a x a

x x x x x a a a
   

   

n ij vkxeu dk ljy vH;kl gedks crkrk gS fd

lim n n

x a
x a




vc] eku yhft,   2
0 1 2 ... n

nf x a a x a x a x     ,d cgqinh; iQyu gSA
2

0 1 2, , ,..., n
na a x a x a x izR;sd dks ,d iQyu tSlk fopkjrs gq,] ge ikrs gSa fd

 lim
x a

f x


=
2

0 1 2lim ... n
n

x a
a a x a x a x
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=
2

0 1 2lim lim lim ... lim n
n

x a x a x a x a
a a x a x a x

   
   

=
2

0 1 2lim lim ... lim n
n

x a x a x a
a a x a x a x

  
   

= 2
0 1 2 ... n

na a a a a a a   

=  f a

(lqfuf'pr djsa fd vkius mi;qZDr esa izR;sd pj.k dk vkSfpR; le> fy;k gSA)

,d iQyu f  ,d ifjes; iQyu dgykrk gS ;fn f(x) =
 
 

g x

h x , tgk¡ g(x) vkSj h(x) ,sls

cgqin gSa fd h(x)  0. rks

   
 

 
 

 
 

lim
lim lim

lim
x a

x a x a
x a

g xg x g a
f x

h x h x h a


 


  

;|fi] ;fn h(a) = 0, nks fLFkfr;k¡ gSa – (i) tc g(a)  0 vkSj (ii) tc g(a) = 0. iwoZ dh
fLFkfr esa ge dgrs gSa fd lhek dk vfLrRo ugha gSA ckn dh fLFkfr esa ge

g(x) = (x – a)k g
1
(x), tgk¡ k, g(x) esa (x – a) dh egÙke ?kkr gSA blh izdkj

h(x) = (x – a) lh
1

(x) D;ksafd h (a) = 0. vc] ;fn k  l, ge ikrs gSa

 lim
x a

f x


 =
 
 

   
   

1

1

lim lim

lim lim

k

x a x a
l

x a x a

g x x a g x

h x x a h x
 

 






=
    

 
 
 

1 1

1 1

lim 0.
0

lim

k l

x a

x a

x a g x g a

h x h a








 

;fn k < l, rks lhek ifjHkkf"kr ugha gSA
 1 lhek,¡ Kkr dhft,%

(i)
3 2

1
lim 1
x

x x

    (ii)  

3
lim 1
x

x x

  

(iii)
2 10

1
lim 1 ...
x

x x x

      .



312 xf.kr

vHkh"V lHkh lhek,¡ oqQN cgqinh; iQyuksa dh lhek,¡ gSaA vr% lhek,¡ iznÙk fcanqvksa ij iQyuksa
osQ eku gSaA ge ikrs gSa

(i)
1

lim
x [x3 – x2 + 1] = 13 – 12 + 1 = 1

(ii)      
3

lim 1 3 3 1 3 4 12
x

x x

      

(iii)
2 10

1
lim 1 ...
x

x x x

       = 1 + (–1) + (–1)2 + ... + (–1)10

= 1 – 1 + 1 + ... + 1 = 1.
 2 lhek,¡ Kkr dhft,%

(i)
2

1

1
lim

100x

x

x

 
  

(ii)
3 2

22

4 4
lim

4x

x x x

x

  
 

 

(iii)
2

3 22

4
lim

4 4x

x

x x x

 
 
  

(iv)
3 2

22

2
lim

5 6x

x x

x x

 
 
  

(v) 2 3 21

2 1
lim

3 2x

x

x x x x x

     
.

lHkh fopkjk/hu iQyu ifjes; iQyu gSaA vr%] ge igys iznÙk fcanqvksa ij bu iQyuksa osQ eku

izkIr djrs gSaA ;fn ;g 0

0
, osQ :i dk gS] ge xq.ku[kaMksa] tks lhek osQ 0

0
dk :i gksus dk dkj.k

gS] dks fujLr djrs gq, iQyuksa dks iqu% fy[krs gSaA

(i) ge ikrs gSa
2 2

1

1 1 1 2
lim

100 1 100 101x

x

x

 
 

 

(ii) 2 ij iQyu dk eku izkIr djus ij ge bls 0

0
dk :i esa ikrs gSaA vr%

3 2

22

4 4
lim

4x

x x x

x

 


 =
 

  

2

2

2
lim

2 2x

x x

x x


   =

 
 2

2
lim

2x

x x

x


  D;ksafd x  2

=
 2 2 2 0

0
2 2 4


 


.
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(iii) 2 ij iQyu dk eku izkIr djus ij] ge bls 0

0
osQ :i esa ikrs gSa] vr%

2

3 22

4
lim

4 4x

x

x x x


 

 =
  
 22

2 2
lim

2x

x x

x x

 



=
 
   2

2 2 2 4
lim

2 2 2 2 0x

x

x x

 
 

 

tksfd ifjHkkf"kr ugha gSA

(iv) 2 ij iQyu dk eku izkIr djus ij] ge bls 0

0
osQ :i esa ikrs gSA vr%

3 2

22

2
lim

5 6x

x x

x x


 

 =
 

  
2

2

2
lim

2 3x

x x

x x


 

=  
 22

2

2 4
lim 4

3 2 3 1x

x

x
   

   .

(v) igys ge iQyu dks ifjes; iQyu tSlk iqu% fy[krs gaSA

2 3 2

2 1

3 2

x

x x x x x

     
 =    2

2 1

1 3 2

x

x x x x x

  
    

=     
2 1

1 1 2

x

x x x x x

 
 

    

=   
2 4 4 1

1 2

x x

x x x

   
 

   

=   
2 4 3

1 2

x x

x x x
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1 ij iQyu dk eku izkIr djus ij ge 0

0
dk :i ikrs gSaA vr%

2

2 3 21

2 1
lim

3 2x

x

x x x x x

 
 

   
=   

2

1

4 3
lim

1 2x

x x

x x x

 
 

=
  
  1

3 1
lim

1 2x

x x

x x x

 
 

=  1

3
lim

2x

x

x x


  =  

1 3

1 1 2


  = 2.

ge fVIi.kh djrs gSa fd mi;qZDr eku izkIr djus esa geus in (x – 1) dks fujLr fd;k D;ksafd 1x  .

,d egRoiw.kZ lhek dk eku izkIr djuk] tks fd vkxs ifj.kkeksa esa iz;qDr gksxh] uhps ,d izes;
osQ :i esa izLrqr gSA

2 fdlh /u iw.kk±d n osQ fy,]

1lim
n n

n

x a

x a
na

x a








.

mi;qZDr izes; esa lhek gsrq O;atd lR; gS tcfd n dksbZ ifjes; la[;k gS vkSj
a /ukRed gSA

(xn – an) dks (x – a), ls Hkkx nsus ij] ge ns[krs gSa fd
xn – an = (x–a) (xn–1 + xn–2 a + xn–3 a2 + ... + x an–2 + an–1)

bl izdkj lim lim
n n

x a x a

x a

x a 





(xn–1 + xn–2 a + xn–3 a2 + ... + x an–2 + an–1)

= an – l + a an–2 +. . . + an–2 (a) +an–l

= an–1 + an – 1 +...+an–1 + an–1 (n in)

=
1nna 

 3 eku Kkr dhft,

(i)
15

101

1
lim

1x

x

x




(ii)
0

1 1
lim
x

x

x
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(i) gekjs ikl gS
15

101

1
lim

1x

x

x




=
15 10

1

1 1
lim

1 1x

x x

x x

  
   

=
15 10

1 1

1 1
lim lim

1 1x x

x x

x x 

    
       

= 15 (1)14  10(1)9 (mi;qZDr izes; ls)

= 15  10
3

2


(ii) y = 1 + x, ftlls 1y tSls 0.x rc

0

1 1
lim
x

x

x

 
 =

1

1
lim

–1y

y

y



=

1 1

2 2

1

1
lim

1y

y

y




=
1

1
21

(1)
2


 (mi;qZDr fVIi.kh ls) =

1

2

13.4. (Limits of Trigonometric Functions)

O;kid :i ls] iQyuksa osQ ckjs esa fuEufyf[kr rF; (izes;ksa osQ :i esa dgs x,) oqQN f=kdks.kferh;
iQyuksa dh lhekvksa dk ifjdyu djus esa lqyHk gks
tkrs gSaA

 3 eku yhft, leku izkar okys nks okLrfod
ekuh; iQyu f  vkSj g ,sls gSa fd ifjHkk"kk osQ izkar esa
lHkh x osQ fy, f (x)  g( x) fdlh a osQ fy, ;fn
lim
x a  f(x) vkSj lim

x a  g(x) nksuksa dk vfLrRo gS rks

lim
x a  f(x)  lim

x a  g(x) bls vko`Qfr 13.8 esa fp=k ls
Li"V fd;k x;k gSA  13.8
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 4 (Sandwich Theorem) eku yhft, f, g vkSj h okLrfod ekuh; iQyu
,sls gSa fd ifjHkk"kk osQ loZfu"B izkarksa osQ lHkh x

osQ fy, f (x)  g( x)  h(x). fdlh okLrfod

la[;k a osQ fy, ;fn lim
x a  f(x) = l

= lim
x a  h(x), r k s lim

x a
 g(x) = l. bl s

vko`Qfr 13.9 esa fp=k ls Li"V fd;k x;k gSA
f=kdks.kferh; iQyuksa ls lacaf/r fuEufyf[kr

egRoiw.kZ vlfedk dh ,d lqanj T;kferh;
miifÙk uhps izLrqr gS%

π
0

2
x  osQ fy, sin

cos 1
x

x
x

   (*)

ge tkurs gSa fd sin (– x) =  – sin x vkSj cos( – x) = cos x. vr% π
0

2
x  osQ fy,

vlfedk dks fl¼ djus osQ fy, ;g i;kZIr gSA
vko`Qfr 13.10, esa ,sls bdkbZ o`Ùk dk osQanz O gSA dks.k AOC,

x jsfM;u dk gS vkSj 0 < x <
π
2

A js[kk[kaM BA vkSj CD, OA osQ yacor

gaSA blosQ vfrfjDr AC dks feyk;k x;k gSA rc
OAC dk {ks=kiQy <  o`Ùk[kaM OAC {ks=kiQy < OAB dk {ks=kiQy

vFkkZr~ 21 1
OA.CD .π.(OA) OA.AB

2 2π 2
x

  .

vFkkZr~ CD < x . OA < AB.  OCD esa

sin x =
CD

OA
(pw¡fd OC = OA) vkSj vr% CD = OA sin x. blds vfrfjDr

tan x =
AB

OA
vkSj vr%  AB = OA tan x. bl izdkj

OA sin x < OA x < OA. tan x.

D;ksafd yackbZ OA /ukRed gS] ge ikrs gSa
sin x < x < tan x.

 13.9

13.10
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D;ksafd 0 < x <
π
2

, sin x /ukRed gS vkSj bl izdkj sin x, ls lHkh dks Hkkx nsus ij] ge ikrs gSa

1<
1

sin cos

x

x x
 lHkh dk O;qRØe djus ij] ge ikrs gSa

sin
cos 1

x
x

x
  miifÙk iw.kZ gqbZA

 5 fuEufyf[kr nks egRoiw.kZ lhek,¡ gSa%

(i)
0

sin
lim 1
x

x

x
 (ii)

0

1 cos
lim 0
x

x

x




 (i) (*) esa vlfedk (Inequality) osQ vuqlkj iQyu sin x

x
, iQyu cos xvkSj vpj iQyu

ftldk eku 1 gks tkrk gS] osQ chp esa fLFkr gSA

blosQ vfrfjDr D;ksafd
0

lim
x  cos x = 1, ge ns[krs gSa fd izes; osQ (i) dh miifÙk lSaMfop

izes; ls iw.kZ gSA

(ii) dks fl¼ djus osQ fy,] ge f=kdks.kfefr loZlfedk 1 – cos x = 2 sin2

2

x 
 
 

dk iz;ksx djrs

gSa] rc
0

1 cos
lim
x

x

x


 =

2

0 0

2sin sin
2 2

lim lim .sin
2

2
x x

x x
x

xx 

   
          

 

=
0 0

sin
2

lim .limsin 1.0 0
2

2
x x

x
x

x 

 
       

 

voyksdu dhft, fd geus vLi"V :i ls bl rF; dk iz;ksx fd;k gS fd 0x  , 0
2

x
 osQ

rqY; gSA bldks y =
2

x j[kdj izekf.kr fd;k tk ldrk gSA
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 4 eku Kkr dhft,%  (i)
0

sin 4
lim

sin 2x

x

x
(ii)

0

tan
lim
x

x

x

(i)
0

sin 4
lim

sin 2x

x

x
 =

0

sin 4 2
lim . .2

4 sin 2x

x x

x x

 
  

=
0

sin 4 sin 2
2.lim

4 2x

x x

x x

         

=
4 0 2 0

sin 4 sin 2
2. lim lim

4 2x x

x x

x x 

         

= 2.1.1 = 2 (tc x 0, 4x 0 rFkk 2x 0)

gekjs ikl gS (ii)
0

tan
lim
x

x

x
 =

0

sin
lim

cosx

x

x x
 =

0 0

sin 1
lim . lim

cosx x

x

x x 
 = 1.1 = 1

,d lkekU; fu;e] ftldks lhekvksa dk eku fudkyrs le; è;ku esa j[kus dh vko';drk
gS] fuEufyf[kr gS%

ekuk fd lhek
 
 

lim
x a

f x

g x dk vfLrRo gS vkSj ge bldk eku Kkr djuk pkgrs gSaA igys

ge f (a) vkSj g(a) osQ ekuksa dks tk¡psaA ;fn nksuksa 'kwU; gSa] rks ge ns[krs gSa fd ;fn ge ml xq.ku[kaM
dks izkIr dj ldrs gSa tks in lekIr gksus dk dkj.k gS] vFkkZr~ ns[ks a ;fn ge
f(x) = f

1
 (x) f

2
(x) fy[k ldsa ftlls f

1
 (a) = 0 vkSj f

2
 (a)  0 A blh izdkj g(x) = g

1
 (x)

g
2
(x),fy[krs gSa tgk¡ g

1
(a) = 0 vkSj g

2
(a)  0. f(x) vkSj g(x) esa ls mHk;fu"B xq.ku[kaM (;fn

laHko gS) rks fujLr dj nsrs gSa vkSj

 
 

 
 

f x p x

g x q x
 , tgk¡ q(x)  0 fy[krs gSa ]

rc
 
 

 
 

lim
x a

f x p a

g x q a
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 13.1

iz'u 1 ls 22 rd fuEufyf[kr lhekvksa osQ eku izkIr dhft,%

1.
3

lim 3
x

x

 2.

π

22
lim

7x
x



  
 

3.
2

1
limπ
r

r


4.
4

4 3
lim

2x

x

x




5.
10 5

1

1
lim

1x

x x

x 

 


6.
 5

0

1 1
lim
x

x

x

 

7.
2

22

3 10
lim

4x

x x

x

 


8.
4

23

81
lim

2 5 3x

x

x x


 

9.
0

lim
1x

ax b

cx




10.

1

3

11
6

1
lim

1
z

z

z





11.

2

21
lim , 0
x

ax bx c
a b c

cx bx a

 
  

 

12.
2

1 1
2lim
2x

x
x




13.

0

sin
lim
x

ax

bx
14.

0

sin
lim , , 0

sinx

ax
a b

bx


15.
 
 π

sin π
lim

π πx

x

x


 16.

0

cos
lim

πx

x

x 
17.

0

cos2 1
lim

cos 1x

x

x




18.
0

cos
lim

sinx

ax x x

b x


19.

0
lim sec
x

x x


20.
0

sin
lim , , , 0

sinx

ax bx
a b a b

ax bx


 


,

21.
0

lim (cosec cot )
x

x x


 22. π
2

tan 2
lim π

2
x

x

x 

23.  
0

lim
x

f x


vkSj  
1

lim
x

f x


, Kkr dhft,] tgk¡    
2 3, 0

3 1 , 0

x x
f x

x x
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24.  
1

lim
x

f x


, Kkr dhft,] tgk¡  
2

2

1, 1

1, 1

x x
f x

x x

   
  

25.  
0

lim
x

f x


, dk eku izkIr dhft,] tgk¡  
| |

, 0

0, 0

x
x

f x x
x

  
 

26.  
0

lim
x

f x


, Kkr dhft,] tgk¡  
, 0

| |

0, 0

x
x

xf x

x

  
 

27.  
5

lim
x

f x


, Kkr dhft,] tgk¡   | | 5f x x 

28. eku yhft,  
, 1

4, 1

, 1

a bx x

f x x

b ax x

 
 
  

vkSj ;fn
1

lim
x

f (x) = f (1) rks  a vkSj b osQ laHko eku D;k gSa?

29. eku yhft, a
1
, a

2
, . . ., a

n
vpj okLrfod la[;k, ¡ g S vk Sj ,d iQyu

       1 2 ... nf x x a x a x a    ls ifjHkkf"kr gSA
1

lim
x a

f (x) D;k gS?

fdlh  a  a
1
, a

2
, ..., a

n
, osQ fy, lim

x a f (x) dk ifjdyu dhft,A

30. ;fn  
1, 0

0, 0

1, 0

x x

f x x

x x

  
 
  

.

rks a osQ fdu ekuksa osQ fy, lim
x a f (x) dk vfLrRo gS?

31. ;fn iQyu f(x),
 

21

2
lim π

1x

f x

x





, dks larq"V djrk gS] rks  

1
lim
x

f x


dk eku izkIr

dhft,A
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32. fdu iw.kk±dksa m vkSj n osQ fy,  
0

lim
x

f x


vkSj  
1

lim
x

f x


nksuksa dk vfLrRo gS] ;fn

 
2

3

, 0

, 0 1

, 1

mx n x

f x nx m x

nx m x

  

   
  

13.5 (Derivatives)

ge vuqPNsn 13.2, esa ns[k pqosQ gSa fd fofo/ le;karjkyksa ij fiaM dh fLFkfr dks tkudj ml nj
dks Kkr djuk laHko gS ftlls fiaM dh fLFkfr ifjofrZr gks jgh gSA le; osQ fofo/ {k.kksa ij ,d
fuf'pr izkpy (parameter) dk tkuuk vkSj ml nj dks Kkr djus dk iz;kl djuk ftlls blesa
ifjorZu gks jgk gS] vR;ar O;kid #fp dk fo"k; gSA okLrfod thou dh vusd fLFkfr;k¡ gksrh gSa
ftuesa ,slh izfØ;k dk;kZfUor djus dh vko';drk gksrh gSA mnkgj.kr% ,d Vadh osQ j[k&j[kko
djus okys O;fDr osQ fy, le; osQ vusd {k.kksa ij ikuh dh xgjkbZ tkudj ;g tkuuk vko';d
gksrk gS fd Vadh dc Nydus yxsxh] fofo/ le;ksa ij jkosQV dh Å¡pkbZ tkudj jkosQV oSKkfudksa
dks ml ;FkkFkZ osx osQ ifjdyu dh vko';drk gksrh gS ftlls mixzg dk jkosQV ls iz{ksi.k
vko';d gksA foÙkh; laLFkkuksa dks fdlh fo'ks"k LVkd osQ orZeku ewY; tkudj blosQ ewY;ksa esa
ifjorZu dh Hkfo";ok.kh djuh vko';d gksrh gSA buesa vkSj ,slh vusd vU; fLFkfr;ksa esa ;g tkuuk
vHkh"V gksrk gS fd ,d izkpy esa nwljs fdlh izkpy osQ lkis{k ifjorZu fdl izdkj gksrk gS\ ifjHkk"kk
osQ izkar osQ iznÙk fcanq ij iQyu dk vodyt bl fo"k; dk eq[; mís'; gSA

1  eku yhft, f

a gSA a ij f dk vodyt

   
0

lim
h

f a h f a

h

 

ls ifjHkkf"kr gS c'krsZ fd bl lhek dk vfLrRo gksA a ij f(x) dk vodyt  f ’ (a) ls fu:fir
gksrk gSA

v o y k sd u  d h f t ,  f d f(a), a ij x osQ lkis{k ifjorZu dk ifjek.k crkrk gSA

 5 x = 2 ij iQyu f(x) = 3x dk vodyt Kkr dhft,A

ge ikrs gSa  ' 2f  =
   

0

2 2
lim
h

f h f

h

 
=

   
0

3 2 3 2
lim
h

h

h
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=
0 0 0

6 3 6 3
lim lim lim3 3
h h h

h h

h h  

 
   .

vr% x = 2 ij iQyu 3x dk vodyt 3 gSA

 6   x =  –1 ij iQyu f(x) = 2x2 + 3x – 5 dk vodyt Kkr dhft,A ;g Hkh fl¼
dhft, fd f (0) + 3f ( –1) = 0.

ge igys x = 0 vkSj x = –1 ij f(x) dk vodyt Kkr djrs gSaA ge ikrs gSa fd

 ' 1f  =
   

0

1 1
lim
h

f h f

h

   

=
       2 2

0

2 1 3 1 5 2 1 3 1 5
lim
h

h h

h

                

=    
2

0 0

2
lim lim 2 1 2 0 1 1
h h

h h
h

h 


     

vkSj  ' 0f =
   

0

0 0
lim
h

f h f

h

 

=
       2 2

0

2 0 3 0 5 2 0 3 0 5
lim
h

h h

h

            

=    
2

0 0

2 3
lim lim 2 3 2 0 3 3
h h

h h
h

h 


    

Li"Vr%    ' 0 3 ' 1 0f f  

bl fLFkfr esa è;ku nhft, fd ,d fcanq ij vodyt dk eku izkIr djus esa lhek Kkr
djus osQ fofo/ fu;eksa dk izHkkodkjh iz;ksx lfEefyr gSA fuEufyf[kr bldks Li"V djrk gS%

 7     x = 0 ij sin x dk vodyt Kkr dhft,A

  eku yhft, f(x) = sin x. rc

f(0)=
   

0

0 0
lim
h

f h f

h

 
 =

   
0

sin 0 sin 0
lim
h

h

h

 
 =

0

sin
lim 1
h

h

h
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 8     x = 0 vkSj x = 3 ij iQyu f(x) = 3 dk vodyt Kkr dhft,A
D;ksafd vodyt iQyu esa ifjorZu dks ekirk gS] lgt:i ls ;g Li"V gS fd vpj iQyu

dk izR;sd fcanq ij vodyu 'kwU; gksuk pkfg,A bls] okLro esa] fuEufyf[kr ifjdyu ls cy feyrk gSA

 ' 0f =
   

0 0 0

0 0 3 3 0
lim lim lim 0
h h h

f h f

h h h  

  
   .

blh izdkj  ' 3f  =
   

0 0

3 3 3 3
lim lim 0
h h

f h f

h h 

  
  .

vc ge ,d fcanq ij iQyu osQ
vodyt dh T;kferh; O;k[;k izLrqr
djrs gSaA

eku yhft, y = f(x) ,d iQyu
gS vkSj eku yhft, bl iQyu osQ
vkys[k ij P = (a, f(a)) vkSj
Q = (a + h, f(a + h) nks ijLij
fudV fcanq gSaA vko`Qfr 13.11 vc
Lo;a O;k[;kRed gSA ge  tkurs gSa fd

     
0

lim
h

f a h f a
f a

h

 
 

f=kHkqt PQR, ls ;g Li"V gS fd og vuqikr ftldh lhek ge ys jgs gSa] ;FkkFkZrk ls
tan (QPR) osQ cjkcj gS tks fd thok PQ dk <ky gSA lhek ysus dh izfØ;k esa] tc h, 0 dh
vksj vxzlj gksrk gS] fcanq Q, P dh vksj vxzlj gksrk gS vkSj ge ikrs gSa vFkkZr~

   
0 Q P

QR
lim lim

PRh

f a h f a

h 

 


;g bl rF; osQ rqY; gS fd thok PQ, oØ y = f(x) osQ fcanq P ij Li'khZ dh vksj vxzlj
gksrh gSA vr%   tan ψf a  .

,d fn, iQyu f osQ fy, ge izR;sd fcanq ij vodyt Kkr dj ldrs gSaA ;fn izR;sd fcanq
ij vodyt dk vfLrRo gS rks ;g ,d u;s iQyu dks ifjHkkf"kr djrk gS ftls iQyu f dk
vodyt dgk tkrk gS vkSipkfjd :i ls ge ,d iQyu osQ vodyt dks fuEufyf[kr izdkj
ifjHkkf"kr djrs gSaA

13.11
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 2  eku yhft, fd  f ,d okLrfod ekuh; iQyu gS] rks

   
0

lim
h

f x h f x

h

 

ls ifjHkkf"kr iQyu] tgk¡ dgha lhek dk vfLrRo gS] dks x ij f  dk vodyt ifjHkkf"kr fd;k
tkrk gS vkSj f(x) ls fu:fir fd;k tkrk gSA vodyt dh bl ifjHkk"kk dks

Hkh dgk tkrk gSA

bl izdkj f(x) =
   

0
lim
h

f x h f x

h

 

Li"Vr% f(x) dh ifjHkk"kk dk izkar ogh gS tgk¡ dgha mi;qZDr lhek dk vfLrRo gSA ,d

iQyu osQ vodyt osQ fofHkUu laosQru gSaA dHkh&dHkh f(x) dks   d
f x

dx
ls fu:fir fd;k

tkrk gS ;fn y = f(x), rks ;g dy

dx
ls fu:fir fd;k tkrk gSA bls y ;k f(x) osQ lkis{k vodyt

osQ :i esa mYysf[kr fd;k tkrk gS bls D (f (x) ) ls Hkh fu:fir fd;k tkrk gSA

blosQ vfrfjDr x = a ij f osQ vodyt dks ( )
a a

d df
f x

dx dx
; k ;k

x a

df

dx 

 
 
 

ls Hkh

fu:fir fd;k tkrk gSA

 9 f(x) = 10 x dk vodyt Kkr dhft,A

ge ikrs gSa f(x) =
   

0
lim
h

f x h f x

h

 
 =

   
0

10 10
lim
h

x h x

h

 

=
0

10
lim
h

h

h
 =  

0
lim 10 10
h



 10 f(x) = x2 dk vodyt Kkr dhft,A

ge ikrs gSa f(x) =
   

0
lim
h

f x h f x

h

 

=
   2 2

0
lim
h

x h x

h

 
 =  

0
lim 2 2
h

h x x
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 11 ,d vpj okLrfod la[;k a osQ fy,] vpj iQyu f(x) = a dk vodyt
Kkr dhft,A

 ge ikrs gSa f(x) =
   

0
lim
h

f x h f x

h

 

=
0 0

0
lim lim 0
h h

a a

h h 


  D;ksafd 0h 

 12 f(x) =
1

x
dk vodyt Kkr dhft,A

   ge ikrs gSa f(x) =
   

0
lim
h

f x h f x

h

 

=
0

1 1–
( )

lim
h

x h x

h



=
 
 0

1
lim
h

x x h

h x x h

  
 

  

=  0

1
lim
h

h

h x x h

 
 

  
=  0

1
lim
h x x h


  = 2

1

x


13.5.1 (Algebra of derivative of functions) D;ksafd
vodyt dh ;FkkFkZ ifjHkk"kk esa lhek fu'p; gh lh/s :i eas lfEefyr gS] ge vodyt osQ
fu;eksa osQ fudVrk ls lhek osQ fu;eksa osQ vuqxeu dh vk'kk djrs gSaA ge budks fuEufyf[kr izes;ksa
esa ikrs gSa%

5 eku yhft, f  vkSj g nks ,sls iQyu gSa fd muosQ mHk;fu"B izkar esa muosQ vodyu
ifjHkkf"kr gSa] rc

(i) nks iQyuksa osQ ;ksx dk vodyt mu iQyuksa osQ vodytksa dk ;ksx gSA

    ( ) ( )
d d d

f x g x f x g x
dx dx dx
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(ii) nks iQyuksa osQ varj dk vodyt mu iQyuksa osQ vodytksa dk varj gSA

    ( ) ( )
d d d

f x g x f x g x
dx dx dx
    

(iii) nks iQyuksa osQ xq.ku dk vodyt fuEufyf[kr xq.ku fu;e (product rule) ls fn;k
x;k gS%

   . ( ) . ( ) ( ) . ( )
d d d

f x g x f x g x f x g x
dx dx dx
    

(iv) nks iQyuksa osQ HkkxiQy dk vodyt fuEufyf[kr HkkxiQy fu;e (quotient rule)
ls fn;k x;k gS (tgk¡ dgha gj 'kwU;srj gS)

 2
( ) . ( ) ( ) ( )( )

( ) ( )

d d
f x g x f x g xd f x dx dx

dx g x g x

 
 

 

budh miifÙk lhekvksa dh rqY; :i izes;ksa ls vko';dh; :i ls vuqlj.k djrh gSaA ge bUgsa
;gk¡ fl¼ ugha djsaxsA lhekvksa dh fLFkfr dh rjg ;g izes; crykrk gS fd fo'ks"k izdkj osQ iQyuksa
osQ vodyt dSls ifjdfyr fd, tkrs gSaA izes; osQ vafre nks dFkuksa dks fuEufyf[kr <ax ls iqu%
dgk tk ldrk gS ftlls muosQ iquLeZj.k djus esa vklkuh ls lgk;rk feyrh gSA

eku yhft,  u f x vkSj v = g (x) rc

 uv   = u v uv 

;g iQyuksa osQ xq.ku osQ vodyu osQ fy, Leibnitz fu;e ;k xq.ku fu;e mYysf[kr gksrk
gSA blh izdkj] HkkxiQy fu;e gS

u

v

 
 
 

= 2

u v uv

v

 

vc] vkb, ge oqQN ekud iQyuksa osQ vodyuksa dks ysaA ;g ns[kuk ljy gS fd iQyu
f (x) = x dk vodyt vpj iQyu 1 gSA ;g gS D;ksafd

f  (x) =
   

0
lim
h

f x h f x

h

 
 =

0
lim
h

x h x

h

 

=
0

lim1 1
h
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ge bldk vkSj mi;qZDr izes; dk iz;ksx f(x) = 10x = x + x + ... + x (10 in)

(mi;qZDr izes; osQ (i) ls) osQ vodyt osQ ifjdyu esa djrs gSa
( )df x

dx
 =

d

dx
 ...x x  (10 in)

= . . .
d d

x x
dx dx
    (10 in)

= 1 ... 1   (10 in) = 10.

ge è;ku nsrs gSa fd bl lhek dk eku xq.ku lw=k osQ iz;ksx ls Hkh izkIr fd;k tk ldrk gSA
ge fy[krs gSa]  f(x) = 10x = uv, tgk¡ u fy[krs gSa tgk¡ u izR;sd txg eku 10 ysdj vpj iQyu
gS vkSj v(x) = x. ;gk¡ ge tkurs gSa fd u dk vodyt 0 osQ cjkcj gS lkFk gh v(x) = x dk
vodyt 1 osQ cjkcj gSA bl izdkj xq.ku fu;e ls] ge ikrs gSa

 f x  =    10 0. 10.1 10x uv u v uv x        

blh vk/kj ij f(x) = x2 osQ vodyt dk eku izkIr fd;k tk ldrk gSA ge ikrs gSa
f(x) = x2 = x .x vkSj vr%

df

dx
 =      . . .

d d d
x x x x x x

dx dx dx
 

= 1. .1 2x x x 
vf/d O;kid :i ls ge fuEufyf[kr izes; ikrs gSa%

 6 fdlh /u iw.kk±d n osQ fy, f(x) = xn dk vodyt nxn – 1 gSA

vodyt iQyu dh ifjHkk"kk ls] ge ikrs gSa

     
0

' lim
h

f x h f x
f x

h

 
 =

 
0

lim
n n

h

x h x

h

 
.

f}in izes; dgrk gS fd  (x + h)n =      1
0 1C C ... Cn n n n n n

nx x h h   vkSj
(x + h)n – xn = h(nxn – 1 +... + hn – 1) bl izdkj

( )df x

dx
=

 
0

lim
n n

h

x h x

h

 
 =

 1 1

0

....
lim

n n

h

h nx h

h

 



 

=  1 1

0
lim ...n n

h
nx h 


  , = 1nnx 
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 ge bldks n ij vkxeu vkSj xq.ku lw=k ls Hkh fuEu izdkj fl¼ dj ldrs gSa%
n = 1 osQ fy, ;g lR; gS tSlk fd igys fn[kk;k tk pqdk gS

 nd
x

dx
=  1. nd

x x
dx



=      1 1. .n nd d
x x x x

dx dx
  (xq.ku lw=k ls)

=   1 21. . 1n nx x n x    (vkxeu ifjdYiuk ls)

=  1 1 11n n nx n x nx    

mi;qZDr izes; x,dh lHkh ?kkrksa osQ fy, lR; gS vFkkZr~ n dksbZ Hkh okLrfod la[;k gks
ldrh gSA (ysfdu ge bldks ;gk¡ fl¼ ugha djsaxs)

13.5.2 (Derivative of polynomials and

t r i g o n o m e t r i c  f u n c t i o n s ) ge fuEufyf[kr izes; ls izkjaHk djsaxs tks gedks cgqinh; iQyuksa osQ
vodyt crykrh gSA

7 eku yhft, f(x) = 1
1 1 0....n n

n na x a x a x a
    ,d cgqinh; iQyu gS tgk¡ ais

lHkh okLrfod la[;k,¡ gSa vkSj an  0 rc vodyt iQyu bl izdkj fn;k tkrk gS%

 1 2
1

( )
1 ...n x

n n
df x

na x n a x
dx

 
    

2 12a x a

bl izes; dh miifÙk izes; 5 vkSj izes; 6 osQ Hkkx (i) dks ek=k lkFk j[kus ls izkIr dh tk
ldrh gSA

 13    6x100 – x55 + x osQ vodyt dk ifjdyu dhft,A
  mi;qZDr izes; dk lh/k vuqiz;ksx crykrk gS fd mi;qZDr iQyu dk vodyt

99 54600 55 1x x  gSA

 14 x = 1 ij f(x) = 1 + x + x2 + x3 +... + x50 dk vodyt Kkr dhft,A .

mi;qZDr izes; 6 dk lh/k vuqiz;ksx crykrk gS fd mi;qZDr iQyu dk vodyt
1 + 2x + 3x2 + . . . + 50x49 gSA  x = 1 ij bl iQyu dk eku 1 + 2(1) + 3(1)2 + .. . + 50(1)49

= 1 + 2 + 3 + . . . + 50 =
  50 51

2
 = 1275 gSA
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 15 f(x) =
1x

x

 dk vodyt Kkr dhft,A

;g iQyu x = 0 osQ vfrfjDr izR;sd osQ fy, ifjHkkf"kr gSA ge ;gk¡ u = x + 1 vkSj v = x

ysdj HkkxiQy fu;e dk iz;ksx djrs gSaA vr% u´ = 1 vkSj v´ = 1 blfy,

( ) 1df x d x d u

dx dx x dx v

       
   

   
2 2 2

1 1 1 1x xu v uv

v x x

  
   

 16 sin x osQ vodyt dk ifjdyu dhft,A
     eku yhft, f(x) = sin x, rc

( )df x

dx
=

       
0 0

sin sin
lim lim
h h

f x h f x x h x

h h 

   


=
0

2
2cos sin

2 2
lim
h

x h h

h

   
   
     ( sin A – sin B osQ lw=k dk iz;ksx djosQ)

= 0 0

sin
2lim cos .lim cos .1 cos

2
2

h h

h
h

x x x
h 

    
  .

 17    tan x osQ vodyt dk ifjdyu dhft,A
eku yhft, f(x) = tan x, rc

( )df x

dx
=

       
0 0

tan tan
lim lim
h h

f x h f x x h x

h h 

   


=
 
 0

sin1 sin
lim

cos cosh

x h x

h x h x

 
 

  

=
   

 0

sin cos cos sin
lim

cos cosh

x h x x h x

h x h x

   
 

  

=
 
 0

sin
lim

cos cosh

x h x

h x h x

 
  (sin (A + B) osQ lw=k dk iz;ksx djosQ)
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=  0 0

sin 1
lim .lim

cos cosh h

h

h x h x  

=
2

2

1
1. sec

cos
x

x


 18    f(x) = sin2 x osQ vodyt dk ifjdyu dhft,A

ge bldk eku izkIr djus osQ fy, Leibnitz xq.ku lw=k dk iz;ksx djrs gaSA
( )df x

dx
 =

d

dx
(sin x sin x)

= (sin x) sin x + sin x (sin x)
= (cos x) sin x + sin x (cos x)
= 2sin x cos x = sin 2x.

13.2

1. x = 10 ij x2 – 2 dk vodyt Kkr dhft,A
2. x = l00 ij 99x dk vodyt Kkr dhft,A
3. x = 1 ij x dk vodyt Kkr dhft,A
4. izFke fl¼kar ls fuEufyf[kr iQyuksa osQ vodyt Kkr dhft,%

(i) 3 27x   (ii)   1 2x x 

(iii) 2

1

x
(iv)

1

1

x

x




5. iQyu  
100 99 2

. . . 1
100 99 2

x x x
f x x     

osQ fy, fl¼ dhft, fd    1 100 0f f  .

6. fdlh vpj okLrfod la[;k a osQ fy, 1 2 2 1. . .n n n n nx ax a x a x a       dk
vodyt Kkr dhft,

7. fdUgha vpjksa a vkSj b, osQ fy,]

 (i)    x a x b    (ii)  22ax b       (iii)
x a

x b




osQ vodyt Kkr dhft,A
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8. fdlh vpj a osQ fy,
n nx a

x a




dk vodyt Kkr dhft,A

9. fuEufyf[kr osQ vodyt Kkr dhft,%

(i)
3

2
4

x  (ii)    35 3 1 1x x x  

(iii)  3 5 3x x  (iv)  5 93 6x x

(v)  4 53 4x x  (vi)
22

1 3 1

x

x x


 

10. izFke fl¼kar ls cos x dk vodyt Kkr dhft,A
11. fuEufyf[kr iQyuksa osQ vodyt Kkr dhft,A

(i) sin cosx x (ii) sec x         (iii) 5sec 4cosx x
(iv) cosec x (v) 3cot 5cosecx x
(vi) 5sin 6cos 7x x             (vii) 2 tan 7secx x

 19 izFke fl¼kar ls f  dk vodyt Kkr dhft, tgk¡ f  bl izdkj iznÙk gS%

(i) f (x) =
2 3

2

x

x




(ii)    f (x) =
1

x
x


(i) è;ku nhft, fd iQyu x = 2 ij ifjHkkf"kr ugha gSA ysfdu] ge ikrs gSa

     
 

0 0

2 3 2 3
2 2lim lim

h h

x h x
f x h f x x h xf x

h h 

  
      

=
     

  0

2 2 3 2 2 3 2
lim

2 2h

x h x x x h

h x x h

      
  

=
         

  0

2 3 2 2 2 2 3 2 2 3
lim

2 2h

x x h x x x h x

h x x h

        
  

=      20

–7 7
lim

2 2 2h x x h x
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iqu% è;ku nhft, fd x = 2  ij iQyu f  Hkh ifjHkkf"kr ugha gSA
(ii) x = 0 ij iQyu ifjHkkf"kr ugha gSA ysfdu] ge ikrs gSa

 f x =
   

0 0

1 1

lim lim
h h

x h x
f x h f x x h x

h h 

              

=
0

1 1 1
lim
h

h
h x h x

    

=    0 0

1 1 1
lim lim 1
h h

x x h
h h

h x x h h x x h 

     
               

=   20

1 1
lim 1 1
h x x h x

 
   

  

iqu% è;ku nhft, fd x = 0 ij iQyu f  ifjHkkf"kr ugha gSA

 20 izFke fl¼kar ls iQyu f(x) dk vodyt Kkr dhft, tgk¡ f(x)

(i) sin cosx x (ii) sinx x

(i) ge ikrs gSa]  'f x  =
   f x h f x

h

 

=
   

0

sin cos sin cos
lim
h

x h x h x x

h

    

=
0

sin cos cos sin cos cos sin sin sin cos
lim
h

x h x h x h x h x x

h

    

=
     

0

sinh cos sin sin cos 1 cos cos 1
lim
h

x x x h x h

h

    

=    
0 0

cos 1sin
lim cos sin limsin
h h

hh
x x x

h h 


   

0

cos 1
lim cos
h

h
x

h




= cos x – sin x
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(ii)  'f x =
       

0 0

sin sin
lim lim
h h

f x h f x x h x h x x

h h 

    


=
  

0

sin cos sin cos sin
lim
h

x h x h h x x x

h

  

=
   

0

sin cos 1 cos sin sin cos sin cos
lim
h

x x h x x h h x h h x

h

   

=
 

0
0

sin cos 1 sin
lim lim cosh
h

x x h h
x x

h h



  

0
lim sin cos sin cos
h

x h h x


 

= x cos x + sin x

 21  (i) f(x) = sin 2x (ii) g(x) = cot x

osQ vodyt dk ifjdyu dhft,A

(i) f=kdks.kfefr lw=k  sin 2x = 2 sin x cos x dk iquLeZj.k dhft,A bl izdkj

( )df x

dx
 =    2sin cos 2 sin cos

d d
x x x x

dx dx


=    2 sin cos sin cosx x x x    

=    2 cos cos sin sinx x x x     =  2 22 cos sinx x

(ii) ifjHkk"kk ls] g(x) =
cos

cot
sin

x
x

x
 ge HkkxiQy lw=k dk iz;ksx bl iQyu ij djsaxs] tgk¡ dgha

;g ifjHkkf"kr gSA dg

dx
=

cos
(cot )

sin

d d x
x

dx dx x
   
 

= 2

(cos ) (sin ) (cos )(sin )

(sin )

x x x x

x

 

= 2

( sin )(sin ) (cos )(cos )

(sin )

x x x x

x

 

=
2 2

2
2

sin cos
cosec

sin

x x
x

x
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 bldks è;ku nsdj fd 1
cot

tan
x

x
 , ifjdfyr fd;k tk ldrk gSA ;gk¡ ge bl rF;

dk iz;ksx djrs gSa fd tan x dk vodyt sec2 x gS tks geus mnkgj.k 17 esa ns[kk gS vkSj lkFk
gh vpj iQyu dk vodyt 0 gksrk gSA

dg

dx
=

1
(cot )

tan

d d
x

dx dx x
   
 

= 2

(1) (tan ) (1)(tan )

(tan )

x x

x

 

=
2

2

(0)(tan ) (sec )

(tan )

x x

x



=
2

2
2

sec
cosec

tan

x
x

x


 

 22 (i)
5 cos

sin

x x

x


(ii)

cos

tan

x x

x



dk vodyt Kkr dhft,A

(i) eku yhft,
5 cos

( )
sin

x x
h x

x


 . tgk¡ dgha Hkh ;g ifjHkkf"kr gS] ge bl iQyu ij

HkkxiQy fu;e dk iz;ksx djsaxsA
5 5

2

( cos ) sin ( cos )(sin )
( )

(sin )

x x x x x x
h x

x

    

=
4 5

2

(5 sin )sin ( cos )cos

sin

x x x x x x

x

  

=
5 4

2

cos 5 sin 1

(sin )

x x x x

x

  

 (ii) ge iQyu cos

tan

x x

x

  ij HkkxiQy fu;e dk iz;ksx djsaxs tgk¡ dgha Hkh ;g ifjHkkf"kr gSA
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( )h x = 2

( cos ) tan ( cos )(tan )

(tan )

x x x x x x

x

   

=
2

2

(1 sin ) tan ( cos )sec

(tan )

x x x x x

x

  

1. izFke fl¼kar ls fuEufyf[kr iQyuksa dk vodyt Kkr dhft,%

 (i) x (ii) 1( )x  (iii) sin (x + 1) (iv) cos (x –
8


)

fuEufyf[kr iQyuksa osQ vodyt Kkr dhft, (;g le>k tk; fd a, b, c, d, p, q, r vkSj
s fuf'pr 'kwU;srj vpj gSa vkSj m rFkk n iw.kk±d gSaA):

2. (x + a) 3. (px + q)
r

s
x
  
 

4.   2ax b cx d 

5.
ax b

cx d




6.

1
1

1
1

x

x




7. 2

1

ax bx c 

8. 2

ax b

px qx r


  9.

2px qx r

ax b

 


10. 4 2
cos

a b
x

x x
 

11. 4 2x  12. ( )nax b 13. ( ) ( )n max b cx d 

14. sin (x + a) 15. cosec x cot x 16.
cos

1 sin

x

x

17.
sin cos

sin cos

x x

x x




18.
sec 1

sec 1

x

x




19. sinn x

20.
sin

cos

a b x

c d x




21.
sin( )

cos

x a

x


22. 4 (5sin 3cos )x x x

23.  2 1 cosx x 24.   2 sin cosax x p q x 
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25.    cos tanx x x x  26.
4 5sin

3 7cos

x x

x x




27.
2 cos

4
sin

x

x

 
 
 

28.
1 tan

x

x
29.    sec tanx x x x  30.

sinn

x

x

 iQyu dk visf{kr eku tks ,d fcanq osQ ckb± vksj osQ fcanqvksa ij fuHkZj djrk gS] fcanq
i j  i Q y u  o sQ (Left handed limit) dks ifjHkkf"kr djrk gSA blh
izdkj (Right handed limit)A

 ,d fcanq ij iQyu dh lhek ck,¡ i{k vkSj nk,¡ i{k dh lhekvksa ls izkIr mHk;fu"B eku
gSa ;fn os laikrh gksaA

 ;fn fdlh fcanq ij ck,¡ i{k vkSj nk,¡ i{k dh lhek,¡ laikrh u gksa rks ;g dgk tkrk
gS fd ml fcanq ij iQyu dh lhek dk vfLrRo ugha gSA

 ,d okLrfod la[;k a vkSj ,d iQyu f  osQ fy, lim
x a f(x) vkSj f (a) leku ugha Hkh

gks ldrs (okLro esa] ,d ifjHkkf"kr gks vkSj nwljk ugha)
 iQyukas f vkSj g osQ fy, fuEufyf[kr ykxw gksrs gSa%

 lim ( ) ( ) lim ( ) lim ( )
x a x a x a

f x g x f x g x
  

  

 lim ( ). ( ) lim ( ).lim ( )
x a x a x a

f x g x f x g x
  



lim ( )( )
lim

( ) lim ( )
x a

x a
x a

f xf x

g x g x





 
 

 

 fuEufyf[kr oqQN ekud lhek,¡ gSaA

1lim
n n

n

x a

x a
na

x a









0

sin
lim 1
x

x

x
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0

1 cos
lim 0
x

x

x




 a ij iQyu f  dk vodyt

0

( ) ( )
( ) lim

h

f a h f a
f a

h

   ls ifjHkkf"kr gksrk gSA

 izR;sd fcanq ij vodyt] vodyt iQyu

0

( ) ( ) ( )
( ) lim

h

df x f x h f x
f x

dx h

    ls ifjHkkf"kr gksrk gSA

 iQyuksa u vkSj v osQ fy, fuEufyf[kr ykxw gksrk gS%
( )u v u v    

( )uv u v uv   

2

u u v uv

v v

     
 

c'krsZ lHkh ifjHkkf"kr gSaA

 fuEufyf[kr oqQN ekud vodyt gSa%

1( )n nd
x nx

dx


(sin ) cos
d

x x
dx



(cos ) sin
d

x x
dx



xf.kr osQ bfrgkl esa dyu osQ vUos"k.k osQ Js; dh Hkkxhnkjh gsrq nks uke izeq[k gaS
Issac Newton (1642 – 1727) vkSj G.W. Leibnitz (1646 – 1717). l=kgoha 'krkCnh esa
nksuksa us Lora=krk iwoZd dyu dk vUos"k.k fd;kA dyu osQ vkxeu osQ ckn blosQ vkxkeh
fodkl gsrq vusd xf.krKksa us ;ksxnku fd;kA ifj'kq¼ ladYiuk dk eq[; Js; egku xf.krKksa
A.L.Cauchy, J.L.Lagrange vkSj Karl Weier strass dks izkIr gSA Cauchy us dyu dks
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vk/kj fn;k ftldks vc ge O;kidr% ikB~~; iqLrdksa esa Lohdkj dj pqosQ gSaA Cauchy us
D'Almbert dh lhek ladYiuk osQ iz;ksx osQ }kjk vodyt dh ifjHkk"kk nhA lhek dh

ifjHkk"kk ls izkjaHk djrs gq,  = 0 osQ fy, sin


dh lhek tSls mnkgj.k fn,A mUgksaus

( ) ( )
,

y f x i f x

x i

  


 fy[kk vkSj 0,i osQ fy, lhek dks  'f "(x) osQ fy, y*]

¶function derive’e¸ uke fn;kA
1900 ls iwoZ ;g lkspk tkrk Fkk fd dyu dks i<+kuk cgqr dfBu gS] blfy, dyu

;qokvksa dh igq¡p ls ckgj FkhA ysfdu Bhd 1900 esa baxySaM esa John Perry ,oa vU; us bl
fopkj dk izpkj djuk izkjaHk fd;k fd dyu dh eq[; fof/;k¡ vkSj /kj.kk,¡ ljy gSa vkSj
LowQy Lrj ij Hkh i<+k;k tk ldrk gSA F.L. Griffin us dyu osQ vè;;u dks izFke o"kZ osQ
Nk=kksa ls izkjaHk djosQ usr`Ro iznku fd;kA mu fnuksa ;g cgqr pqukSrhiw.kZ dk;Z FkkA

vkt u osQoy xf.kr vfirq vusd vU; fo"k;ksa tSls HkkSfrdh] jlk;u foKku] vFkZ'kkL=k]
thofoKku esa dyu dh mi;ksfxrk egRoiw.kZ gSA

— —



There are few things which we know which are not capable of
mathematical reasoning and when these can not, it is a sign that our

knowledge of them is very small and confused and where a mathematical
reasoning can be had, it is as great a folly to make use of another,
as to grope for a thing in the dark when you have a candle stick

standing by you. – ARTHENBOT 

14.1 (Introduction)

(Mathematical Induction)

14 2 (Statements)

2003

14

(Mathematical Reasoning)

George Boole
(1815 - 1864 A.D.)
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x y 0

x y x = 1, y = –3
x = 1, y = 0

x y 0
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40

12
31

p, q, r, ...

p

p

1
(i) 8 6
(ii)
(iii)
(iv)
(v)
(vi)

(i) 8 6
(ii)
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(iii)

(iv)

(v)

(vi)

14.1

1
(i) 35

(ii)

(iii) 5 7 10

(iv)

(v)

(vi)

(vii) 1 8 8

(viii) 180

(ix)

(x)

2

14 3 (New Statements from Old)

1854

Georg Boole The laws of Thoughts
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14 3 1 (Negation of a statement)

1 p p p

~p p



2
(i)

(ii) 7

(i)

(ii)

7

7



344

3
(i)

(ii)

(iii) 0

(iv) 3 4 9

(i)

(ii)

(iii) 0

0

(iv) 3 4 9

3 4 9

14 3 2 (Compound statements)

q:

r:

p: 7

q: 7
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r: 7

2

4

(i)

(ii)

(iii)

(iv) 0

(i)

p:

q:

(ii)

p:

q:

(iii)

p:

q:

(iv)

p: 0

q: 0
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5
(i)

(ii)

(iii)

(MCA)

(iv)

(v) 2
(vi) 2 4 8 24

(i)

p:

q:

(ii)

p:

q:

(iii)

p:

q:

(iv)

p:

q:

(v)

p: 2

q: 2

(vi)

p: 2 24

q: 4 24

r: 8 24
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14.2

1

(i)

(ii) 2
(iii)

(iv) 2 7

(v)

2

(i) x

x

(ii) x

x

3

(i) 3

(ii)

(iii) 100 3 11 5

14 4 (Special WordsQ/Phrases)

14 4 1 (The word 'And')

p:
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q:

r:

p: 42 5 6 7

q: 42 5

r: 42 6

s: 42 7

1

2

6

(i)

(ii) 0

(iii)

(i)

p:

q:

(ii)

p: 0

q: 0

(iii)
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p:



14 4 2 (The word 'Or')

p:
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7

(i)

(ii)

(iii)

(iv)

(i)

(ii)

(iii)

(iv)

1

2

p :

q :
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p q p q

125 7 8

p : 125 7

q : 125 8

p q

p :

q :

p q

p :

q :

8

(i) 2
(ii)

(iii)

(i)

p : 2

q : 2
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(ii)

p :

q :

(iii)

14 4 3 (Quantifiers Phrases)

p p

S S p

p

1 x y y < x
2 y x y < x.

1 2
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14.3

1

(i)

(ii)

(iii)

(iv) x = 2 x = 3, 3x2 – x–10 = 0

2
(i)

(ii) x x, (x + 1)

(iii)

3

(i) x y x + y = y + x

(ii) x y x + y = y + x

4

(i)

(ii)

(iii)

14 5 (Implications/Conditional Statements)
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r:

p q

p

q

p q p q

p q p

q

q p

q

p, q

p

p, q

9 3

p q

p : 9

q : 3

p, q

1 p q p  q 
9

3

2 p q 9

3

3 p q

9 3

4 q p

9 3

5 ~ q ~ p

3 9
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14 5 1 (Contrapositive and Converse)

9
(i) 9 3
(ii)
(iii)

(i) 3 9
(ii)
(iii)

p, q q
p- ~ q, ~ p

p, q q p
p 10 5

q 5 10

10
(i) n n2

(ii) A-
(iii) a b a > b (a – b)

(i) n2 n
(ii) A-
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(iii) a b (a – b)

a > b.

11

(i) ABC

(ii) a b ab

(i)

p : ABC

q :

(ii)

p : a b

q : ab

 p

q

(i) p q

(ii) q p

(iii) p q

(iv) p  q

12

(i) p:

(ii) q: 3 3

q: 3 3

(i)

(ii) 3 3
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14.4

1

2
(i) x x
(ii)
(iii)
(iv)

(v) x x 4
3

(i)

(ii)
(iii)
(iv) A

4 (a) (b) (i)

(a)
(i)
(ii)
(b)

(i)

(ii)

14 6 (Validating Statements)
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1 p q p q

1 p

2 q

2

p q p q

1 p q

2 q p

3

p, q

1 p q

2 q p

4

p, q

(i) p q (ii) q p

13
x, y Z x y xy
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p : x, y Z, x y

q : xy
3 1

p q
p x y
x = 2m + 1 m
y = 2m + 1 n

xy = (2m + 1) (2n + 1)
= 2(2mn + m + n) + 1

xy
3 2

q q

~ q : x y
x y p

~ q~ p

 pq
~ q~ p

14

x, y Z xy x y

p : x y
q : x y

~ q~ p p q

~ q = x y
x y

x = 2n n
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xy = 2ny, xy ~ p

~ q~ p

p :

q :

14 6 1 (By Contradiction)

p p ~ p

p

15

7

7

7

a b 7
a

b
 a b

2

2
7

a

b
  a2 = 7b2  7 a c

a = 7c

a2 = 49c2  a2 = 7b2
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7b2 = 49c2  b2 = 7c2  7 b

7 a 7

a b a b

7 7

16
n n

p, q

p, ~ q

9 9



14.5

1 x x3 + 4x = 0, x = 0
(i) (ii) (iii)

2
a b a2 = b2, a = b

3
p: x x2 x

4
(i) p:
(ii) q: x2 – 1 = 0 0 2
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5

(i) p:
(ii) q:
(iii) r:
(iv) s: x y x > y, –x < –y
(v) t: 11

17

t:

p :

q :

18

(i) p: x x2 > x

(ii) q: x x2 = 2

(iii) r:
(iv) s:

p p

p x2 > x

~p: x x2 < x

(ii)

q = x x2 = 2
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q = x x2 = 2

~p: x x2  2

(iii)
~r:

(iv)
~s:

19

n n2

n n2

p q

p : n

q : n2

p q

p, q q, p

1 p, q

p, q n n2

n n = 2k + 1 k

n2 = (2k + 1)2

= 4k2 + 4k + 1 = 2(2k2 + 2k) + 1
n2

2 q, p

n n2 n q, p

~ p   ~ q

n n2

n n = 2k, k n2 = 4k2 = 2(2k2)

n2



364

20
t: 80 km

p q

p: 80 km

q:

p q p, q

80

“80 km ”
p q q, p “

80 km ”
“ ”

14

1

(i) x x – 1
(ii)

(iii) x x  > 1 x < 1

(iv) x 0 < x < 1

2

(i) 1

(ii)

(iii)

3 p, q

(i)

(ii)

(iii)

4 “p q”
(i)
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(ii) A

(iii)

5
p : 25 5

q : 25 8

6
(i) p :

(ii) q : n n > 3, n2 > 9

7

q :




– p p p

 p
–

–

–
p q

– p q ( p  q )
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– p q

– q p

– p q

– q p
– p  q  q p

p  q q  p

p  q p

q


(i)

(ii)

(iii)

(iv)

Aristotle 384 322

G. W. Leibnitz (1646 – 1716 )

George Boole (1815–1864 ) Augustus De Morgan (1806–1871 )

— —



“Statistics may be rightly called the science of averages and their
estimates” –A.L.BOWLEY &A.L. BODDINGTON

15.1 (Introduction)

A

  B

 A  B

53 53

53 53

x

15

(Statistics)

Karl Pearson
(1857-1936 A.D.)
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1

1 n

i
i

x x
n 

 

1

2

n 
 
 

2
n 
 
 

1
2
n 
 
 


 A B

A B

A

15.1

B

B
A

(Measure of dispersion)

15.2
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15.2 (Measures of dispersion)

(i) (Range) (ii) (Quartile deviation) (iii) (Mean

deviation) (iv)  (Standard deviation).

15.3 Range

A B

 A = 117 – 0 = 117
B, = 60 – 46 = 14

A > B, A

B

= –
(rough)

15.4 (Mean deviation)

x a (x – a) x a

x 'a' a

x
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0
0

n
 

fopyukas dk ;kxslkFk gh fopyukas dk ekè; ¾
iz{s k.kksa dh la[;k

vr% ekè; osQ lkis{k ekè; fopyu Kkr djus dk dksbZ vkSfpR; ugha gSA
Lej.k dhft, fd izdh.kZu dh mi;qZDr eki Kkr djus osQ  fy, gesa izR;sd eku dh osaQnzh;

izo`fÙk dh eki ;k fdlh fLFkj la[;k 'a' ls nwjh Kkr djuh gksrh gSA ;kn dhft, fd fdUgha nks
la[;kvksa osQ varj dk fujis{k eku mu la[;kvksa }kjk la[;k js[kk ij O;Dr fcanqvksa osQ chp dh nwjh
dks n'kkZrk gSA vr% fLFkj la[;k 'a' ls fopyuksa osQ  fujis{k ekuksa dk ekè; Kkr djrs gSaA bl ekè;
dks ^ * dgrs gSaA vr% osaQnzh;  izo`fÙk 'a' osQ lkis{k ekè; fopyu izs{k.kksa dk 'a' ls
fopyuksa osQ  fujis{k ekuksa dk ekè; gksrk gSA 'a' osQ lkis{k ekè; fopyu dks M.D. (a) }kjk izdV
fd;k tkrk gSA

M.D. (a)
' 'a


ls fopyuksa oQs fuji{s k eku dk ;ksx
iz{s k.kkas dh l[a ;k

  ekè; fopyu osaQnzh; izo`fÙk dh fdlh Hkh eki ls Kkr fd;k tk ldrk gSA foaQrq
lkaf[;dh; vè;;u esa lkekU;r% ekè; vkSj ekfè;dk osQ lkis{k ekè; fopyu dk mi;ksx fd;k
tkrk gSA
15.4.1 (Mean deviation for ungrouped
data) eku yhft, fd n izs{k.kksa osQ vk¡dM+s x

1
, x

2
, x

3
, ..., x

n
fn, x, gSaA ekè; ;k ekfè;dk osQ

lkis{k ekè; fopyu dh x.kuk esa fuEufyf[kr pj.k iz;qDr gksrs gSa%
1 ml osaQnzh; izo`fÙk dh eki dks Kkr dhft, ftlls gesa ekè; fopyu izkIr djuk gSA eku

yhft, ;g ‘a’ gSA
2 izR;sd izs{k.k x

i
dk a ls fopyu vFkkZr~ x

1
– a, x

2
– a, x

3
– a,. . . , x

n
– a Kkr djsaA

3 fopyuksa dk fujis{k eku Kkr djsa vFkkZr~ ;fn fopyuksa esa ½.k fpÉ yxk gS rks mls gVk
nsa vFkkZr~ axaxaxax n  ....,,,, 321 Kkr djsaA

4 fopyuksa osQ fujis{k ekuksa dk ekè; Kkr djsaA ;gh ekè; 'a' osQ lkis{k ekè; fopyu gSA

vFkkZr~ 1M.D.( )

n

i
i

x a
a

n






vr%        M.D. ( x ) = 



n

i
i xx

n 1

1
, tgk¡ x = ekè;
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rFkk M.D. (M) =
1

1
M

n

i
i

x
n 

 , tgk¡  M = ekfè;dk

  bl vè;k; esa ekfè;dk dks fpÉ M  }kjk fu:fir fd;k x;k gS tc rd fd
vU;Fkk ugha dgk x;k gksA vkb, vc mi;qZDr pj.kksa dks le>us osQ fy, fuEufyf[kr
mnkgj.k ysa%

 fuEufyf[kr vk¡dM+ksa osQ fy, ekè; osQ lkis{k ekè; fopyu Kkr dhft,%
6] 7] 10] 12] 13] 4] 8] 12

 ge Øec¼ vkxs c<+rs gq, fuEufyf[kr izkIr djrs gSa%
 fn, x, vk¡dM+ksa dk ekè;

6 7 10 12 13 4 8 12 72
9

8 8
x

      
   gSA

 izs{k.kksa osQ ekè; x ls Øe'k% fopyu x
i
– x

vFkkZr~ 6 – 9, 7 – 9, 10 – 9, 12 – 9, 13 – 9, 4 – 9, 8 – 9, 12 – 9 gSaA
;k –3, –2, 1, 3, 4, –5, –1, 3 gaSA

fopyuksa osQ fujis{k eku ix x

3, 2, 1, 3, 4, 5, 1, 3 gaSA
 ekè; osQ lkis{k ekè; fopyu fuEufyf[kr gS%

 M.D. x  =

8

1

8

i
i

x x




=
3 2 1 3 4 5 1 3 22

8 8

      
  = 2.75

  izR;sd ckj pj.kksa dks fy[kus osQ LFkku ij ge] pj.kksa dk o.kZu fd, fcuk gh
Øekuqlkj ifjdyu dj ldrs gSaA

fuEufyf[kr vk¡dM+ksa osQ fy, ekè; osQ lkis{k ekè; fopyu Kkr dhft,%
12, 3, 18, 17, 4, 9, 17, 19, 20, 15, 8, 17, 2, 3, 16, 11, 3, 1, 0, 5

gesa fn, x, vk¡dM+ksa dk ekè; ( x ) Kkr djuk gksxkA
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20

1

1

20 i
i

x x


   =
200

20
  =  10

ekè; ls fopyuksa osQ  fujis{k eku vFkkZr~ xxi  bl izdkj gSa%
2, 7, 8, 7, 6, 1, 7, 9, 10, 5, 2, 7, 8, 7, 6, 1, 7, 9, 10, 5

blfy, 124
20

1


i

i xx

vkSj M.D. ( x ) =
20

124
  =  6.2

3 fuEufyf[kr vk¡dM+ksa ls ekfè;dk osQ lkis{k ekè; fopyu Kkr dhft,%
3, 9, 5, 3, 12, 10, 18, 4, 7, 19, 21

;gk¡ iz{ks.kksa dh la[;k 11 gS tks fo"ke gSA vk¡dM+ksa dks vkjksgh Øe esa fy[kus ij gesa 3, 3, 4,

5, 7, 9, 10, 12, 18, 19, 21 izkIr gksrk gSA

vc ekfè;dk  =
11 1

2

 
 
 

ok¡ ;k 6ok¡ izs{k.k = 9 gSSA

fopyuksa dk Øe'k% fujis{k eku Mix  bl izdkj ls gSA
6, 6, 5, 4, 2,0, 1, 3, 9, 10, 12

blfy,
11

1

M 58i
i

x


 

rFkk  
11

1

1 1
M.D. M M 58 5.27

11 11i
i

x


    

15.4.2 (Mean deviation  for grouped data)
ge tkurs gSa fd vk¡dM+ksa dks nks izdkj ls oxhZo`Qr fd;k tkrk gSA

(a) vlrr ckjackjrk caVu (Discrete frequency distribution)

(b) lrr ckjackjrk caVu (Continuous frequency distribution)

vkb, bu nksuksa izdkj osQ vk¡dM+ksa osQ fy, ekè; fopyu Kkr djus dh fof/;ksa ij ppkZ djsaA
(a) eku yhft, fd fn, x, vk¡dM+ksa esa n fHkUu isz{k.k x

1
, x

2
, ..., x

n
gSa

ftudh ckjackjrk,a¡ Øe'k% f
1
, f

2
, ..., f

n
gSaA bu vk¡dM+ksa dks lkj.khc¼ :i esa fuEufyf[kr izdkj ls

O;Dr fd;k tk ldrk gS ftls  dgrs gSa%
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x : x
1

x
2

x
3
 ... x

n

f : f
1

f
2

f
3
 ... f

n

(i)  loZizFke ge fn, x, vk¡dM+ksa dk fuEufyf[kr lw=k }kjk ekè;
x  Kkr djrs gSa%

1

1

1

1

N

n

i i n
i

i in
i

i
i

x f

x x f

f







 





,

tgk¡
1

n

i i
i

x f

 izs{k.kksa x

i
dk mudh Øe'k% ckjackjrk f

i
ls xq.kuiQyksa dk ;ksx izdV djrk gSA

rFkk
1

N
n

i
i

f


 ckjackjrkvksa dk ;ksx gSA

rc ge izs{k.kksa x
i
dk ekè; x ls fopyu Kkr djrs gSa vkSj mudk fujis{k eku ysrs gSa vFkkZr

lHkh i =1,2,..., n osQ fy, xxi  Kkr djrs gSaA
blosQ i'pkr~ fopyuksa osQ fujis{k eku dk ekè; Kkr djrs gSa] tksfd ekè; osQ lkis{k okafNr

ekè; fopyu gSA

vr% 1M.D. ( )

n

i i
i

i

f x x

x
f








  =
1

1

N

n

i i
i

f x x




(ii)  ekfè;dk osQ lkis{k ekè; fopyu Kkr djus osQ fy, ge
fn, x, vlrr ckjackjrk caVu dh ekfè;dk Kkr djrs gSaA blosQ fy, izs{k.kksa dks vkjksgh Øe esa
O;ofLFkr djrs gSaA blosQ i'pkr~ lap;h ckajckjrk,¡ Kkr dh tkrh gSaA rc ml izs{k.k dk

fu/kZj.k djrs gSa ftldh lap;h ckajckjrk N
2

, osQ leku ;k blls FkksM+h vf/d gSA ;gk¡ ckjackjrkvksa

dk ;ksx N ls n'kkZ;k x;k gSA izs{k.kksa dk ;g eku vk¡dM+ksa osQ eè; fLFkr gksrk gS blfy, ;g visf{kr
ekfè;dk gSA ekfè;dk Kkr djus osQ ckn ge ekfè;dk ls fopyuksa osQ fujis{k ekuksa dk ekè; Kkr
djrs gSaA bl izdkj

1

1
M.D.(M) M

N

n

i i
i

f x
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4 fuEufyf[kr vk¡dM+ksa osQ fy, ekè; osQ lkis{k ekè; fopyu Kkr dhft,%
x

i
2 5 6 8 10 12

f
i

2 8 10 7 8 5

vkb, fn, x, vk¡dM+ksa dh lkj.kh 15-1 cukdj vU; LraHk ifjdyu osQ ckn yxk,¡

15.1

x
i

f
i

f
i
x

i
xxi  f

i
xxi 

2 2 4 5.5 11

5 8 40 2.5 20

6 10 60 1.5 15

8 7 56 0.5 3.5

10 8 80 2.5 20

12 5 60 4.5 22.5

40 300     92

40N
6

1


i

if , 300
6

1


i

ii xf , 92
6

1




xxf i
i

i

blfy,
6

1

1 1
300 7.5

N 40i i
i

x f x


   

vkSj
6

1

1 1
M.D. ( ) 92 2.3

N 40i i
i

x f x x


    

5 fuEufyf[kr vk¡dM+ksa osQ fy, ekfè;dk osQ lkis{k ekè; fopyu Kkr dhft,%

x
i

3 6 9 12 13 15 21 22

f
i

3 4 5 2 4 5 4 3

fn, x, vk¡dM+s igys gh vkjksgh Øe esa gSaA bu vk¡dM+ksa esa laxr lap;h ckjackjrk dh ,d drkj
vkSj yxkrs gSa (lkj.kh 15-2)A
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15.2

x
i

3 6 9 12 13 15 21 22

f
i

3 4 5 2 4 5 4 3

c.f. 3 7 12 14 18 23 27 30

vc, N = 30 gS tks le la[;k gS,
blfy, ekfè;dk 15oha o 16oha izs{k.kksa dk ekè; gSA ;g nksuksa izs{k.k lap;h ckjackjrk 18 esa fLFkr

gSa ftldk laxr izs{k.k 13 gSA
15 16 13 13

M 13
2 2

 
  

ok¡ ok¡i{sz k.k izs{k.kblfy, ekfè;dk

vc ekfè;dk l s fopyuk s a  dk fuji s{ k eku vFk k Zr ~ Mix  fuEufyf[kr
lkj.kh 15-3 esa n'kkZ, x, gS

15.3

Mix  10 7 4 1 0 2 8 9

f
i

3 4 5 2 4 5 4 3

f
i

Mix  30 28 20 2 0 10 32 27

8 8

1 1

30    M 149i i i
i i

f f x
 

   vkSj

blfy, M. D. (M) =
8

1

1
M

N i i
i

f x




=
1

149
30
  = 4.97

(b)  ,d lrr ckajckjrk caVu og  Ük̀a[kyk gksrh gS ftlesa vk¡dM+ksa dks fofHkUu
fcuk varj okys oxks± esa oxhZo`Qr fd;k tkrk gS vkSj mudh Øe'k% ckjackjrk fy[kh tkrh gSA
mnkgj.k osQ fy, 100 Nk=kksa }kjk izkIrkdksa dks lrr ckajckjrk caVu esa fuEufyf[kr izdkj ls O;Dr
fd;k x;k gS%

izkIrkad 0-10 10-20 20-30 30-40 40-50 50-60

Nk=kksa dh la[;k 12 18 27 20 17 6
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(i)  ,d lrr ckajckjrk caVu osQ ekè; dh x.kuk osQ le; geus
;g ekuk Fkk fd izR;sd oxZ (Class ) dh ckjackjrk mlosQ eè;&fcanq ij osaQfnzr gksrh gSA ;gk¡ Hkh
ge izR;sd oxZ dk eè;&fcanq fy[krs gSa vkSj vlrr ckjackjrk caVu dh rjg ekè; fopyu Kkr
djrs gSaA

vkb, fuEufyf[kr mnkgj.k ns[ksa
 fuEufyf[kr vk¡dM+ksa osQ fy, ekè; osQ lkis{k ekè; fopyu Kkr dhft,%

izkIrkad 10-20 20-30 30-40 40-50 50-60 60-70 70-80

Nk=kksa dh la[;k 2 3 8 14 8 3 2

fn, x, vk¡dM+ksa ls fuEu lkj.kh 15-4 cukrs gSaA
15.4

izkIrkad Nk=kksa dh eè;&fcanq f
i
x

i
xxi  f

i
xxi 

la[;k
f

i
x

i

10-20 2 15 30 30 60

20-30 3 25 75 20 60

30-40 8 35 280 10 80

40-50 14 45 630 0 0

50-60 8 55 440 10 80

60-70 3 65 195 20 60

70-80 2 75 150 30 60

40 1800 400

;gk¡
7 7 7

1 1 1

N 40 1800 400i i i i i
i i i

f , f x , f x x
  

      

blfy,
7

1

1 1800
45

N 40i i
i

x f x
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vkSj  
7

1

1 1
M.D. 400 10

N 40i i
i

x f x x


    

ge in fopyu fof/ (Step-

deviation method) dk iz;ksx djosQ x  osQ dfBu ifjdyu ls cp ldrs gSaA Lej.k dhft, fd
bl fof/ esa ge vk¡dM+ksa osQ eè; ;k mlosQ fcYoqQy ikl fdlh izs{k.k dks  ysrs gSaA
rc izs{k.kksa (;k fofHkUu oxks± osQ eè;&fcanqvksa) dk bl dfYir ekè; ls fopyu Kkr djrs gSaA ;g
fopyu la[;k js[kk ij ewy fcanq (origin) dks 'kwU; ls izfrLFkkfir dj dfYir ekè; ij ys tkuk
gh gksrk gS] tSlk fd vko`Qfr 15-3 esa n'kk;kZ x;k gSA

;fn lHkh fopyuksa esa dksbZ lkoZ xq.ku[kaM (common factor) gS rks fopyuksa dks ljy
djus osQ fy, bUgsa bl lkoZ xq.ku[kaM ls Hkkx nsrs gSaA bu u, fopyuksa dks  dgrs gSaA
in fopyu ysus dh izfØ;k la[;k js[kk ij iSekus dk ifjorZu gksrk gS] tSlk fd vko`Qfr 15-4 esa
n'kkZ;k x;k gSA

fopyu vkSj in fopyu izs{k.kksa osQ vkdkj dks NksVk dj nsrs gSa] ftlls xq.ku tSlh x.kuk,¡

ljy gks tkrh gSaA eku yhft, u;k pj
h

ax
d i

i


 gks tkrk gS] tgk¡  ‘a’ dfYir ekè; gS o h

lkoZ xq.ku[kaM gSA rc in fopyu fof/ }kjk x  fuEufyf[kr lw=k ls Kkr fd;k tkrk gS%

15.3

15.4
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Nk=kksa dh
la[;kizkIrkad

1
N

n
f di iix a h


  

vkb, mnkgj.k 6 osQ vk¡dM+ksa osQ fy, in fopyu fof/ yxk,¡A ge dfYir ekè; a = 45

vkSj h = 10, ysrs gSa vkSj fuEufyf[kr lkj.kh 15-5 cukrs gSaA
15.5

eè;&fcanq 45

10
i

i

x
d


 i if d xxi  f

i
xxi 

f
i

x
i

10-20 2 15 – 3 – 6 30 60

20-30 3 25 – 2 – 6 20 60

30-40 8 35 – 1 – 8 10 80

40-50 14 45 0 0 0 0

50-60 8 55 1 8 10 80

60-70 3 65 2 6 20 60

70-80 2 75 3 6 30 60

40 0 400

blfy, x =

7

1
f di iia h
N


   =

0
45 10 45

40
  

vkSj
7

1

1 400
M D ( ) 10

N 40i i
i

x f x x


   . .

 in fopyu fof/ dk mi;ksx x Kkr djus osQ fy, fd;k tkrk gSA 'ks"k izfØ;k
oSlh gh gSA

(ii) fn, x, vk¡dM+ksa osQ fy, ekfè;dk ls ekè; fopyu Kkr
djus dh izfØ;k oSlh gh gS tSlh fd geus ekè; osQ lkis{k ekè; fopyu Kkr djus osQ fy, dh
FkhA blesa fo'ks"k varj osQoy fopyu ysus osQ le; ekè; osQ LFkku ij ekfè;dk ysus esa gksrk gSA
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vkb, lrr ckjackjrk cVau osQ fy, ekfè;dk Kkr djus dh izfØ;k dk Lej.k djsaaA vk¡dM+ksa
dks igys vkjksgh Øe esa O;ofLFkr djrs gSaA rc lrr ckjackjrk caVu dh ekfè;dk Kkr djus osQ
fy, igys ml oxZ dks fu/kZfjr djrs gSa ftlesa ekfè;dk fLFkr gksrh gS (bl oxZ dks

dgrs gSa) vkSj rc fuEufyf[kr lw=k yxkrs gSa%

N
C

2l h
f


  ekfè;dk

tgk¡ ekfè;dk oxZ og oxZ gS ftldh lap;h ckjackjrk N
2

osQ cjkcj ;k mlls FkksM+h vf/d gks]

ckajckjrkvksa dk ;ksx N , ekfè;dk oxZ dh fuEu lhek l] ekfè;dk oxZ dh ckajckjrk]f ] ekfè;dk
oxZ ls lVhd igys okys oxZ dh lap;h ckjackjrk C vkSj ekfè;dk oxZ dk foLrkj h gSA ekfè;dk
Kkr djus osQ i'pkr~ izR;sd oxZ osQ eè;&fcanqvksa x

i
dk ekfè;dk ls fopyuksa dk fujis{k eku vFkkZr~

Mix  izkIr djrs gSaA

rc
1

M.D. (M) M
N 1

n
f xi ii

 


bl izfØ;k dks fuEufyf[kr mnkgj.k ls Li"V fd;k x;k gS%
fuEufyf[kr vk¡dM+ksa osQ fy, ekfè;dk osQ lkis{k ekè; fopyu Kkr dhft,A
oxZ 0-10 10-20 20-30 30-40 40-50 50-60

ckjackjrk 6 7 15 16 4 2

fn, x, vk¡dM+ksa ls fuEu lkj.kh 15-6 cukrs gSa%

oxZ ckjackjrk lap;h ckjackjrk eè;&fcanq Med.xi  f
i

Med.xi 

f
i

       (c.f.) x
i

0-10 6 6 5 23 138
10-20 7 13 15 13 91
20-30 15 28 25 3 45
30-40 16 44 35 7 112
40-50 4 48 45 17 68
50-60 2 50 55 27 54

50 508
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;gk¡ N = 50, blfy, N

2
oha ;k 25oha en 20&30 oxZ esa gSaA blfy, 20&30 ekfè;dk oxZ gSA

ge tkurs gSa fd

ekfè;dk =
N
2

C
l h

f


 

;gk¡ l = 20, C=13,  f = 15, h = 10 vkSj N = 50

blfy,] ekfè;dk 10
15

1325
20 


  = 20 + 8 = 28

vr%] ekfè;dk osQ lkis{k ekè; fopyu

M.D. (M)     =
6

1

1
M

N i i
i

f x


  = 508
50

1
      =  10.16 gSA

15.1

iz'u 1 o 2 esa fn, x, vk¡dM+ksa osQ fy, ekè; osQ lkis{k ekè; fopyu Kkr dhft,A
1. 4, 7, 8, 9, 10, 12, 13, 17

2. 38, 70, 48, 40, 42, 55, 63, 46, 54, 44

iz'u 3 o 4 osQ vk¡dM+ksa osQ fy, ekfè;dk osQ lkis{k ekè; fopyu Kkr dhft,A
3. 13, 17, 16, 14, 11, 13, 10, 16, 11, 18, 12, 17

4. 36, 72, 46, 42, 60, 45, 53, 46, 51, 49

iz'u 5 o 6 osQ vk¡dM+ksa osQ fy, ekè; osQ lkis{k ekè; fopyu Kkr dhft,A
5. x

i
5 10 15 20 25

f
i

7 4 6 3 5

6. x
i

10 30 50 70 90

f
i

4 24 28 16 8

iz'u 7 o 8 osQ vk¡dM+ksa osQ fy, ekfè;dk osQ lkis{k ekè; fopyu Kkr dhft,A
7. x

i
5 7 9 10 12 15

f
i

8 6 2 2 2 6
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8. x
i

15 21 27 30 35

f
i

3 5 6 7 8

iz'u 9 o 10 osQ vk¡dM+ksa osQ fy, ekè; osQ lkis{k ekè; fopyu Kkr dhft,A
9. vk;     0-100 100-200 200-300 300-400 400-500 500-600 600-700 700-800

izfrfnu
O;fDr;ksa       4          8   9       10 7     5        4           3

dh la[;k
10. Å¡pkbZ 95-105 105-115 115-125 125-135 135-145 145-155

(lseh esa)
yM+dksa dh 9 13 26 30 12 10

la[;k
11. fuEufyf[kr vk¡dM+ksa osQ fy, ekfè;dk osQ lkis{k ekè; fopyu Kkr dhft,%

vad 0-10 10-20 20-30 30-40 40-50 50-60

yM+fd;ksa dh 6 8 14 16 4 2

la[;k
12. uhps fn, x, 100 O;fDr;ksa dh vk;q osQ caVu dh ekfè;dk vk;q osQ lkis{k ekè; fopyu

dh x.kuk dhft,%
vk;q 16-20 21-25 26-30 31-35 36-40 41-45 46-50 51-55

la[;k 5 6 12 14 26 12 16 9

[  izR;sd oxZ dh fuEu lhek esa ls 0-5 ?kVk dj o mldh mPp lhek esa 0-5 tksM+ dj fn,
x, vk¡dM+ksa dks lrr ckjackjrk caVu esa cnfy,]

15.4.3 (Limitations of mean deviation) cgqr vf/d fopj.k
;k fc[kjko okyh  Ük`a[kykvksa esa ekfè;dk osaQnzh; izo`fÙk dh mi;qDr eki ugha gksrh gSA vr% bl n'kk
esa ekfè;dk osQ lkis{k ekè; fopyu ij iwjh rjg fo'okl ugha fd;k tk ldrk gSA

ekè; ls fopyuksa dk ;ksx (½.k fpÉ dks NksM+dj) ekfè;dk ls fopyuksa osQ ;ksx ls vf/d
gksrk gSA blfy, ekè; osQ lkis{k ekè; fopyu vf/d oSKkfud ugha gSA vr% dbZ n'kkvksa esa ekè;
fopyu vlarks"ktud ifj.kke ns ldrk gSA lkFk gh ekè; fopyu dks fopyuksa osQ fujis{k eku ij
Kkr fd;k tkrk gSA blfy, ;g vkSj chtxf.krh; x.kukvksa osQ ;ksX; ugha gksrk gSA bldk vfHkizk;
gS fd gesa izdh.kZu dh vU; eki dh vko';drk gSA ekud fopyu izdh.kZu dh ,slh gh
,d eki gSA
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15.5 (Variance and Standard Deviation)

;kn dhft, fd osaQnzh; izo`fÙk dh eki osQ lkis{k ekè; fopyu Kkr djus osQ fy, geus fopyuksa
osQ fujis{k ekuksa dk ;ksx fd;k FkkA ,slk ekè; fopyu dks lkFkZd cukus osQ fy, fd;k Fkk] vU;Fkk
fopyuksa dk ;ksx 'kwU; gks tkrk gSA

fopyuksa osQ fpÉksa osQ dkj.k mRiÂ bl leL;k dks fopyuksa osQ oxZ ysdj Hkh nwj fd;k tk
ldrk gSA fulansg ;g Li"V gS fd fopyuksa osQ ;g oxZ ½.ksrj gksrs gSaA

ekuk x
1
, x

2
, x

3
, ..., x

n
 , n izs{k.k gSa rFkk x mudk ekè; gSA rc

2
2 2 2 2

1
1

( ) ( ) ....... ( ) ( )
n

n i
i

x x x x x x x x


        .

;fn ;g ;ksx 'kwU; gks rks izR;sd )( xxi  'kwU; gks tk,xkA bldk vFkZ gS fd fdlh izdkj

dk fopj.k ugha gS D;ksafd rc lHkh izs{k.k x osQ cjkcj gks tkrs gSaA ;fn 



n

i
i xx

1

2)( NksVk gS rks

;g bafxr djrk gS fd izs{k.k x
1
, x

2
, x

3
,...,x

n
] ekè; x  osQ fudV gSa rFkk izs{k.kksa dk ekè; x osQ

lkis{k fopj.k de gS A blosQ foijhr ;fn ;g ;ksx cM+k gS rks izs{k.kksa dk ekè; x  osQ lkis{k fopj.k

vf/d gSA D;k ge dg ldrs gSa fd ;ksx 



n

i
i xx

1

2)( lHkh izs{k.kksa dk ekè; x osQ lkis{k

izdh.kZu ;k fopj.k dh eki dk ,d larks"ktud izrhd gS\
vkb, blosQ fy, N% izs{k.kksa 5, 15, 25, 35, 45, 55 dk ,d leqPp; A ysrs gSaA bu izs{k.kksa dk ekè;
30 gSA bl leqPp; esa x ls fopyuksa osQ oxZ dk ;ksx fuEufyf[kr gS%





6

1

2)(
i

i xx = (5–30)2 + (15–30)2 + (25–30)2  + (35–30)2 + (45–30)2 +(55–30)2

= 625 + 225 + 25 + 25 + 225 + 625 = 1750

,d vU; leqPp; B ysrs gSa ftlosQ 31 izs{k.k fuEufyf[kr gSa%
15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37,

38, 39, 40, 41, 42, 43, 44, 45.

bu izs{k.kksa dk ekè; y = 30 gSA
nksuksa leqPp;ksa A rFkk B osQ ekè; 30 gSA
leqPp; B osQ izs{k.kksa osQ fopyuksa osQ oxks± dk ;ksx fuEufyf[kr gSA
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31

1

2)(
i

i yy = (15–30)2 +(16–30)2 + (17–30)2  + ...+ (44–30)2 +(45–30)2

=  (–15)2 +(–14)2 + ...+ (–1)2 + 02 + 12 + 22 + 32 + ...+ 142 + 152

=  2 [152 + 142 + ... + 12]

=
15 (15 1) (30 1)

2
6

   = 5 × 16 × 31 = 2480

(D;ksafd izFke n izko`Qr la[;kvksa osQ oxks± dk ;ksx =
6

)12()1(  nnn
gksrk gS] ;gk¡ n = 15 gS)

;fn 



n

i
i xx

1

2)( gh ekè; osQ lkis{k izdh.kZu dh eki gks rks ge dgus osQ fy, izsfjr gksaxs

fd 31 izs{k.kksa osQ leqPp; B dk] 6 izs{k.kksa okys leqPp; A dh vis{kk ekè; osQ lkis{k vf/d
izdh.kZu gS ;|fi leqPp; Aesa 6 izs{k.kksa dk ekè; x osQ lkis{k fc[kjko (fopyuksa dk ifjlj &25
ls 25 gS) leqPp; B dh vis{kk (fopyuksa dk ifjlj &15 ls 15 gS) vf/d gSA ;g uhps fn,
x, fp=kksa ls Hkh Li"V gS%
leqPp; A, osQ fy, ge vko`Qfr 15-5 ikrs gSaA

leqPp; B, osQ fy, vko`Qfr 15-6 ge ikrs gSa

vr% ge dg ldrs gSa fd ekè; ls fopyuksa osQ oxks± dk ;ksx izdh.kZu dh mi;qDr eki ugha gSA

bl dfBukbZ dks nwj djus osQ fy, ge fopyuksa osQ oxks± dk ekè; ysa vFkkZr~ ge 



n

i
i xx

n 1

2)(
1

.

ysaA leqPp; A, osQ fy, ge ikrs gSa]

15.5

15.6
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ekè; 1

6
 × 1750 = 291.6 gS vkSj leqPp; B, osQ fy, ;g

31

1
× 2480 = 80 gSA

;g bafxr djrk gS fd leqPp; Aesa fc[kjko ;k fopj.k leqPp; B dh vis{kk vf/d gS tks nksuksa
leqPp;ksa osQ visf{kr ifj.kke o T;kfefr; fu:i.k ls esy [kkrk gSA

vr% ge   2)(
1

xx
n i dks izdh.kZu dh mi;qDr eki osQ :i esa ys ldrs gSaA ;g la[;k

vFkkZr~ ekè; ls fopyuksa osQ oxks± dk  (variance) dgykrk gS vkSj 2 (flxek dk
oxZ i<+k tkrk gS) ls n'kkZrs gSaA

vr% n izs{k.kksa x
1
, x

2
,..., x

n
dk izlj.k

2 2

1

1
( )

n

i
i

x x
n




  gSA

15.5.1 (Standard Deviation) izlj.k dh x.kuk esa ge ikrs gSa fd O;fDrxr
izs{k.kksa x

i
rFkk x dh bdkbZ izlj.k dh bdkbZ ls fHkUu gS] D;ksafd izlj.k esa (x

i
– x ) osQ oxks± dk

lekos'k gS] blh dkj.k izlj.k osQ /ukRed oxZewy dks izs{k.kksa dk ekè; osQ lkis{k izdh.kZu dh
;Fkksfpr eki osQ :i esa O;Dr fd;k tkrk gS vkSj mls ekud fopyu dgrs gSaA ekud fopyu dks
lkekU;r% , }kjk iznf'kZr fd;k tkrk gS rFkk fuEufyf[kr izdkj ls fn;k tkrk gS%

2

1

1 n

i
i

( x x )
n




  ... (1)

vkb, voxhZo`Qr vk¡dM+ksa dk izlj.k o ekud fopyu Kkr djus osQ fy, oqQN mnkgj.k
ysrs gSaA

fuEufyf[kr vk¡dM+ksa osQ fy, izlj.k rFkk ekud fopyu Kkr dhft,%

6, 8, 10, 12, 14, 16, 18, 20, 22, 24

fn, x, vk¡dM+ksa dks fuEufyf[kr izdkj ls lkj.kh 15-7 esa fy[k ldrs gSaA ekè; dks in
fopyu fof/ }kjk 14 dks dfYir ekè; ysdj Kkr fd;k x;k gSA izs{k.kksa dh la[;k n = 10 gSA
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ekè; ls fopyu
(x

i
– x )

15.7

x
i

14

2
i

i

x
d


 (x

i
– x )

6 –4 –9 81

8 –3 –7 49

10 –2 –5 25

12 –1 –3 9

14 0 –1 1

16 1 1 1

18 2 3 9

20 3 5 25

22 4 7 49

24 5 9 81

5 330

blfy,] ekè; x = dfYir ekè; + h
n

d
n

i
i



1

=
5

14 2 15
10
  

vkSj izlj.k 2  =
10

2

1

1
( )i

i

x x
n 

 =
1

330
10
 =  33

vr%   ekud fopyu  = 33  = 5.74

15.5.2 (Standard deviation of a
discrete frequency distribution) eku ysa fn;k x;k vlrr caVu fuEufyf[kr gS%

x : x
1
,   x

2
,     x

3
 ,. . . , x

n

f : f
1
,    f

2
, f

3
 ,. . . ,  f

n

bl caVu osQ fy, ekud fopyu 2

1

1
( )

N

n

i i
i

f x x


  , ... (2)
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tgk¡
1

N
n

i
i

f


 .

vkb, fuEufyf[kr mnkgj.k ysaA
9 fuEufyf[kr vk¡dM+ksa osQ fy, izlj.k o ekud fopyu Kkr dhft,%

x
i

4 8 11     17      20      24      32

f
i

3 5  9  5  4  3  1

vk¡dM+ksa dks lkj.kh osQ :i esa fy[kus ij gesa fuEufyf[kr lkj.kh 15-8 izkIr gksrh gS%
15.8

x
i

f
i

f
i
x

i
x

i
– x 2)( xxi  f

i
2)( xxi 

4 3 12 –10 100 300
8 5 40 –6 36 180

11 9 99 –3 9 81
17 5 85 3 9 45
20 4 80 6 36 144
24 3 72 10 100 300

32 1 32 18 324 324
30 420 1374

N = 30,  
7 7

2

1 1

420, 1374i i i i
i i

f x f x x
 

   

blfy,

7

1 1
420 14

N 30

i i
i

f x

x    


vr izlj.k 2( )  =
7

2

1

1
( )

N i i
i

f x x




=
1

30
 × 1374 = 45.8

vkSj ekud fopyu 45.8   = 6.77
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15.5.3 (Standard deviation of a continuous

frequency distribution)   fn, x, lrr ckjackjrk caVu osQ lHkh oxks± osQ eè; eku ysdj mls
vlrr ckjackjrk caVu esa fu:fir dj ldrs gSaA rc vlrr ckjackjrk caVu osQ fy, viukbZ xbZ fof/
}kjk ekud fopyu Kkr fd;k tkrk gSA

;fn ,d n oxks± okyk ckjackjrk caVu ftlesa izR;sd varjky mlosQ eè;eku x
i
rFkk ckjackjrk

f
i
, }kjk ifjHkkf"kr fd;k x;k gS] rc ekud fopyu fuEufyf[kr lw=k }kjk izkIr fd;k tk,xk%

2

1

1
( )

N

n

i i
i

f x x


   ,

tgk¡ x ] caVu dk ekè; gS vkSj
1

N
n

i
i

f


 .

gesa Kkr gS fd

izlj.k 2( )  =
2

1

1
( )

N

n

i i
i

f x x


 =
2 2

1

1
( 2 )

N

n

i i i
i

f x x x x


 

=
2 2

1 1 1

1
2

N

n n n

i i i i i
i i i

f x x f x f x
  

 
  

 
  

 =
2 2

1 1 1

1
2

N

n n n

i i i i i
i i i

f x x f x x f
  

 
  

 
  

= 2

1

1
N 2 . N

N

n

i i
i

f x x x x


 
  

 


1 1

1
N

N

n n

i i i i
i i

x f x x f x
 

 
  

 
 tgk¡ ;k

= 22 2

1

2
1

N

n

i i
i

x xf x


  22

1

1

N

n

i i
i

xf x


 

;k 2σ =

2

2
2 2=1

2
1 1 =1

1 1
N

N N N

n

i in n n
i

i i i i i i
i i i

f x

f x f x f x
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vr% ekud fopyu =
2

2

1 =1

1
N

N

n n

i i i i

i i

f x f x



 
 
 

  ... (3)

 10 fuEufyf[kr caVu osQ fy, ekè;] izlj.k vkSj ekud fopyu Kkr dhft,%
oxZ 30-40 40-50 50-60 60-70 70-80 80-90 90-100

ckjackjrk     3     7         12     15          8        3           2

fn, x, vk¡dM+ksa ls fuEufyf[kr lkj.kh 15-9 cukrs gSaA

15.9

oxZ ckjackjrk eè;&fcanq f
i
x

i
(x

i
– x )2 f

i
(x

i
– x )2

(f
i
) (x

i
)

30-40 3 35 105 729 2187

40-50 7 45 315 289 2023

50-60 12 55 660 49 588

60-70 15 65 975 9 135

70-80 8 75 600 169 1352

80-90 3 85 255 529 1587

90-100 2 95 190 1089 2178

50 3100 10050

vr% ( )xekè;  =
7

1

1 3100
62

N 50i i
i

f x


 

izlj.k (2) =
7

2

1

1
( )

N i i
i

f x x




=
1

10050
50
  = 201

vkSj ekud fopyu  = 201  = 14.18
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11 fuEufyf[kr vk¡dM+ksa osQ fy, ekud fopyu Kkr dhft,%
x

i
3  8 13 18 23

f
i

7 10 15 10   6

ge vk¡dM+ksa ls fuEufyf[kr lkj.kh 15-10 cukrs gSa%
15.10

x
i

f
i

f
i
x

i
x

i
2 f

i
x

i
2

3 7 21 9 63

8 10 80 64 640

13 15 195 169 2535

18 10 180 324 3240

23 6 138 529 3174

      48     614 9652

vc lw=k (3) }kjk

  =  221
N

N i i i if x f x 

=
21

48 9652 (614)
48

 

=
1

463296 376996
48



=
1

293 77
48

.  = 6.12

blfy,] ekud fopyu  = 6.12

15.5.4. (Shortcut method to find

variance and standard deviation) dHkh&dHkh ,d ckjackjrk caVu osQ izs{k.kksa x
i
vFkok

fofHkUu oxks± osQ eè;eku  x
i
osQ eku cgqr cM+s gksrs gSa rks ekè; rFkk izlj.k Kkr djuk dfBu gks

tkrk gS rFkk vf/d le; ysrk gSA ,sls ckjackjrk caVu] ftlesa oxZ&varjky leku gksa] osQ fy, in
fopyu fof/ }kjk bl izfØ;k dks ljy cuk;k tk ldrk gSA
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eku yhft, fd dfYir ekè; ‘A’ gS vkSj ekid ;k iSekus dks
h

1
xquk NksVk fd;k x;k gS

(;gk¡ h oxZ varjky gS)A eku ysa fd in fopyu ;k u;k pj y
i
gSA

vFkkZr~ Ai

i

x
y

h


 ;k  x

i
 = A + hy

i
... (1)

ge tkurs gSa fd 1

N

n

i i

i

f x

x 


... (2)

(1) ls x
i
dks (2) esa j[kus ij gesa izkIr gksrk gS

x  = 1

A )

N

n

i i

i

f ( hy




=
1 1

1
A

N

n n

i i i

i i

f h f y
 


 
 
 
  =

1 1

1

N
A

n n

i i i

i i

f h f y
 


 
 
 
 

= 1N
A

N N

n

i i
i

f y

. h 


1

N
n

i

i

f



 
 
 

D;ksafd

vr% x = A + h y ... (3)

vc] pj  x dk izlj.k] 2 2

1

1
)

N

n

x i i
i

f ( x x


 

=
2

1

1
(A A )

N

n

i i
i

f hy h y


   [(1) vkSj (3) }kjk]

=
2 2

1

1
( )

N

n

i i
i

f h y y




=
2

2

1

( )
N

n

i i
i

h
f y y



 = h2  pj y
i
dk izlj.k

vFkkZr~ 2
x = 22

yh 

;k x = yh ... (4)
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(3) vkSj (4), ls gesa izkIr gksrk gS fd

x =

2
2

1 1

N
N

n n

i i i i
i i

h
f y f y

 

 
  
 

  ... (5)

vkb, mnkgj.k 11 osQ vk¡dM+ksa esa lw=k (5) osQ mi;ksx }kjk y?kq fof/ ls ekè;] izlj.k o ekud
fopyu Kkr djsaA

12 fuEufyf[kr caVu osQ fy, ekè;] izlj.k o ekud fopyu Kkr dhft,%
oxZ 30-40 40-50 50-60 60-70 70-80 80-90 90-100

ckjackjrk 3 7 12 15 8 3 2

eku ysa dfYir ekè; A = 65 gSA ;gk¡ h = 10

fn, x, vk¡dM+ksa ls fuEufyf[kr lkj.kh 15-11 izkIr gksrh gSA

15.11

oxZ ckjackjr eè;&fcanq y
i
=

65

10
ix 

y
i
2 f

i
y

i
f

i
y

i
2

f
i

x
i

30-40 3 35 – 3 9 – 9 27

40-50 7 45 – 2 4 – 14 28

50-60 12 55 – 1 1 – 12 12

60-70 15 65 0 0 0 0

70-80 8 75 1 1 8 8

80-90 3 85 2 4 6 12

9 0-100 2 95 3 9 6 18

 N=50 – 15 105

blfy, 15
A 65 10 62

50 50
i if y

x h      

izlj.k  2
2 22 N
2N

i i

h
f y f yi i

 
   

 



392 xf.kr

=
 210 250 105 ( 15)

2(50)
     

=
1

[5250 225] 201
25

 

vkSj ekud fopyu 201   = 14.18

15.2

iz'u 1 ls 5 rd osQ vk¡dM+ksa osQ fy, ekè; o izlj.k Kkr dhft,A
  1. 6, 7, 10, 12, 13, 4, 8, 12

  2. izFke n izko`Qr la[;k,¡
  3. rhu osQ izFke 10 xq.kt
  4. x

i
6 10 14 18 24 28 30

f
i

2 4 7 12 8 4 3

  5. x
i

92 93 97 98 102 104 109

f
i

3 2 3 2 6 3 3

  6. y?kq fof/ }kjk ekè; o ekud fopyu Kkr dhft,A
x

i
60 61 62 63 64 65 66 67 68

f
i

2 1 12 29 25 12 10 4 5

iz'u 7 o 8 esa fn, x, ckjackjrk caVu osQ fy, ekè; o izlj.k Kkr dhft,A

  7. oxZ 0-30 30-60 60-90 90-120 120-150 150-180 180-210

ckjackjrk 2 3 5 10 3 5 2

  8. oxZ 0-10 10-20 20-30 30-40 40-50

ckjackjrk 5 8 15 16 6
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  9. y?kq fof/ }kjk ekè;] izlj.k o ekud fopyu Kkr dhft,A

Å¡pkbZ 70-75 75-80 80-85 85-90 90-95 95-100 100-105105-110 110-115

(lseh esa)
cPpksa dh 3 4 7 7 15 9 6 6 3

la[;k

10. ,d fM”kkbu esa cuk, x, o`Ùkksa osQ O;kl (feeh esa) uhps fn, x, gSaaaA

O;kl 33-36 37-40 41-44 45-48 49-52

o`Ùkksa la[;k 15 17 21 22 25

o`Ùkksa osQ O;klksa dk ekud fopyu o ekè; O;kl Kkr dhft,A
[  igys vk¡dM+ksa dks lrr cuk ysaA oxks± dks 32.5-36.5, 36.5-40.5, 40.5-44.5, 44.5 - 48.5,

48.5 - 52.5 ysa vkSj fiQj vkxs c<+sa ]

15.6 (Analysis of Frequency Distributions)

bl vè;k; osQ iwoZ vuqHkkxksa esa geus izdh.kZu dh oqQN ekiksa osQ ckjs esa i<+k gSA ekè; o ekud
fopyu dh ogh bdkbZ gksrh gS ftlesa vk¡dM+s fn, x, gksrs gSaA tc gesa nks fofHkUu bdkb;ksa okys
caVuksa dh rqyuk djuh gks rks osQoy izdh.kZu dh ekiksa dh x.kuk gh i;kZIr ugha gksrh gS vfirq ,d
,slh eki dh vko';drk gksrh gS tks bdkbZ ls Lora=k gksA bdkbZ ls Lora=k] fopj.k dh eki dks

 (coefficient of variation) dgrs gSa vkSj C.V. }kjk n'kkZrs gSaA
fopj.k xq.kkad dks fuEufyf[kr izdkj ls ifjHkkf"kr djrs gSa%

100C.V.
x


  , 0x

;gk¡  vkSj x Øe'k% vk¡dM+ksa osQ ekud fopyu rFkk ekè; gSaA
nks  Ük`a[kykvksa esa fopj.k dh rqyuk osQ fy, ge izR;sd  Ük`a[kyk dk fopj.k xq.kkad Kkr djrs

gSaA nksuksa esa ls cM+s fopj.k xq.kkad okyh  Ük`a[kyk dks vf/d fopj.k ;k fc[kjko okyh  Ük`a[kyk dgrs
gSaA de fopj.k xq.kkad okyh  Ük`a[kyk dks nwljh ls vf/d laxr (consistent) dgrs gSaA

15.6.1 (Comparison of two frequency

distributions with same mean) eku ysa 1x rFkk 
1
igys caVu osQ ekè; rFkk ekud

fopyu gSa vkSj 2x rFkk 
2
nwljs caVu ossQ ekè; vkSj ekud fopyu gSaA
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rc C.V. (igyk caVu) = 100
1

1 
x



vkSj C.V. (nwljk caVu) = 100
2

2 
x



fn;k gS 1x = 2x  = x  (eku ysa)

blfy, C.V. (igyk caVu) = 1001 
x


... (1)

vkSj C.V. (nwljk caVu) = 1002 
x


... (2)

(1) vkSj (2) ls ;g Li"V gS fd nksuksa C.V. dh rqyuk 
1
vkSj 

2
osQ vk/kj ij gh dh tk ldrh

gSA vr% ge dg ldrs gSa fd leku ekè; okyh  Ük`a[kykvksa esa ls vf/d ekud fopyu (;k
izlj.k) okyh  Ük`a[kyk  dks vf/d iz{ksfir dgk tkrk gSA lkFk gh NksVh ekud fopyu (;k izlj.k)
okyh  Ük`a[kyk dks nwljh dh vis{kk vf/d laxr dgk tkrk gSA

vkb, fuEufyf[kr mnkgj.k ysaA

nks dkj[kkuksa A rFkk B esa deZpkfj;ksa dh la[;k vkSj muosQ osru uhps fn, x, gSaA
A B

deZpkfj;ksa dh la[;k 5000 6000

vkSlr ekfld osru 2500: 2500:

osruksa osQ caVu dk izlj.k 81 100

O;fDrxr osruksa esa fdl dkj[kkus AvFkok B esa vf/d fopj.k gS\

dkj[kkus A esa osruksa osQ caVu dk izlj.k (
1

2) = 81

blfy,] dkj[kkus A esa osruksa osQ caVu dk ekud fopyu (
1
) = 9

lkFk gh dkj[kkus B esa osruksa osQ caVu dk izlj.k (
2

2) = 100

blfy,] dkj[kkus B esa osruksa osQ caVu dk ekud fopyu (
2
) = 10

D;ksafd] nksuksa dkj[kkuksa esa vkSlr (ekè;) osru leku gS vFkkZr 2500 : gS] blfy, cM+s ekud
fopyu okys dkj[kkus esa vf/d fc[kjko ;k fopyu gksxkA vr% dkj[kkus B esa O;fDrxr osruksa
esa vf/d fopj.k gSA
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nks osruksa dk fopj.k xq.kkad 60 rFkk 70 gS vkSj muosQ ekud fopyu Øe'k% 21 vkSj
16 gSA muosQ ekè; D;k gSa\

fn;k gS C.V. (igyk caVu) = 60, 1 = 21

C.V. (nwljk caVu) = 70, 2  = 16

eku ysa 1x vkSj 2x Øe'k% igyh o nwljh caVu osQ ekè; gS] rc

C.V. (igyk caVu) =
1

1

x


× 100

blfy, 60 = 1
1

21 21
100   100 35

60
x

x
   ; k

vkSj C.V. (nwljh caVu) =
2

2

x


×100

vFkkZr~ 70 = 2
2

16 16
100 100 22.85

70
x

x
   ; k

vr% 1x = 35 vkSj 2x = 22-85

d{kk 11 osQ ,d lsD'ku esa Nk=kksa dh Å¡pkbZ rFkk Hkkj osQ fy, fuEufyf[kr ifjdyu
fd, x, gSa%

Å¡pkbZ Hkkj
ekè; 162.6 lseh 52.36 fdxzk-
izlj.k 127.69 lseh2 23.1361 fdxzk-2

D;k ge dg ldrs gSa fd Hkkjksa esa Å¡pkbZ dh rqyuk esa vf/d fopj.k gS\
fopj.kksa dh rqyuk osQ fy, gesa fopj.k xq.kkadksa dh x.kuk djuh gSA

fn;k gS Å¡pkb;ksa esa izlj.k = 127.69 lseh2

blfy, Å¡pkb;ksa dk ekud fopyu = 127.69cm = 11.3 lseh
iqu% Hkkjksa esa izlj.k = 23.1361 fdxzk-2

blfy, Hkkjksa dk ekud fopyu = 23.1361 fdxkz -  = 4.81 fdxzk-

vc] Å¡pkb;ksa dk fopj.k xq.kkad 100 
ekud fopyu

ekè;
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=
11.3

100 6.95
162.6

 

vkSj Hkkjksa dk fopj.k xq.kkad =
4 81

100
52 36

.

.
 = 9.18

Li"Vr;k  Hkkjksa dk fopj.k xq.kkad Å¡pkb;ksa osQ fopj.k xq.kkad ls cM+k gSA
blfy, ge dg ldrs gSa fd Hkkjksa esa Å¡pkb;ksa dh vis{kk vf/d fopj.k gSA

15.3

1. fuEufyf[kr vk¡dM+ksa ls crkb, fd A ;k B esa ls fdl esa vf/d fc[kjko gS%

vad 10-20 20-30 30-40 40-50 50-60 60-70 70-80

lewg A 9 17 32 33 40 10 9

lewg B 10 20 30 25 43 15 7

2. 'ks;jksa X vkSj YosQ uhps fn, x, ewY;ksa ls crkb, fd fdl osQ ewY;ksa esa vf/d fLFkjrk gS\
X 35 54 52 53 56 58 52 50 51 49

Y 108 107 105 105 106 107 104 103 104 101

3. ,d dkj[kkus dh nks iQeks± A vkSj B, osQ deZpkfj;ksa dks fn, ekfld osru osQ fo'ys"k.k dk
fuEufyf[kr ifj.kke gSa%

iQeZ  A iQeZ  B
osru ikus okys deZpkfj;ksa dh la[;k 586 648

ekfld osruksa dk ekè; 5253 # 5253 #
osruksa osQ caVuksa dk izlj.k 100 121

(i) A vkSj B esa ls dkSu lh iQeZ vius deZpkfj;ksa dks osru osQ :i esa vf/d jkf'k
nsrh gS\

(ii) O;fDrxr osruksa esa fdl iQeZ  A ;k B, esa vf/d fopj.k gS?
4. Vhe A }kjk ,d l=k esa [ksys x, iqQVcky eSpksa osQ vk¡dM+s uhps fn, x, gSa%

fd, x, xksyksa dh la[;k 0 1 2 3 4

eSapks dh la[;k 1 9 7 5 3
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Vhe B, }kjk [ksys x, eSpksa esa cuk, x, xksyksa dk ekè; 2 izfr eSp vkSj xksyksa dk ekud
fopyu 1-25 FkkA fdl Vhe dks vf/d laxr (consistent)le>k tkuk pkfkg,\

5. ipkl ouLifr mRiknksa dh yackbZ x (lseh esa) vkSj Hkkj y (xzke esa) osQ ;ksx vkSj oxks± osQ ;ksx
uhps fn, x, gSa%

212
50

1


i

ix ,
50

2

1

902.8i
i

x


 , 261
50

1


i

iy ,
50

2

1

1457.6i
i

y




yackbZ ;k Hkkj esa fdlesa vf/d fopj.k gS\

16 20 izs{k.kksa dk izlj.k 5 gSA ;fn izR;sd izs{k.k dks 2 ls xq.kk fd;k x;k gks rks izkIr
izs{k.kksa dk izlj.k Kkr dhft,A

eku yhft, fd izs{k.k x
1
, x

2
, ..., x

20
vkSj x mudk ekè; gSA fn;k x;k gS izlj.k = 5 vkSj

n = 20. ge tkurs gSa fd

izlj.k 2

20
2

1

1
( )i

i

x x
n




  , vFkkZr~
20

2

1

1
5 ( )

20 i
i

x x


 

;k 



20

1

2)(
i

i xx = 100 ... (1)

;fn izR;sd izs{k.k dks 2 ls xq.kk fd;k tk,] rks ifj.kkeh iszs{k.k y
i
, gSaA

Li"Vr;k y
i
 = 2x

i
vFkkZr~ x

i
 = iy

2

1

blfy, 



20

1

20

1

2
20

11

i
i

i
i xy

n
y = 



20

120

1
.2

i
ix

vFkkZr~ y = 2 x    or x = y
2

1

x
i
vkSj x osQ eku (1) esa izfrLFkkfir djus ij gesa izkIr gksrk gSA

220

1

1 1
100

2 2i
i

y y


   
 
 , vFkkZr~ 




20

1

2 400)(
i

i yy

vr% u, isz{k.kksa dk izlj.k  =
21

400 20 2 5
20
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  ikBd è;ku nsa fd ;fn izR;sd izs{k.k dks k, ls xq.kk fd;k tk,] rks u, cus izs{k.kksa
dk izlj.k] iwoZ izlj.k dk k2 xquk gks tkrk gSA

17 ik¡p izs{k.kksa dk ekè; 4-4 gS rFkk mudk izlj.k 8-24 gSA ;fn rhu izs{k.k 1] 2 rFkk
6 gSa] rks vU; nks izs{k.k Kkr dhft,A

ekuk 'ks"k nks izs{k.k x rFkk y gSaA
blfy,]  Ük`a[kyk 1, 2, 6, x,  y gSA

vc] ekè; x  = 4.4 =
1 2 6

5

x y   

;k 22 =  9 + x + y

blfy, x + y = 13 ... (1)

lkFk gh izlj.k = 8.24 =
2

5

1

)(
1

xx
n i

i




vFkkZr~ 8.24        2 2 2 22 21
3.4 2.4 1.6 2 4.4 ( ) 2 4.4

5
x y x y           

;k 41.20 = 11.56 + 5.76 + 2.56 + x2 + y2 –8.8 × 13 + 38.72
blfy, x2 + y2  = 97 ... (2)

ysfdu (1) ls, gesa izkIr gksrk gS
x2 + y2  + 2xy = 169 ... (3)

(2) vkSj (3), ls gesa izkIr gksrk gS
2xy = 72 ... (4)

(2) esa ls (4), ?kVkus ij]
x2 + y2  –  2xy = 97 – 72 vFkkZr~  (x – y)2 = 25

;k x – y =  5 ... (5)

vc (1) vkSj (5) ls] gesa izkIr gksrk gS
x = 9, y = 4 tc x – y = 5

;k x = 4, y = 9 tc x – y = – 5
vr% 'ks"k nks izs{k.k 4 rFkk 9 gSaA

 ;fn izR;sd izs{k.k x
1
, x

2
, ...,x

n
dks ‘a’, ls c<+k;k tk, tgk¡ a ,d ½.kkRed ;k

/ukRed la[;k gS] rks fn[kkb, fd izlj.k vifjofrZr jgsxkA
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eku ysa izs{k.k x
1
, x

2
, ...,x

n
dk ekè; x gS] rks mudk izlj.k

2)(
1

1

2
1 xx

n

n

i
i



 }kjk fn;k tkrk gSA

;fn izR;sd izs{k.k esa a tksM+k tk, rks u, izs{k.k gksaxs
y

i
= x

i
 + a ... (1)

eku yhft, u, izs{k.kksa dk ekè; y gS rc

y  =
1 1

1 1
( )

n n

i i
i i

y x a
n n 

  

=
1 1

1 n n

i
i i

x a
n  

 
 

 
  = ax

n

na
x

n

n

i
i 

1

1

vFkkZr~ y = x + a ... (2)

vr% u, izs{k.kksa dk izlj.k

2
2  =

2

1

1
( )

n

i
i

y y
n 

 =
2)(

1

1

axax
n

n

i
i 


    ((1) vkSj (2)osQ mi;ksx ls)

=
2

1

1
( )

n

i
i

x x
n 

 = 2
1

vr% u, izs{k.kksa dk izlj.k ogh gS tks ewy izs{k.kksa dk FkkA

 è;ku nhft, fd izs{k.kksa osQ fdlh lewg esa izR;sd izs{k.k esa dksbZ ,d la[;k tksM+us
vFkok ?kVkus ij izlj.k vifjofrZr jgrk gSA

19 ,d fo|kFkhZ us 100 izs{k.kksa dk ekè; 40 vkSj ekud fopyu 5-1 Kkr fd;k] tcfd
mlus xyrh ls izs{k.k 40 osQ LFkku ij 50 ys fy;k FkkA lgh ekè; vkSj ekud fopyu D;k gS\

fn;k gS] izs{k.kksa dh la[;k (n) = 100

xyr ekè;  ( x ) = 40,

xyr ekud fopyu  ( ) = 5.1
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ge tkurs gSa fd 



n

i
ix

n
x

1

1

vFkkZr~
100

1

1
40

100 i
i

x


  ;k
100

1
i

i

x

 = 4000

vFkkZr~ isz{k.kksa dk xyr ;ksx = 4000

vr% isz{k.kksa dk lgh ;ksx = xyr ;ksx  –50 +40
= 4000 – 50 + 40 = 3990

blfy, lgh ekè;  =
3990

100 100


lgh ; kxs
= 39.9

lkFk gh ekud fopyu =
2

2
2

1 1

1 1n n

i i
i i

x x
n n 

 
  

 
 

=  2
1

21
xx

n

n

i
i 



vFkkZr~ 5.1 =
2 2

1

1
(40)

100

n

i

i

x


 xyr

;k 26.01 =
2

1

1

100

n

i

i

x


 xyr – 1600

blfy, 2

1

n

i
i

x

xyr = 100 (26.01 + 1600)  = 162601

vc lgh 2

1

n

i
i

x

 = xyr 



n

i
ix

1

2
– (50)2 + (40)2

         = 162601 – 2500 + 1600 =  161701
blfy, lgh ekud fopyu

=
2

2( )i
x

n


lgh lgh ekè;
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=
2161701

(39 9)
100

.

= 1617 01 1592 01. . = 25   =  5

1. vkB isz{k.kksa dk ekè; rFkk izlj.k Øe'k% 9 vkSj 9-25 gSaA ;fn buesa ls N% izs{k.k 6] 7] 10]
12] 12 vkSj 13 gSa] rks 'ks"k nks isz{k.k Kkr dhft,A

2. lkr izs{k.kksa dk ekè; rFkk izlj.k Øe'k% 8 rFkk 16 gSaA ;fn buesa ls ik¡p izs{k.k 2] 4] 10]
12] 14 gSa rks 'ks"k nks isz{k.k Kkr dhft,A

3. N% isz{k.kksa dk ekè; rFkk ekud fopyu Øe'k% 8 rFkk 4 gSaA ;fn izR;sd isz{k.k dks rhu ls
xq.kk dj fn;k tk, rks ifj.kkeh izs{k.kksa dk ekè; o ekud fopyu Kkr dhft,A

4. ;fn n izs{k.kksa x
1
, x

2
, ...,x

n
dk ekè; x rFkk izlj.k 2 gSa rks fl¼ dhft, fd izs{k.kksa ax

1
,

ax
2
, ax

3
, ...., ax

n
dk ekè; vkSj izlj.k Øe'k%  a x rFkk  a22 (a  0) gSaA

5. chl izs{k.kksa dk ekè; rFkk ekud fopyu Øe'k% 10 rFkk 2 gSaA tk¡p djus ij ;g ik;k x;k
fd izs{k.k 8 xyr gSA fuEu esa ls izR;sd dk lgh ekè; rFkk ekud fopyu Kkr dhft, ;fn
(i) xyr izs{k.k gVk fn;k tk,A
(ii) mls 12 ls cny fn;k tk,A

6. ,d d{kk osQ ipkl Nk=kksa }kjk rhu fo"k;ksa xf.kr] HkkSfrd 'kkL=k o jlk;u 'kkL=k eas izkIrkadksa
dk ekè; o ekud fopyu uhps fn, x, gaS%

ekè; 42 32 40.9

ekud fopyu 12 15 20

fdl fo"k; esa lcls vf/d fopyu gS rFkk fdlesa lcls de fopyu gS\
7. 100 isz{k.kksa dk ekè; vkSj ekud fopyu Øe'k% 20 vkSj 3 gSaA ckn esa ;g ik;k x;k fd

rhu izs{k.k 21] 21 rFkk 18 xyr FksA ;fn xyr isz{k.kksa dks gVk fn;k tk, rks ekè; o ekud
fopyu Kkr dhft,A
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 vk¡dM+ksa esa fc[kjko ;k fopj.k dh ekiA ifjlj] prqFkZd fopyu]
ekè; fopyu o ekud fopyu izdh.kZu dh eki gSaA
ifjlj = vf/dre ewY; & U;wure ewY;



   – – M
M.D. ( ) , M.D. (M)

N
i ix x x

x
n

  

tgk¡ x = ekè; vkSj M = ekfè;dk


   – – M
M.D. ( ) , M.D. (M) , N

N N
i i i i

i

f x x f x
x f    tgk¡



 22 21 1
, ( )

Ni i if x x x x
n

      


   2 22 1 1
,

N Ni i i if x x f x x     


   222 21 1
, N

N Ni i i i i if x x f x f x      


 22 2
2

N
N

i i i i
h

f y f y      ,  2 2N
N i i i i
h

f y f y 

tgk¡ Ai
i

x
y

h




  C.V. 100, 0.x
x

  


 leku ekè; okyh  Ük`a[kykvksa esa NksVh ekud fopyu okyh  Ük`a[kyk vf/d laxr ;k de
fopj.k okyh gksrh gSA
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lkaf[;dh dk mn~Hko ySfVu 'kCn ‘status’ ls gqvk gS ftldk vFkZ ,d jktuSfrd jkT; gksrk
gSA blls irk yxrk gS fd lkaf[;dh ekuo lH;rk ftruh iqjkuh gSA 'kk;n o"kZ  3050 bZ-iw-
esa ;wuku esa igyh tux.kuk dh xbZ FkhA Hkkjr esa Hkh yxHkx 2000 o"kZ igys iz'kklfud vk¡dM+s
,df=kr djus dh oqQ'ky iz.kkyh FkhA fo'ks"kr% panzxqIr ekS;Z (324&300 bZ-iw-) osQ jkT; dky
esa dkSfVY; (yxHkx 300 bZ-iw-)osQ vFkZ'kkL=k esa tUe vkSj e`R;q osQ vk¡dM+s ,df=kr djus dh
iz.kkyh dk mYys[k feyk gSA vdcj osQ 'kkludky esa fd, x;s iz'kklfud losZ{k.kksa dk o.kZu
vcqyiQt+y }kjk fyf[kr iqLrd vkbus&vdcjh es fn;k x;k gSA

yanu osQ osQIVu John Graunt (1620&1675) dks muosQ }kjk tUe vkSj e`R;q dh
lkaf[;dh osQ vè;;u osQ dkj.k mUgsa tUe vkSj e`R;q lakf[;dh dk tud ekuk tkrk gSA
Jacob Bernoulli (1654&1705) us 1713 es izdkf'kr viuh iqLrd Ars Conjectandi esa
cM+h la[;kvksa osQ fu;e dks fy[kk gSA

lkaf[;dh dk lS¼kafrd fodkl l=kgoha 'krkCnh osQ nkSjku [ksyksa vkSj la;ksx ?kVuk osQ
fl¼kar osQ ifjp; osQ lkFk gqvk rFkk blosQ vkxs Hkh fodkl tkjh jgkA ,d vaxzs”k Francis

Galton (1822&1921) us tho lkaf[;dh (Biometry) osQ {ks=k esa lkaf[;dh fof/;ksa osQ
mi;ksx dk ekxZ iz'kLr fd;kA Karl Pearson (1857&1936) us dkbZ oxZ ijh{k.k (Chi

square test) rFkk baXySaM esa lkaf[;dh iz;ksx'kkyk dh LFkkiuk osQ lkFk lkaf[;dh; vè;;u
osQ fodkl esa cgqr ;ksxnku fn;k gSA

Sir Ronald a. Fisher (1890&1962) ftUgsa vk/qfud lkaf[;dh dk tud ekuk tkrk
gS] us bls fofHkUu {ks=kksa tSls vuqokaf'kdh] tho&lkaf[;dh] f'k{kk] o`Qf"k vkfn esa yxk;kA

— —
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3.6. (sine) (cosine)

ABC  A
AB  AC  0°

 180°  B  C
C, A B

c, a b
3.15

  1 ( )

(sines)

ABC

sin A sin B sin C

a b c
 

3.16 (i)  (ii) ABC

(i) (ii)

3.16

B h AC D [(i) AC
] 3.16(i) ABC

3.15
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 13.12

O

gq,] budk ifjp; djkrs gSa rFkk buosQ j-iQ vkys[k
cukrs gSaA ,d egku fLol xf.krK fy;ksukMZ
vkW;yj (1707– 1783) us la[;k e dk ifjp;
fn;k ftldk eku 2 vkSj 3 osQ chp fLFkr gSA ;g
la[;k pj?kkrkadh; iQyu dks ifjHkkf"kr djus osQ
fy, mi;ksxh gS rFkk bls f (x) = ex, x  R osQ
:i esa ifjHkkf"kr fd;k tkrk gSA bldk izk¡r R gS
vkSj ifjlj ?kukRed okLrfod la[;kvksa dk leqPp;
gSA pj?kkrkadh; iQyu] vFkkZr~ y = ex dk vkys[k
vko`Qfr 13.11 esa fn, vuqlkj gksrk gSA
blh izdkj] y?kqx.kdh; iQyu] ftls
log :e

 R R osQ :i esa O;Dr fd;k tkrk
gS] dks loge x y }kjk iznÙk fd;k tkrk gS]
;fn vkSj osQoy ;fn ey = x gksA bldk izk¡r R+

gS] tks lHkh /ukRed okLrfod la[;kvksa dk
leqPp; gS rFkk bldk ifjlj R gSA Yk?kqx.kdh;
iQyu y = loge x dk vkys[k vko`Qfr 13.12 esa
n'kkZ;k x;k gSA

ifj.kke
0

1
lim 1

x

x

e

x


 dks fl¼ djus

osQ fy,] ge O;atd
1xe

x


ls lac¼ ,d vlfedk

dk mi;ksx djrs gSa] tks bl izdkj gSµ

1

1 x


 x

ex 1
  1 + (e – 2) |x|, [–1, 1] ~ {0} esa lHkh x osQ fy, lR; gSA

 6  fl¼ dhft, fd 1
1

lim
0




 x

ex

x
gSA

 mi;qZDr vlfedk dk mi;ksx djus ij] gesa izkIr gksrk gSµ
1

1 x  x

ex 1
 1 + | x| (e – 2), x  [–1, 1] ~ {0}

 13.11
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lkFk gh] 0

1
lim

1x x  =
0

1 1
1

1 lim 1 0
x

x


 
 

vkSj
0

lim 1 ( 2)
x

e x

    =

0
1 ( 2) lim 1 ( 2)0 1

x
e x e


     

vr%] lSaMfop izes; }kjk] gesa izkIr gksrk gSµ

0

1
lim

x

x

e

x


= 1

7 fl¼ dhft, fd 1
)1(log

lim
0




 x

xe

x

 eku yhft, fd Let y
x

xe 
 )1(log gS rc]

log (1 )e x = xy

 1 xyx e 


1

1
xye

x




;k •
1xye

y
xy


= 1

0 0

1
lim lim

xy

xy x

e
y

xy 


= 1 (D;ksafd x 0 ls xy 0 izkIr gksrk gS)

 0
lim 1
x

y

  ( D;ksafd

0

1
lim 1

xy

xy

e

xy


 )


0

log (1 )
lim 1e

x

x

x




 5 vfHkdfyr dhft,
x

e x

x

1
lim

3

0




gesa izkIr gSµ
3

0

1
lim

x

x

e

x


=

3

3 0

1
lim 3

3

x

x

e

x
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= 0

1
3 lim , 3

y

y

e
y x

y

 
 

 
tgk¡

= 3.1 3

 6 vfHkdfyr dhft,
0

sin 1
lim

x

x

e x

x

 

gesa izkIr gSµ 0 0

sin 1 1 sin
lim lim

x x

x x

e x e x

x x x 

   
  

 

=
0 0

1 sin
lim lim 1 1 0

x

x x

e x

x x 


   

 7 vfHkdfyr dhft,
1

log
lim

1  x

xe

x

x = 1 + h jf[k,A rc, 1 0x h   gSA vr%]

1 0

log log (1 )
lim lim

1
e e

x h

x h

x h 





 = 1 ( D;ksafd

0

log (1 )
lim 1e

x

x

x


  gS)

fuEu lhekvksa osQ eku fudkfy,] ;fn mudk vfLrRo gSµ

1.
4

0

1
lim

x

x

e

x


(mÙkj 4) 2.

x

ee x

x

22

0
lim




(mÙkj e2)

3.
5

5
lim

5

x

x

e e

x




(mÙkj e5) 4.
x

e x

x

1
lim

sin

0




(mÙkj 1)

5.
3

lim
3

3 


 x

eex

x
(mÙkj e3) 6.

x

ex x

x cos1

)1(
lim

0 



(mÙkj 2)

7.
x

xe

x

)21(log
lim

0




(mÙkj 2) 8.
3

30

log (1 )
lim

sinx

x

x


(mÙkj 1)



A.1.1 (Introduction)

a
1
, a

2
, ..., a

n
, ...

a
1
 + a

2
 + a

3
 + ... + a

n
 + ...

a
1
 + a

2
 + a

3
 + .  . .  + a

n
 + . . . =

1
k

k

a





A.1.2 (Binomial Theorem for any Index)

(1 + x)n =
n
C

0
 +

n
C

1
x + . . .  +

n
C

n
xn

n

n
n
C

r

      2 31 1 2
1 1 ...

1.2 1.2.3
m m m m m m

x mx x x
  

     

1x  .

1

(Infinite Series)
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 | x | < 1 – 1< x <

m

         2 22 3
1 2 1 2 2 2 ...

1.2
  

       

1= 1 + 4 + 12 + . . .

2. (1+ x)m, m

(a + b)m  = 1 1
m m

mb b
a a

a a

          
    

  =
  21

1 ...
1.2

m m mb b
a m

a a

       
   

 =
 1 2 21

...
1.2

m m mm m
a ma b a b 
  

1
b

a
| b | < | a |

    1 2 ... 1

1.2.3...

m r rm m m m r a b

r

   
, (a + b)m

1x  ,

1. (1 + x) – 1 = 1 – x + x2 – x3 + . . .

2. (1 – x) – 1 = 1 + x + x2 + x3 + . . .

3. (1 + x) – 2 = 1 –2 x + 3x2  –  4x3 + . . .

4. (1  – x) – 2 = 1 +2x + 3x2 + 4x3 + . . .

1

1

2
1

2

x


  
 

, | x | < 2
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1

2
1

2

x


  
 

 =
2

1 1 3
2 2 2

1
1 2 1 2 2

x x
...

.

                       
   

=
23

1 ...
4 32
  

x x

A.1.3 (Infinite Geometric Series)

a
1
, a

2
, a

3
, ... a

n

1k

k

a

a  = r ( ) k = 1, 2, 3, . . ., n–1. a
1
 = a,

a, ar, ar2, . . ., arn–1

a + ar + ar2 +  . . . +, arn – 1

 1
S

1

n

n

a r

r





.

a + ar + ar2 + . . . + arn – 1 +. . .

2 4
1, , ,...

3 9

a = 1, r =
2

3
,

2
1

23
S 3 1

2 31
3

n

n

n

           
   

... (1)

n
2

3

n
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n 1 5 10 20

2

3

n
 
 
 

0.6667 0.1316872428 0.01734152992 0.00030072866

n
2

3

n
 
 
 

n
2

3

n
 
 
 

2
, 0

3

n

n
   
 

S = 3 a, ar, ar2, ...,

r

 1

1






n

n

a r
S

r 1 1

na ar

r r
 
 

0nr  n | | 1r 0
1

nar

r




1n

a
S

r



 as n .

S

S
1

a

r



(i) 2 3

1 1 1 1
1 ... 2

12 2 2 1
2

     


(ii) 2 3

1 1 1 1 1 2
1 ...

112 32 2 11
22
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5 5 5
, , ,....

4 16 64

 

5

4
a



1

4
r   | | 1r  .

=

5 5
4 4 1

1 5
1

4 4

 

  


A.1.4 (Exponential Series)

Leonhard Euler 1707 – 1783
e  e

1 1 1 1
1 ...

1! 2! 3! 4!
     ... (1)

(1) e

e

(1)

1 1 1 1
... ...

3! 4! 5! !n
     ... (2)

2 3 4 1

1 1 1 1
.... ...

2 2 2 2n     ... (3)

1 1

3! 6
 2

1 1

42
 , 2

1 1

3! 2


1 1

4! 24
 3

1 1

82
 , 3

1 1

4! 2
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1 1

5! 120
 4

1 1

162
 , 4

1 1

5! 2
 .

1

1 1

! 2nn  , n > 2

2 3 4 1

1 1 1 1 1 1 1 1
... ... ...

3! 4! 5! ! 2 2 2 2nn 
               
   

... (4)

1 1
1

1! 2!
   
 

1 1 1 1 1 1
1 ... ...

1! 2! 3! 4! 5! !n
             
   

2 3 4 1

1 1 1 1 1 1
1 ... ...

1! 2! 2 2 2 2n

                
    

... (5)

= 2 3 4 1

1 1 1 1 1
1 1 ... ...

2 2 2 2 2n

           
  

=
1

1 1 2
1

1
2

  


 = 3

e < 3 e > 2 2 < e < 3

 x

2 3

1 ... ...
1! 2! 3! !

n
x x x x x

e
n

      

3 x e2x+3 x2
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2 3

1 ...
1! 2! 3!

x x x x
e     

x 2x + 3

   22 3 2 3 2 3
1 ...

1! 2!
x x x

e   
   

 2 3

!

n
x

n


 =

(3+2 )

!

nx

n

     21 2
1 2

1
3 C 3 2 C 3 2 2

nn n n n nx x ... x .
n!

      

x2

2 2
2C 3 2

!

n n

n

x2  is

2 2
2

2

C 3 2n n

n n!




  =

  2

2

1 3
2

!

n

n

n n

n








=  
–2

2

3
2

2 !

n

n n



    [n! = n (n – 1) (n  –  2)! ]

=
2 33 3 3

2 1 ...
1! 2! 3!

 
    
 

 = 2e3 .

    e2x+3 x2 2e3

e2x+3 = e3 . e2x

=

2 3
3 2 (2 ) (2 )

1 ...
1! 2! 3!

x x x
e
 
    
 

e2x+3 x2

2
3 32
. 2
2!

e e
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4 e2

x

ex =
2 3

1
1! 2! 3! !

nx x x x
... ...

n
     

x = 2,

e2 =
2 3 4 5 62 2 2 2 2 2

1 ...
1! 2! 3! 4! 5! 6!
      

=
4 4 4

1 2 2 ...
3 3 15 45


      

   7.355

e2 <
2 3 4 5 2 3

2 3

2 2 2 2 2 2 2 2
1 1 ...

1! 2! 3! 4! 5! 6 6 6

   
           

   

=

2
4 1 1

7 1 ...
15 3 3

          
 =

4 1
7

115 1
3

 
 

  
  
 

 =
2

7 7.4
5
  .

e2 7.355 7.4 e2

7.4

A.1.5 (Logarithmic Series)

| x | < 1,

 
2 3

log 1 ...
2 3e

x x
x x    



       443

    log
e

(1 + x) x = 1

log
e
 (1 + x) x = 1

1 1 1log 2 1– – ...
2 3 4e   

5 ,  2 0x px q  

   
2 2 3 3

2 2 3log 1 ...
2 3e px qx x x x

   
       – ...

=
2 2 3 3 2 2 3 3

... ...
2 3 2 3

x x x x
x x

      
           
   

=    log 1 log 1e x x   

=   2log 1e x x   

=  2log 1e px qx    =

 = p q 

| |x < 1 | |x < 1

— —



1.1

1.    (i), (iv),  (v),  (vi),  (vii)   (viii)
2. (i) ðÎ     (ii) ðÏ     (iii) ðÏ     (vi) ðÎ     (v)ðÎ     (vi) ðÏ
3. (i) A  = {€3, €2, €1, 0, 1, 2, 3, 4, 5, 6 }(ii) B = {1, 2, 3, 4, 5}

(iii) C = {17, 26, 35, 44, 53, 62, 71, 80}(iv) D = {2, 3, 5}
(v) E = {T,  R, I, G, O, N, M, E, Y} (vi) F = {B, E, T, R,}

4. (i) { x : x = 3n, nðÎðNð 1 ð£n ð£ 4 } (ii) { x : x = 2n, nðÎðNð  1 ð£n ð£ 5 }
(iii) { x : x = 5n, nðÎðNð  1 ð£n ð£ 4  } (iv) { x : x }
(v) { x : x = n2, nðÎðNð  1 ð£n ð£ 10 }

5. (i) A = {1, 3, , 5, . . . } (ii) B = {0, 1, 2, 3, 4 }
(iii) C  = { €2, €1, 0, 1, 2 } (iv) D = { L, O, Y, A }
(v) E = { }
(vi) F = {b, c, d, f, g, h, j }

6. (i) ð«ð (c)  (ii) ð« (a)  (iii) ð«ð (d)  (iv) ð« (b)

 1.2

1. (i), (iii),   (iv)
2. (i) (ii) (iii) (iv) (v)
3. (i) (ii) (iii) (iv) (v)
4. (i) (ii) (iii) (iv)
5. (i) (ii)          6. B= D, E = G

 1.3

1. (i) ðÌ (ii) ðË (iii) ðÌ (iv) ðË (v) ðË     (vi) ðÌ
(vii) ðÌ

2. (i) (ii) (iii) (iv) (v)     (vi)
3.   (i), (v), (vii), (viii),   (ix), (xi)
4. (i) ðf {  a }, (ii) ðfð, { a }, { b }, {  a, b }

(iii) ðf, { 1 }, { 2 }, { 3 }, { 1, 2 },  { 1, 3 }, { 2, 3 }, { 1, 2, 3 }     (iv) ðf
5. 1
6. (i) (€ 4,  6] (ii) (€ 12, €10) (iii) [ 0, 7 )

(iv) [ 3, 4 ]
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7. (i) { x : x ðÎð R, € 3 <x < 0 } (ii) { x : x ðÎð R, 6ð£x ð£ 12 }
(iii) { x : x ðÎð R, 6 <x ð£ 12 } (iv) { x  R : € 23ð£x < 5 }

9.  (iii)

 1.4

1. (i) X ðÈ Y = {1, 2, 3, 5 } (ii) A ðÈ B = { a, b, c, e, i, o, u}

(iii)  A ðÈ B = {x : x = 1, 2, 4, 5  }

(iv) A ðÈ B = {x : 1 < x < 10,x ðÎ N} (v) A ðÈ B = {1, 2, 3 }

2. , A ðÈ B = { a, b, c} 3. B

4. (i) { 1, 2, 3, 4, 5, 6 } (ii) {1, 2, 3, 4, 5, 6, 7,8 } (iii) {3, 4, 5, 6, 7, 8 }

(iv) {3, 4, 5, 6, 7, 8, 9, 10}(v) {1, 2, 3, 4, 5, 6, 7, 8 }

(vi) {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} (vii) { 3, 4, 5, 6, 7, 8, 9, 10 }

5. (i) X ðÇ Y = { 1, 3 } (ii) A ðÇ  B = { a } (iii) { 3 }  (iv) ðfð ð (v) ðf

6. (i) { 7, 9, 11 } (ii) { 11, 13 } (iii) ðf (iv) { 11 }

(v) ðf (vi) { 7, 9, 11 } (vii) ðf

(viii) { 7, 9, 11 } (ix) {7, 9, 11 } (x) { 7, 9, 11, 15 }

7. (i) B (ii) C (iii) D (iv) ðf
(v) { 2 } (vi) { x : x  }      8.  (iii)

9. (i) {3, 6, 9, 15, 18, 21} (ii)   {3, 9, 15, 18, 21 } (iii) {3, 6, 9, 12, 18, 21}

(iv) {4, 8, 16, 20 } (v) { 2, 4, 8, 10, 14, 16 }(vi) { 5, 10, 20 }

(vii) {20 )                        (viii)  { 4, 8, 12, 16 } (ix) { 2, 6, 10, 14}

(x) { 5, 10, 15 } (xi)  {2, 4, 6, 8, 12, 14, 16}(xii) {5, 15, 20}

10. (i) { a, c } (ii) { f, g }  (iii) { b , d  }
11. 12.  (i) F     (ii) F    (iii) T (iv) T

1.5

1. (i) { 5, 6, 7, 8, 9} (ii) {1, 3, 5, 7, 9 } (iii) {7, 8, 9 }
(iv) { 5, 7, 9 } (v) { 1, 2, 3, 4 } (vi) { 1, 3, 4, 5, 6, 7, 9 }

2. (i) { d, e, f, g, h} (ii) { a, b, c, h } (iii) { b, d , f, h }
(iv) { b, c, d, e )
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3. (i) { x : x }
(ii) { x : x  }
(iii) { x : x ðÎð N x }
(iv) { x : x x = 1 ]
(v) { x : x ðÎð N x }
(vi) { x : x ðÎð N x }
(vii) { x : x ðÎð N x }
(viii) { x : x ðÎð N x = 3 } (ix) { x : x ðÎð N x = 2 }

(x) { x : x ðÎð N x < 7 } (xi) { x : x ðÎð N x  >
9
2

}

6. A'
7. (i) U (ii) A (iii) ðf (iv) ðf

 1.6

1. 2 2. 5 3. 50 4. 42

5. 30 6. 19 7. 25, 35 8. 60

1. A ðÌ  B,  A ðÌ C,  BðÌ C,  DðÌ A,  D ðÌ B,  D ðÌ C
2. (i) (ii) (iii) (iv) (v)

(vi)
7. 12. A = { 1, 2 }, B = { 1, 3 }, C = { 2 , 3 }

13. 325 14. 125 15. (i)  52   (ii)   30 16. 11

 2.1

1. x = 2  y = 1 2. A × B  9

3. G ð ́H = {(7, 5), (7, 4), (7, 2), (8, 5), (8, 4), (8, 2)}

H ð ́G = {(5, 7), (5, 8), (4, 7), (4, 8), (2, 7), (2, 8)}

4. (i)

Pð ́Q = {(m, n) (m, m) (n, n), (n, m)}

(ii)
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(iii)
5. A ð ́A = {(€ 1, € 1), (€ 1, 1), (1, € 1), (1, 1)}

A ð ́A ð ́A = {(€1, €1, €1), (€1, €1, 1), (€1, 1, €1), (€1, 1, 1), (1, €1, €1), (1, €1, 1),
(1, 1, €1), (1, 1, 1)}

6. A = {a, b}, B = { x, y}
8. A ð ́B = {(1, 3), (1,4), (2, 3), (2, 4)}

A ð ́B  24 = 16
9.  A = { x, y, z}  B = {1,2}

10. A = {€1, 0, 1},
A ð ́A  (€1, €1), (€1, 1), (0, €1), (0, 0), (1, €1), (1, 0),(1, 1)

2.2

1. R = {(1, 3), (2, 6), (3, 9), (4, 12)}
R = {1, 2, 3, 4}
R = {3, 6, 9, 12}
R  = {1, 2, ..., 14}

2. R = {(1, 6), (2, 7), (3, 8)}
R  = {1, 2, 3}
R = {6, 7, 8}

3. R = {(1, 4), (1, 6), (2, 9), (3, 4), (3, 6), (5, 4), (5, 6)}

4. (i) R = {(x, y) : y = x € 2,x = 5, 6, 7 }
(ii) R = {(5,3), (6,4), (7,5)}. R  = {5, 6, 7}, R  = {3, 4, 5}

5. (i) R = {(1, 1), (1,2), (1, 3), (1, 4), (1, 6), (2 4), (2, 6), (2, 2), (4, 4), (6, 6),
(3, 3), (3, 6)}

(ii) R = {1, 2, 3, 4, 6}
(iii) R  = {1, 2, 3, 4, 6}

6. R  = {0, 1, 2, 3, 4, 5,} 7.   R = {(2, 8), (3, 27), (5, 125), (7, 343)}
R  = {5, 6, 7, 8, 9, 10}

8. A B = 26 9.   R  = Z
      R  = Z

2.3

1. (i)  = {2, 5, 8, 11, 14, 17},  = {1}
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(ii)  = (2, 4, 6, 8, 10, 12, 14},  = {1, 2, 3, 4, 5, 6, 7}
(iii)

2. (i)  = R, =  (€ð¥, 0]
(ii)  = {x : €3ð£x ð£ 3}
(iii)  = {x : 0 ð£x ð£ 3}

3. (i) f (0) = €5 (ii) f (7) = 9 (iii) f (€3) = €11

4. (i) t (0) = 32 (ii) t (28) =
412
5

(iii) t (€10) = 14    (iv)   100

5. (i)  = (€ð¥, 2) (ii)  = [2,ð¥) (iii)  = R

2. 2.1 3.

4.   = [1,ð¥),  = [0,ð¥)

5.  = R,  =

6.  =  0 ð£y < 1

7. (f + g) x = 3x € 2 8. a = 2, b = € 1 9. (i)    (ii) (iii)
(f € g) x = € x + 4

1 3
,

2 3 2
f x

x x
g x

ðæ ðö ð+
ð= ð¹ðç ð÷ ð-ðè ðø

10. (i) , (ii) 11. 12. f = {3, 5, 11, 13 }

 3.1

1. (i)
5•
36

(ii)
19•
72

€ (iii)
4•
3

(iv)
26•
9

2. (i) 39ð° 22ð¢ 30ð² (ii) €229ð° 5ð¢ 27ð²     (iii)  300ð° (iv) 210ð°

3. 12ðp          4. 12ð° 36ð¢ 5.
20•
3

6.   5 : 4

7. (i)
2

15
(ii)

1
5

 (iii)
7
25
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3.2

1.
3 2 1

sin cosec sec 2 tan 3 cot
2 3 3

x , x € , x , x , xð= ð- ð= ð= ð- ð= ð=

2.
5 4 5 3 4

cosec cos sec tan cot
3 5 4 4 3

x , x € , x , x , xð= ð= ð= ð- ð= ð- ð= ð-

3.
4 5 3 5 4

sin cosec cos sec tan
5 4 5 3 3

x , x € , x , x , xð= ð- ð= ð= ð- ð= ð- ð=

4.
12 13 5 12 5

sin cosec cos tan cot
13 12 13 5 12

x , x € , x , x , xð= ð- ð= ð= ð= ð- ð= ð-

5.
5 13 12 13 12

sin cosec cos sec cot
13 5 13 12 5

x , x , x , x , xð= ð= ð= ð- ð= ð- ð= ð-

6.
1

2
7.   2      8. 3     9.

3
2

10.  1

 3.3

5. (i)
3 1

2 2

ð+
    (ii) 2 € 3

 3.4

1.
• 4• •

• +
3 3 3

, ,n , n ðÎ Z 2.
• 5• •

2 •
3 3 3

, , n ð± , n ðÎ Z

3.
5• 11• 5•

, ,n• + ,
6 6 6

n ðÎ Z 4.
7• 11• 7•

• (€1)
6 6 6

n, , n ð+ , n ðÎ Z

5.
•
3
n

xð= or x = nðp, n ðÎ Z 6.
• •

(2 1) or 2 •
4 3

x n , nð= ð+ ð±, n ðÎ Z

7.
7• •

• ( 1) or (2 1)
6 2

nx n nð= ð+ ð- ð+, n ðÎ Z
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8.
• • 3•

= or
2 2 8
n n

x , ð+ , n ðÎ Z 9.
• •

 = or •
3 3
n

x , n ð± ,n ðÎ Z

8.
5 2 5

5 5
, , 2

9.
6 3

2
3 3

, € , €

10.
8 2 15 8 2 15

4 15
4 4

, ,
ð+ ð-

ð+

  5.1

1. 3 2. 0 3. i 4. 14 + 28i

5. 2 € 7i 6.
19 21
5 10

i
ð- ð- 7.

17 5
3 3

ð+i 8.  € 4

9.
242

26
27

ið- ð- 10.
22 107
3 27

i
ð-

ð- 11.
4 3
25 25

ið+ 12.
5 3

14 14
ið-

13. i 14.
7 2
2

€
i

 5.2

1.
2•

2
3

,
ð-

2.
5•

2
6

, 3.
• •

2 cos sin
4 4

€ €
iðæ ðöð+ðç ð÷

ðè ðø

4.
3• 3•

2 cos sin
4 4

iðæ ðöð+ðç ð÷
ðè ðø

5.
3• 3•

2 cos sin
4 4

i
ð- ð-ðæ ðöð+ðç ð÷

ðè ðø
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6. 3 (cosðpð ð+ð i sinð ðpð) 7 .
• •

2 cos sin
6 6

iðæ ðöð+ðç ð÷
ðè ðø

8 .
• •

cos sin
2 2

ið+

  5.3

1. 3ið± 2.
1 7

4
ið- ð±

3.
3 3 3

2
ið- ð±

4.
1 7

2
€ i

€
ð±

5.
3 11

2
ið- ð±

6.
1 7

2
ið±

7.
1 7

2 2

ið- ð±
8.

2 34

2 3

ið±

9.
ð( ð)1 4 2

2

ið- ð± ð-
10.

1 7

2 2

ið- ð±

1. 2 € 2i 3.
307 599

442
ið+

5. (i)
3• 3•

2 cos sin
4 4

iðæ ðöð+ðç ð÷
ðè ðø

,  (ii)
3• 3•

2 cos sin
4 4

iðæ ðöð+ðç ð÷
ðè ðø

  6.
2 4
3 3

ið± 7.
2

1
2

ið± 8.
5 2
27 27

ið± 9.
2 14
3 21

ð± i

10.
4 5

5
12.

2
(i) (ii) 0

5
,

ð-
13.

1 3•
42

, 14. x = 3,y = € 3

15. 2 17. 1 18. 0 20. 4

 6.1

  1. (i) {1, 2, 3, 4} (ii) {... € 3, € 2, €1, 0, 1,2,3,4,}

  2. (i) (ii) {... € 4, € 3}

  3. (i) {... € 2, € 1, 0, 1} (ii) (€ð¥, 2)

  4. (i) {€1, 0, 1, 2, 3, ...} (ii) (€2, ð¥)
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  5. (€4, ð¥) 6. (€ ð¥, €3) 7. (€ð¥, €3] 8. (€ð¥, 4]

9. (€ ð¥, 6) 10. (€ð¥, €6) 11. (€ð¥, 2] 12. (€ ð¥, 120]

13. (4, ð¥) 14. (€ð¥, 2] 15. (4, ð¥) 16. (€ð¥, 2]

17. x < 3, 18. x ð³ €1,

19.  x > € 1, 20. x  ð³
2
7

€ ,

21. 35 22. 82

23. (5,7), (7,9) 24. (6,8), (8,10), (10,12)

25. 9 cm 26.

 6.2

1. 2.

3. 4.
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5. 6.

7. 8.

9. 10.
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 6.3

1. 2.

3.      4.

5. 6.
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7. 8.

9. 10.

11. 12.
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13. 14.

15.

1. [2, 3] 2. (0, 1] 3. [€ 4, 2]

4. (€ 23, 2] 5.
80 10
3 3

€ €
,ðæ ðù

ðç ðúðè ðû
6.

11
1

3
,ðé ðù

ðê ðúðë ðû

7. (€5, 5)

8. (€1, 7)
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9. (5, ð¥)

10. [€ 7, 11]

11. 20°C 25°C

12. 320 1280

13. 562.5 900

14. 9.6 ð£ MA ð£16.8

7.1

1. (i) 125, (ii) 60. 2.  108 3. 5040 4. 336
5. 8 6.   20

7.2

1. (i) 40320, (ii) 18 2. 30, No 3. 28 4. 64
5. (i) 30, (ii) 15120

7.3

1. 504 2. 4536 3. 60 4. 120, 48
5. 56 6. 9 7. (i) 3,  (ii) 4 8. 40320
9. (i) 360,  (ii) 720,  (iii) 240 10. 33810

11. (i) 1814400, (ii) 2419200, (iii) 25401600

7.4

1. 45 2. (i) 5, (ii) 6 3. 210 4. 40
5. 2000 6. 778320 7. 3960 8. 200
9. 35

1. 3600 2. 1440 3. (i) 504,  (ii) 588,  (iii) 1632
4. 907200 5. 120 6. 50400 7. 420
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8. 4C1ð
4́8C4 9. 2880 10. 22C7+

22C10 11. 151200

8.1

1. 1€10x + 40x2 € 80x3 + 80x4 € 32x5

2.
5

3
5 3

32 40 20 5
5

8 32
x

x x
xx x

ð- ð+ ð- ð+ ð-

3. 64 x6 €576x5 + 2160x4 € 4320x3 + 4860x2 € 2916x + 729

4.
5 2

3 5

5 10 10 5 1
243 81 27 9 3

x x
x

x x x
ð+ ð+ ð+ ð+ ð+

5.
6 4 2

2 4 6

15 6 1
6 15 20x x x

x x x
ð+ ð+ ð+ ð+ ð+ ð+

6. 884736 7. 11040808032 8. 104060401

9. 9509900499 10. (1.1)10000 > 1000 11. 8(a3b + ab3); 40 6
12. 2(x6 + 15x4 + 15x2 + 1), 198

 8.2

1. 1512 2. € 101376 3. ð( ð)6 12 21 C
r r r

r .x .yð-ð-

4. ð( ð)12 241 C
r r r

r .x .yð-ð- 5. € 1760x9y3 6. 18564

7. 9 12105 35
8 48

x ; x
ð-

8. 61236x5y5 10. n = 7; r = 3

12. m= 4

1. a = 3;b = 5; n = 6 2. a =
9
7

3.  171

5. 396 6 6. 2a8 + 12a6 € 10a4 € 4a2 + 2

7. 0.9510 8. n  = 10

9.
2 3 4

2 3 4

16 8 32 16
4 5

2 2 16
x x x

x
x x x x

ð+ ð- ð+ ð- ð+ ð+ ð+ ð-

10. 27x6 € 54ax5 + 117a2x4 € 116a3x3 + 117a4x2 € 54a5x + 27a6
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 9.1

1. 3, 8, 15, 24, 35 2.
1 2 3 4 5
2 3 4 5 6

, , , , 3. 2, 4, 8, 16 and 32

4.
1 1 1 5 7
6 6 2 6 6

, , ,ð- rFkk 5. 25, €125, 625, €3125, 15625

6.
3 9 21 75

21
2 2 2 2

, , , rFkk 7. 65, 93 8.
49

128

9. 729 10.
360
23

11. 3, 11, 35, 107, 323; 3 + 11 + 35 + 107 + 323 + ...

12.
1 1 1 1 1 1 1 1

1 1
2 6 24 120 2 6 24 120

, , , , ; € ....
ð- ð- ð- ð- ð- ð- ð- ð-ðæ ðö ðæ ðö ðæ ðö ðæ ðöð- ð+ ð+ ð+ ð+ ð+ðç ð÷ ðç ð÷ ðç ð÷ ðç ð÷

ðè ðø ðè ðø ðè ðø ðè ðø

13. 2, 2, 1, 0, €1;         2 + 2 + 1 + 0 + (€1) + ... 14.
3 5 8

1 2
2 3 5

, , , vkjS

  9.2

1. 1002001 2. 98450 4. 5 or 20 6. 4

7. ð( ð)5 7
2
n

nð+ 8. 2q 9.
179
321

10. 0

13. 27 14. 11, 14, 17, 20vkSj 23 15. 1

16. 14 17. Rs 245 18. 9

  9.3

1. 20

5 5

2 2n
, 2. 3072 4. € 2187

5. (a) 13th ,   (b) 12th,   (c) 9th 6. ± 1 7. ð( ð)201
1 0 1

6
.ðé ðùð-ðë ðû
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8. ð( ð) 27
3 1 3 1

2

nðæ ðö
ð+ ð-ðç ð÷ðç ð÷

ðè ðø
9.

ð( ð)1

1

n
a

a

ðé ðùð- ð-ðë ðû
ð+

10.
ð( ð)3 2

2

1

1

nx x

x

ð-

ð-

11. ð( ð)113
22 3 1

2
ð+ ð- 12.

5 2 2 5 5 2
; 1 1

2 5 5 2 2 5
r , , , ,ð= ; k ; k vHkh"V in gaAS

13. 4 14. ð( ð)16 16
;2; 2 1

7 7
n ð- 15. 2059

16.
4 8 16

or 4 8 16 32 64
3 3 3

, , ,... , , , , , ..
ð- ð- ð-

ð- ð- 18. ð( ð)80 8
10 1

81 9
n nð- ð-

19. 496 20. rR 21. 3, €6, 12, €24 26. 9vkSj 27

27.
1

2
€

n ð= 30. 120, 480, 30 (2n) 31. Rs 500 (1.1)10

32. x2 €16x + 25 = 0

9.4

1. ð( ð)ð( ð)1 2
3
n

n nð+ ð+ 2.
ð( ð)ð( ð)ð( ð)1 2 3

4

n n n nð+ ð+ ð+

3. ð( ð)ð( ð)21 3 5 1
6
n

n n nð+ ð+ ð+ 4.
1

n
nð+

5. 2840

6. 3n (n + 1) (n + 3) 7.
ð( ð)ð( ð)2

1 2

12

n n nð+ ð+

8.
ð( ð)ð( ð)21

3 23 34
12

n n
n n

ð+
ð+ ð+

9. ð( ð)ð( ð) ð( ð)1 2 1 2 2 1
6

nn
n nð+ ð+ ð+ ð-10. ð( ð)ð( ð)2 1 2 1

3
n

n nð+ ð-

2. 5, 8, 11 4. 8729 5. 3050 6. 1210
7. 4 8. 160; 6 9. ð± 3 10. 8, 16, 32

11. 4 12. 11
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21. (i) ð( ð)50 5
10 1

81 9
n n

ð- ð-  ,    (ii) ð( ð)2 2
1 10

3 27
nn ð-ð- ð- 22. 1680

23. ð( ð)2 3 5
3
n

n nð+ ð+ 25. ð( ð)22 9 13
24
n

n nð+ ð+

27. Rs 16680 28. Rs 39100 29. Rs 43690 30. Rs 17000; 20,000

31. Rs 5120 32. 25 fnu

10.1

1.
121
2

oxZ bdkbZ

2. (0, a), (0, €a) vkSjð( ð)3 0a,ð- ;k (0, a), (0, €a), vkSjð( ð)3 0a,

3. (i) 2 1y y ,ð- (ii) 2 1x xð- 4.
15

0
2

,ðæ ðö
ðç ð÷
ðè ðø

5.
1
2

ð-

7. 3€ 8. x = 1 10. 135°

11. 1 vkSj 2, ;k
1
2

vkSj 1, ;k  € 1vkSj €2,;k
1
2

ð- vkSj€ 1 14.
1
2

, 104.5djksM+

 10.2

1. y = 0vkSjx = 0 2.  x € 2y + 10 = 0 3. y = mx

4. ð( ð) ð( ð) ð( ð)3 1 3 1 4 3 1x y €ð+ ð- ð- ð= 5. 2x + y + 6 = 0

6. 3 2 3 0x yð- ð+ ð= 7.  5x + 3y + 2 = 0

8. 3 10x yð+ ð= 9. 3x € 4y + 8 = 0 10. 5x € y + 20 = 0

11. (1 + n)x + 3(1 +n)y = n +11 12. x + y = 5
13. x + 2y € 6 =0, 2x + y € 6 = 0

14. 3 2 0 3 2 0x y x yð+ ð- ð= ð+ ð+ ð=vkjS 15. 2x € 9y + 85 = 0

16. ð( ð)192
L C 20 124 942

90
.

.ð= ð- ð+ 17. 1340yhVj 19. 2kx + hy = 3kh.
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10.3

1. (i)
1 1

0 0;
7 7

y x , ,ð= ð- ð+ ð-  (ii)
5 5

2 2 ;
3 3

y x , ,ð= ð- ð+ ð-  (iii) y = 0x + 0, 0, 0

2. (i) 1 4 6
4 6
x y

, , ;ð+ ð=  (ii)

3
1 2;

3 2 2
2

x y
, ,ð+ ð= ð-

ð-

(iii)
2
3

y ,ð= ð- y-v{k ij vUr%[k.M=
2
3

ð- vkSjx-v{k ij dksbZ vUr%[k.M ughaA

3. (i) x cos 120° +y sin 120° = 4, 4, 120° (ii)x cos 90° +y sin 90° = 2, 2, 90°;

   (iii) x cos 315° +y sin 315° =2 2 , 2 2 , 315°          4.   5bdkbZ

5. (€ 2, 0)vkSj (8, 0) 6. (i)
65 1

, (ii)
17 2

p r
l
ð+

bdkbZ bdkbZ

7. 3x € 4y + 18 = 0 8. y + 7x  = 21   9.  30°vkSj 150°

10.
22
9

12. ð( ð) ð( ð)3 2 2 3 1 8 3 1x € yð+ ð+ ð= ð+ð( ð) ð( ð)3 2 1 2 3 1 8 3x y €ð- ð+ ð+ ð= ð+; k

13. 2x + y = 5 14.
68 49
25 25

,ðæ ðöð-ðç ð÷
ðè ðø

15.
1 5
2 2

m ,cð= ð=

17. y € x = 1, 2

1. (a) 3, (b) ± 2, (c) 6;k 1 2.
7•

1
6

,

3. 2 3 6 3 2 6x y , x yð- ð= ð- ð+ ð= 4.
8 32

0 0
3 3

, , ,ðæ ðö ðæ ðöð-ðç ð÷ ðç ð÷
ðè ðø ðè ðø

5.
ð( ð)sin ‚

‚
2 sin

2

f

f

ð-

ð- 6.
5
22

x ð= ð- 7. 2x € 3y + 18 = 0



m€kjekyk            475

8. k2 oxZ bdkbZ 9. 5 11. 3x € y = 7,   x + 3y = 9

12. 13x + 13y = 6 14. 1 : 2 15.
23 5

18
bdkbZ

16. js[kkx - v{k osQ lekUrj gS ;ky - v{k ij yEc gSA

17. x = 1,   y = 1. 18. (€1, € 4). 19.
1 5 2

7
ð±

21. 18x + 12y + 11 = 0 22.
13

0
5

,ðæ ðö
ðç ð÷
ðè ðø

24. 119x + 102y = 125

11.1

1. x2 + y2 € 4y = 0 2. x2  + y2 + 4x € 6y €3 = 0
3. 36x2  + 36y2 € 36x € 18y + 11 = 0 4. x2 + y2 € 2x € 2y = 0
5. x2 + y2  + 2ax + 2by + 2b2 = 0 6. c(€5, 3),r = 6

7. c(2, 4),r = 65 8. c(4, € 5),r = 53 9. c (
1
4

, 0) ; r  =
1
4

10. x2 + y2 € 6x € 8y + 15 = 0 11. x2 + y2 € 7x + 5y €14 = 0

12. x2 + y2 + 4x € 21 = 0 & x2 + y2 € 12x + 11 = 0
13. x2 + y2 € ax € by  = 0 14. x2 + y2 € 4x € 4y  = 5
15. o`€k osQ Hkhrj_ D;ksafd fcUnq dh o`€k osQ osQUnz ls nwjh o`€k dh f=kT;k ls de gSA

 11.2

1. F (3, 0),v{k - x - v{k] fu;rkx = € 3,ukfHkyac thok dh yackbZ= 12

2. F (0,
3
2

), v{k - y - v{k, fu;rky = €
3
2

, ukfHkyac thok dh yackbZ = 6

3. F (€2, 0),v{k - x - v{k, fu;rkx =  2,ukfHkyac thok dh yackbZ = 8

4. F (0, €4),v{k - y - v{k, fu;rky  =  4,ukfHkyac thok dh yackbZ = 16

5. F (
5
2

, 0)v{k - x - v{k, fu;rk x = €
5
2

, ukfHkyac thok dh yackbZ  = 10

6. F (0,
9
4
€

) , v{k - y - v{k, fu;rk y =
9
4

, ukfHkyac thok dh yackbZ  = 9
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7. y2 = 24x 8. x2 = € 12y 9. y2 = 12x

10. y2 = €8x 11. 2y2 = 9x 12. 2x2 = 25y

 11.3

1. F (ð± 20 ,0); V (ð± 6, 0); nh?kZ v{k = 12; y?kq v{k= 8 , e  =
20
6

,

ukfHkyac thok =
16
3

2. F (0, ð± 21); V (0, ð± 5); nh?kZ v{k = 10 y?kq v{k = 4 , e  =
21
5

;

ukfHkyac thok =
8
5

3. F (ð± 7 , 0); V (ð± 4, 0); nh?kZ v{k = 8; y?kq v{k = 6 , e  =
7

4
 ;

ukfHkyac thok =
9
2

4. F (0, ð± 75 ); V (0,ð± 10); nh?kZ v{k = 20; y?kq v{k = 10 , e =
3

2
 ;

ukfHkyac thok = 5

5. F (ð±13 ,0); V (ð± 7, 0); nh?kZ v{k =14 ; y?kq v{k = 12 , e  =
13
7

;

ukfHkyac thok=
72
7

6. F (0, ð±10 3); V (0,ð± 20); nh?kZ v{k  =40 ; y?kq v{k = 20 , e  =
3

2
  ;

ukfHkyac thok = 10

7. F (0, ð±ð ð42 ); V (0,ð± 6); nh?kZ v{k =12 ; y?kq v{k  = 4 , e  =
2 2

3
;

ukfHkyac thok  =
4
3
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8. ð( ð)F 0 15,ð± ; V (0,ð± 4); nh?kZ v{k  = 8 ; y?kq v{k  = 2 , e =
15
4

;

ukfHkyac thok =
1
2

9. F (ð± 5 ,0); V (ð± 3, 0); nh?kZ v{k = 6 ; y?kq v{k = 4 , e =
5

3
;

ukfHkyac thok =
8
3

10.
2 2

1
25 9
x y

ð+ ð= 11.
2 2

1
144 169
x y

ð+ ð= 12.
2 2

1
36 20
x y

ð+ ð=

13.
2 2

1
9 4
x y

ð+ ð= 14.
2 2

1
1 5
x y

ð+ ð= 15.
2 2

1
169 144
x y

ð+ ð=

16.
2 2

1
64 100
x y

ð+ ð= 17.
2 2

1
16 7
x y

ð+ ð= 18.
2 2

1
25 9
x y

ð+ ð=

19.
2 2

1
10 40
x y

ð+ ð= 20. x
2
 + 4y

2
 = 52;k

2 2

1
52 13
x y

ð+ ð=

11.4

1. ukfHk(ð± 5, 0),'kh"kZ (ð± 4, 0);e =
4
ð5

; ukfHkyac thok  =
9
2

2. ukfHk (0 ð± 6), 'kh"kZ(0, ð± 3);  e = 2;ukfHkyac thok= 18

3. ukfHk(0, ð±13 ), 'kh"kZ(0, ð± 2); e =
13
2

; ukfHkyac thok9ð=

4. ukfHk (ð± 10, 0),'kh"kZ (ð± 6, 0);e =
5
3

; ukfHkyac thok
64
3

ð=

5. ukfHk(0,ð±
2 14

5
), 'kh"kZ(0,ð±

6

5
); e =

14
3

; ukfHkyac thok
4 5

3
ð=

6. ukfHk (0, ð± 65 ), 'kh"kZ  (0,ð± 4); e =
65
4

;  ukfHkyac thok
49
2

ð=
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7.
2 2

1
4 5
x y

ð- ð= 8.
2 2

1
25 39
y x

ð- ð= 9.
2 2

1
9 16
y x

ð- ð=

10.
2 2

1
16 9
x y

ð- ð= 11.
2 2

1
25 144
y x

ð- ð= 12.
2 2

1
25 20
x y

ð- ð=

13.
2 2

1
4 12
x y

ð- ð= 14.
2 29

1
49 343
x y

ð- ð= 15.
2 2

1
5 5

ð- ð=
y x

1. ukfHk fn, gq, O;kl osQ e•; fcUnq ij gSA
2. 2.23 m (yxHkx) 3. 9.11 m (yxHkx) 4. 1.56m (yxHkx)

5.
2 2

1
81 9
x y

ð+ ð= 6. 18oxZ bdkbZ 7.
2 2

1
25 9
x y

ð+ ð=

8. 8 3a

12.1

1. y rFkkz - funsZ'kkad 'kwU; gSA2. y - funsZ'kkad 'kwU; gSA

3. I, IV, VIII, V, VI, II, III, VII

4. (i)  XY - lery (ii) (x, y, 0) (iii) vkB {ks=kA

12.2

1. (i) 2 5 (ii) 43 (iii) 2 26 (iv) 2 5

4. x € 2z = 05. 9x2 + 25y2 + 25z2 € 225 = 0

 12.3

1. ð( ð)4 1 27
(i) (ii) 8 17 3

5 5 5
, , , , ,

ð-ðæ ðö ð-ðç ð÷
ðè ðø

2. 1 : 2

3. 2 : 3 5. (6, € 4, € 2), (8, € 10, 2)
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1. (1, € 2, 8) 2. 7 34 7, , 3. a = € 2, b =
16
3

ð- , c = 2

4. (0, 2, 0)vkSj (0, € 6, 0)

5. (4, € 2, 6) 6.
2

2 2 2 109
2 7 2

2
k €

x y z x y zð+ ð+ ð- ð- ð+ ð=

13.1

1. 6 2.
22

•
7

ðæ ðöð-ðç ð÷
ðè ðø

3. ðp 4.
19
2

5.
1
2

ð- 6. 5 7.
11
4

8.
108
7

9. b 10. 2 11. 1 12.
1
4

ð-

13.
a
b

14.
a
b

15.
1
•

16.
1
•

17. 4 18.
1a

b
ð+

19. 0 20. 1

21. 0 22. 2 23. 3, 6

24. x = 1 ij lhek dk vfLrRo ugha gSA
25. x = 0 ij lhek dk vfLrRo ugha gSA 26. x = 0 ij lhek dk vfLrRo ugha gSA
27. 0 28. a= 0,b=4

29.
1

lim
x að®  f (x) = 0vkSjlimx að® f (x) = (a € a1) (a € a2) ... (a € ax)

30. lHkha, að¹ 0 osQ fy,limx að® f (x) dk vfLrRo gSA 31. 2

32. 0
lim
xð® f (x) osQ vfLrRo gsrqm =nvfuok;Z :i ls gksuk pkfg,_mrFkknosQ fdlh Hkh iw.kk‚d

eku osQ fy,1lim
xð® f (x) dk vfLrRo gSA



480 xf.kr

13.2

1. 20 2. 99 3. 1

4. (i) 3x2 (ii) 2x € 3 (iii) 3

2

x

ð-
(iv) ð( ð)2

2

1x

ð-

ð-

6. 1 2 2 3 1( 1) ( 2)n n n nnx a n x a n x ... að- ð- ð- ð-ð+ ð- ð+ ð- ð+ ð+

7. (i)ð 2x a bð- ð- (ii) ð( ð)24ax ax bð+ ð (iii) ð( ð)2
a b

x b

ð-

ð-

8 . ð( ð)

1

2

n n n nnx anx x a

x a

ð-ð- ð- ð+

ð-

9 . (i)   2 (ii) 20x3 € 15x2 + 6x € 4 (iii) ð( ð)4

3
5 2x

x

ð-
ð+ (iv) 15x4 + 5

24

x

(v) 5 10

12 36€

x x
ð+   (vi) ð( ð)2 2

2 (3 2)

(3 1)1

€ x x €
€

x €xð+ 10.  € sinx

11. (i) cos2x (ii) secx tanx
(iii) 5secx tanx € 4sinx (iv) € cosecx cot x
(v) € 3cosec2 x € 5 cosecx cot x (vi) 5cosx+ 6sin x

(vii) 2sec2 x € 7sec x tan x

1. (i) € 1  (ii) 2

1

x
   (iii) cos (x + 1)   (iv) sin

8
ðpðæ ðöð- ð-ðç ð÷ðè ðø

x   2.   1

3. 2

qr
ps

x

ð-
ð+ 4. 2c (ax+b) (cx + d) + a (cx + d)2

5. ð( ð)2
ad bc

cx d

ð-

ð+ 6. ð( ð)2
2

0 1
1

, x ,
x €

ð-
ð¹   7.

ð( ð)

ð( ð)22

2ax b

ax bx c

ð- ð+

ð+ ð+
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8.
ð( ð)

2

22

2ð- ð- ð+ ð-

ð+ ð+

apx bpx ar bq

px qx r
9.

ð( ð)

2

2

2apx bpx bq ar

ax b

ð+ ð+ ð-

ð+
10. 5 3

4 2
sin

a b
x

x x

ð-
ð+ ð-

11.
2

x
12. ð( ð) 1n

na ax b
ð-

ð+

13. ð( ð) ð( ð) ð( ð) ð( ð)1 1n m
ax b cx d mc ax b na cx d

ð- ð-
ð+ ð+ ðé ð+ ð+ ð+ ðùðë ðû 14.   cos (x+a)

15. € cosec3 x € cosecx cot2 x 16.
1

1 sinx
ð-

ð+

17.
ð( ð)2

2

sin cosx x

ð-

ð-
18.

ð( ð)2
2sec tan

sec 1

x x

x ð+
19.   n sin

n€1
x    cosx

20.
ð( ð)2

cos sin

cos

bc x ad x bd

c d x

ð+ ð+

ð+
21.

2

cos

cos

a

x

22. ð( ð)3 5 cos 3 sin 20 sin 12cosx x x x x x xð+ ð+ ð-

23. 2 sin sin 2 cosx x x x xð- ð- ð+

24. ð( ð) ð( ð)ð( ð)2 sin cos 2 cosq sin x ax x p q x ax xð- ð+ ð+ ð+ ð+

25. ð( ð) ð( ð)ð( ð)2tan cos tan 1 sinx x x x x xð- ð+ ð+ ð- ð-

26.
ð( ð)2

35 15 cos 28 cos 28 sin 15sin

3 7 cos

x x x x x x

x x

ð+ ð+ ð+ ð-

ð+

27.
ð( ð)

2

•
cos 2 sin cos

4
sin

x x x x

x

ð-
28. ð( ð)

2

2

1 tan sec

1 tan

x x x

x

ð+ ð-

ð+

29. ð( ð)ð( ð) ð( ð)ð( ð)2sec 1 sec tan 1 sec tanx x x x x . x xð+ ð- ð+ ð- ð+

30.
1

sin cos

sinn

x n x x

xð+

ð-
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 14.1

1. (i) ;g okD; lnSo vlR; gS] D;ksafd fdlh ekg esa vf/dre 31 fnu gksrs gSaA vr,o
;g ,d dFku gSA

(ii) ;g ,d dFku ugha gS] D;ksafd oqQN yksxksa osQ fy, xf.kr ljy gks ldrh gS vkSj oqQN
vU; yksxksa osQ fy, ;g dfBu gks ldrh gSA

(iii) ;g okD; lnSo lR; gS D;ksafd] ;ksxiQy 12 gS vkSj ;g 10 ls vf/d gSA vr% ;g
,d dFku gSA

(iv) ;g okD; dHkh lR; gksrk gS vkSj dHkh lR; ugha gksrk gSA mnkgj.k osQ fy, 2 dk oxZ
,d le la[;k gS vksj 3 dk oxZ ,d fo"ke la[;k gSA blfy, ;g ,d dFku ugha gSA

(v) ;g okD; dHkh lR; gksrk gS vkSj dHkh vlR; gksrk gSA mnkgj.kkZFk] oxZ vkSj leprqHkZqt
Hkqtk,ƒ leku yackbZ dh gksrh gS tcfd vk;r vkSj leyEc dh Hkqtk,ƒ vleku yackbZ
dh gksrh gSA blfy,] ;g dFku ugha gSA

(vi) ;g ,d vkns'k gs vkSj blfy, ;g ,d dFku ugha gSA
(vii) ;g okD; vlR; gS] D;ksafd xq.kuiQy (€8)gSA vr% ;g ,d dFku gSA
(viii) ;g okD; lnSo lR; gksrk gS vksj blfy, ;g ,d dFku gSA
(ix) izLrqr lanHkZ ls ;g Li"V ugha gS fd fdl fnu dk mYys[k fd;k x;k gS vkSj blfy,

;g ,d dFku ugha gSA
(x) ;g ,d lR; dFku gS] D;ksafd lHkh okLrfod la[;kvksa dksa + i × 0osQ :i esa fy[kk

tk ldrk gSA
2. rhu mnkgj.k bl izdkj gks ldrs gSa%

(i) bl dejs esa mifLFkr izR;sd O;fDr fuMj gSA ;g ,d dFku ugha gS] D;ksafd lanZHk
ls Li"V ugha gs fd ;gkƒ ij fdl dejs osQ ckjs esa dgk tk jgk gS vkSj fuMj 'kCn
Hkh Li"V :i ls ifjHkkf"kr ugha gSA

(ii) og vfHk;kfU=kdh dh Nk=kk gSA ;g Hkh ,d dFku ugha gS D;ksafd ;g Li"V ugha gS
fd ^og* dkSu gSA

(iii) ƒcos2ðqdk eku lnSo 1/2„. ls vf/d gksrk gsA tc rd gesa ;g Kkr u gks fdðqD;k
gS ge ;g ughadg ldrs fd okD; lR; gS ;k ughaA

14.2

1. (i) pSUubZ rkfeyukMw dh jkt/kuh ugha gSA
(ii) 2 ,d lfEeJ la[;k gSA
(iii) lHkh f=kHkqt leckgq f=kHkqt gSaA
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(iv) la[;k 2 la[;k 7 ls cM+h ugha gSA
(v) izR;sd izko`Qr la[;k ,d iw.kk‚d ugha gSA

2. (i) dFku „la[;kx ,d ifjes; la[;k gSA… igys dFku dk fu"ks/u gS tks nwljs dFku osQ
lerqY; gSA ;g bl dkj.k ls fd tc dksbZ la[;k vifjes; ugha gS rks og ifjes; gSA
vr% fn, gq, dFku ,d nwljs osQ fu"ks/u gSaA

( ii) dFku „x ,d vifjes; la[;k gSA… igys dFku dk fu"ks/u gS] tks nwljs dFku osQ
leku gsA blfy, nksuksa dFku ,d nwljs osQ fu"ks/u gSA

3. ( i) la[;k 3 vHkkT; gS_ la[;k 3 fo"ke gS (lR;)A
( ii) lHkh iw.kk‚d /u gS_ lHkh iw.kk‚d †.k gS (vlR;)
(iii ) la[;k 100 la[;k 3 ls HkkT; gS] la[;k 100 la[;k 11 ls HkkT; gS rFkk la[;k

100 la[;k 5 ls HkkT; gS (vlR;)A

 14.3

1. (i) ^vkSj*A?kVd dFku %
lHkh ifjes; la[;k,ƒa okLrfod la[;k,ƒƒ gksrh gSA
lHkh okLrfod la[;k,ƒa lfEeJ la[;k,ƒa ugha gksrh gSA

(ii) ^;k*A?kVd dFku %
fdlh iw.kk‚d dk oxZ /u gksrk gSA
fdlh iw.kk‚d dk oxZ †.k gksrk gSA

(iii) ^vkSj*A ?kVd dFku %
jsr /wi esa 'kh?kz xje gks tkrh gSA
jsr jkf=k esa 'kh?kz BaMh ugha gksrh gSA

(iv) ^vkSj*A ?kVd dFku %
x = 2 lehdj.k 3x2 € x € 10 = 0dk ewy gSA
x = 3 lehdj.k 3x2 € x € 10 = 0dk ewy gSA

2. (i) ƒ,d ,sls dk vfLrRo gS„A fu"ks/u
,d ,slh la[;k dk vfLrRo ugha gS tks vius oxZ osQ cjkcj gSA

(ii) ƒizR;sd osQ fy,„A fu"ks/u
,d ,slh okLrfod la[;kx dk vfLrRo gS rkfdx, x + 1 ls de ugha gSA

(iii) ƒ,d ,sls dk vfLrRo gS„A fu"ks/u
Hkkjr esa ,d ,sls jkT; dkvfLrRo gS ftldh jkt/kuh ugha gSA



484 xf.kr

3. fu"ks/u ugha gSA (i) esa fn, gq, dFku dk fu"ks/u%x vkSj y okLrfod la[;kvksa osQ
vfLrRo bl izdkj gS] fdx + y ð¹y + x„, tks(ii) esa fn, dFku ls fHkUu gSA

4. (i) vioftZr
(ii) vUrfoZ"V
(iii) vioftZr

 14.4

1. (i) ,d izko`Qr la[;k fo"ke gS dk rkRi;Z gS fd mldk oxZ Hkh fo"ke gSA
(ii) dksbZ izko`Qr la[;k fo"ke gS osQoy ;fn mldk oxZ fo"ke gSA
(iii) fdlh izko`Qr la[;k osQ fo"ke gksus osQ fy, ;g vfuok;Z gS fd mldk oxZ fo"ke gSA
(iv) fdlh izko`Qr la[;k osQ oxZ osQ fo"ke gksus osQ fy, ;g i;kZIr gS fd la[;k fo"ke gSA
(v) ;fn fdlh izko`Qr la[;k oQk oxZ fo"ke ugha gS] rks og izko`Qr la[;k fo"ke

ugha gSA
2. (i) izfr/ukRed%

;fn ,d la[;k x fo"ke ugha gS] rksx ,d vHkkT; la[;k ugha gSA
foykse%
;fn ,d la[;k x fo"ke gS] rksx ,d vHkkT; la[;k gSA

(ii) izfr/ukRed%
;fn nks js[kk,ƒ ,d nwljs dks ,d ry esa dkVrh gS_ rks js[kk,ƒ lekUrj ugha gSaA
foykse%
;fn nks js[kk,ƒ ,d nwljs dks ,d lery esa ugha dkVrh gS_ rks js[kk,ƒ lekUrj gSaA

(iii) izfr/ukRed%
;fn dksbZ oLrq de rki‡e ij ugha gS] rks og oLrq BaMh ugha gSA
foykse%
;fn dksbZ oLrq de rki‡e ij gS] rks og oLrq BaMh gSA

(iv) izfr/ukRed%
;fn vkidks Kkr gS fd fuxeukRed foospu fdl izdkj fd;k tkrk gS] rks vki
T;kfefr fo"k; dks vkRelkr~ dj ldrs gSA
foykse%
;fn vkidks Kkr ugha gS fd fuxeukRed foospu fdl izdkj fd;k tkrk gS] rks vki
T;kfefr fo"k; dks vkRelkr~ ugha dj ldrs gSaA
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(v) bl dFku dks bl izdkj fy[k ldrs gSa% ƒ;fn x ,dle la[;k gs] rksx la[;k 4 ls
HkkT; gSA„.
izfr/ukRed, ;fn x la[;k 4, ls HkkT; ugha gS] rksx ,d le la[;k ugha gSA
foykse% ;fn x la[;k 4 ls HkkT; gS] rksx ,d le la[;k gSA

3. (i) ;fn vkidks  ukSdjh fey xbZ gS] rks vkidh fo'oluh;rk vPNh gS
(ii) ;fn osQys dk isM+ ,d ekg rd xje cuk jgrk gS rks osQys osQ isM+ esa iwQy yxsxsaA
(iii) ;fn fdlh prqHkqZt osQ fod.kZ ,d nwljs dks lef}Hkkftr djrs gSa] rks og ,d lekUrj

prqHkqZt gSA
(iv) ;fn vki d{kk esaA+ xzsM ikrs gS] rks vki iqLrd osQ lHkh iz'u ljy dj ysrs gSaA

4. a (i) izfr/ukRed
(ii) foykse

b (i) izfr/ukRed
(ii) foykse

 14.5

5. (i) vlR;A ifjHkk"kk ls thok o`€k dks nks fHkUu fHkUu fcUnqvksa ij dkVrh gSA
(ii) vlR;A bls ,d izR;qnkgj.k }kjk flˆ fd;k tk ldrk gSA ,d ,slh thok tks O;kl

ugha gS ,d izR;qnkgj.k gSA
(iii) lR;A ;fn nh?kZo`€k osQ lehdj.k esaa = b, j[kk tk, rks og o`€k dk lehdj.k gks tkrk

gS (izR;{k fof/)A
(iv) lR;A vlfedk osQ fu;e }kjkA
(v) vlR;A D;ksafd 11 ,d vHkkT; la[;k gS] blfy,11 vifjes; gSA

1. (i) ,d ,slh /ukRed okLrfod la[;kx dk vfLrRo gS fdx€1 /ukRed ugha gSA
(ii) ,d ,slh fcYyh dk vfLrRo gS tks [kjksprh ugha gSA
(iii) ,d ,slh okLrfod la[;kx dk vfLrRo gS fd u rksx > 1vkSj ux < 1.
(iv) fdlh ,slh okLrfod la[;kx dk vfLrRo ugha gS fd0 < x < 1.

2. (i) dFku bl  izdkj Hkh fy[kk tk ldrk gSƒ;fn ,d /u iw.kk‚d vHkkT; gS] rks 1 rFkk
Lo;a osQ vfrfjDr bldk dksbZ vU; HkkT; ugha gSA…
izfr/ukRed
;fn ,d /u iw.kk‚d osQ 1 rFkk Lo;a osQ vfrfjDr vU; Hkktd Hkh gSa] rks og iw.kk‚d
vHkkT; la[;k ugha gSA
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(ii) izn€k dFku bl izdkj Hkh fy[kk tk ldrk gS % ;fn fnu esa /wi gS rks eSa leqnz rV
ij tkrk gƒwA
foykse%
;fn eSa leqnz rV ij ugha tkrk gWw] rks fnu esa /wi gSA
izfr/ukRed
;fn eSa leqnz rV ij ugha tkrk gWw] rks fnu esa /wi ugha gSA

(iii) foykse%
;fn vkidks I;kl yxh gS] rks ckgj xje gSA
izfr/ukRed
;fn vkidks I;kl ugha yxrh gS] rks ckgj xjeh ugha gSA

3. (i) ;fn loZj ij ykx vku gS] rks ikloMZ Kkr gSA
(ii) ;fn o"kkZ gksrh gS] rks ;krk;kr esa vojks/ mRiUu gksrk gSA
(iii) ;fn vki fu/kZfjr 'kqYd dk Hkqxrku djrs gSa] rks vki osclkbV esa izos'k dj ldrs gSaA

4. (i) vki Vsyhfotu ns[krs gSa ;fn vkSj osQoy ;fn vkidk eu eqDr gSA
(ii) vki A&xzsM ikrs gSa ;fn vkSj osQoy ;fn vki leLr x`gdk;Z fu;fer :i ls djrs

gSaA
(iii) ,d prqHkqZt leku dksf.kd gS ;fn vkSj osQoy ;fn og ,d vk;r gSA

5. „vkSj… ls iz;qDr feJ dFku% 25 la[;k 5 vkSj 8 dk xq.kt gSA
;g vlR; gSA
ƒ;k„ ls iz;qDr feJ dFku % 25 la[;k 5 ;k 8 dk xq.kt gSA
;g lR; gSA

7. iz'ukoyh 14-4 dk iz'u la[;k 1 nsf[k,

 15.1

1. 3 2. 8.4 3. 2.33 4. 7

5. 6.32 6. 16 7. 3.23 8. 5.1

9. 157.92 10. 11.28 11. 10.34 12. 7.35
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 15.2

1. 9, 9.25 2.
21 1

2 12
n n

,
ð+ ð-

3. 16.5, 74.25 4. 19, 43.4

5. 100, 29.09 6. 64, 1.69 7. 107, 2276 8. 27, 132
9. 93, 105.52, 10.27 10. 5.55, 43.5

 15.3

1. B 2. Y 3. (i) B,   (ii) B
4. A 5. Hkkj

1. 4, 8 2. 6, 8 3. 24, 12

5. (i) 10.1,  1.99    (ii) 10.2,  1.98

6. vf/dre jlk;u 'kkL=k rFkk U;wure xf.kr7. 20, 3.036

 16.1

1. {HHH, HHT, HTH, THH, TTH, HTT, THT, TTT}
2. {( x, y) : x, y = 1,2,3,4,5,6}

;k {(1,1), (1,2), (1,3), ..., (1,6), (2,1), (2,2), ..., (2,6), ..., (6, 1), (6, 2), ..., (6,6)}
3. {HHHH, HHHT, HHTH, HTHH, THHH, HHTT, HTHT, HTTH, THHT, THTH,

TTHH, HTTT, THTT, TTHT, TTTH, TTTT}
4. {H1, H2, H3, H4, H5, H6, T1, T2, T3, T4, T5, T6}
5. {H1, H2, H3, H4, H5, H6, T}
6. {XB 1, XB2, XG1, XG2, YB3, YG3, YG4, YG5}
7. {R1, R2, R3, R4, R5, R6, W1, W2, W3, W4, W5, W6, B1, B2, B3, B4, B5, B6}
8. (i) {BB, BG, GB, GG}   (ii) {0, 1, 2}
9. {RW, WR, WW}

10. [HH, HT, T1, T2, T3, T4, T5, T6}
11. {DDD, DDN, DND, NDD, DNN, NDN, NND, NNN}
12. {T, H1, H3, H5, H21, H22, H23, H24, H25, H26, H41, H42, H43, H44, H45, H46,

H61, H62, H63, H64, H65, H66}
13. {(1,2), (1,3), (1,4),  (2,1), (2,3), (2,4), (3,1), (3,2), (3,4), (4,1), (4,2), (4,3)}
14. {1HH, 1HT, 1TH, 1TT, 2H, 2T, 3HH, 3HT, 3TH, 3TT, 4H, 4T, 5HH, 5HT, 5TH,

5TT, 6H, 6T}
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15. {TR1, TR2, TB1, TB2, TB3, H1, H2, H3, H4, H5, H6}
16. {6, (1,6), (2,6), (3,6), (4,6), (5,6), (1,1,6), (1,2,6), ..., (1,5,6), (2,1,6). (2,2,6), ...,

(2,5,6), ..., (5,1,6), (5,2,6), ... }

 16.2

1. No.
2. (i) {1, 2, 3, 4, 5, 6}         (ii)ðf     (iii)  {3, 6}        (iv)  {1, 2, 3}     (v)  {6}

(vi) {3, 4, 5, 6}, AðÈB = {1, 2, 3, 4, 5, 6},   AðÇB = ðf, BðÈC = {3, 6}, EðÇF = {6},
DðÇE = ðfð,

A € C = {1, 2,4,5}, D € E = {1,2,3}, EðÇFð¢ = ðf, Fð¢ = {1, 2}
3. A = {(3,6), (4,5), (5, 4), (6,3), (4,6), (5,5), (6,4), (5,6), (6,5), (6,6)}

B = {(1,2), (2,2), (3, 2), (4,2), (5,2), (6,2), (2,1), (2,3), (2,4), (2,5), (2,6)}
C ={(3,6), (6,3), (5, 4), (4,5), (6,6)}
A vkSj B, BvkSj C ijLij viothZ gSa

4. (i) A vkSj B; A vkSj C; BvkSj C; CvkSj D  (ii) A vkSj C   (iii) B vkSj D
5. (i)  ƒU;wure nks iV~ izkIr gksuk„, vkSj ƒU;wure nks fpr~ izkIr gksuk„

(ii) ƒdksbZ iV~ izkIr u gksuk„, ƒrF;r% ,d iV~ izkIr gksuk„ vkSjƒU;wure nks iV~ izkIr gksuk„
(iii) ƒvf/dre nks fp€k izkIr gksuk„, vkSj ƒrF;r% nks fp€k izkIr gksuk„
(iv) ƒrF;r% ,d iV~ izkIr gksuk„ vkSj ƒrF;r% nks iV~ izkIr gksuk„
(v) ƒrF;r% ,d fp€k izkIr gksuk„ vkSj ƒrF;r% nks fp€k izkIr gksuk„vkSj ƒrF;r% rhu fp€k

izkIr gksuk„

ðA  mijksDr iz'u osQ m€kj esa vU; ?kVuk,ƒ Hkh gks ldrh gSa

6. A = {(2, 1), (2,2), (2,3), (2,4), (2,5), (2,6), (4,1), (4,2), (4,3), (4,4), (4,5), (4,6),
(6,1), (6,2), (6,3), (6,4), (6,5), (6,6)}

B = {(1, 1), (1,2), (1,3), (1,4), (1,5), (1,6), (3,1), (3,2), (3,3), (3,4), (3,5), (3,6),
(5,1), (5,2), (5,3), (5,4), (5,5), (5,6)}

C = {(1, 1), (1,2), (1,3), (1,4), (2,1), (2,2), (2,3), (3,1), (3,2), (4,1)}
(i) Að¢ = {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (3,1), (3,2), (3,3), (3,4), (3,5), (3,6),

(5,1), (5,2), (5,3), (5,4), (5,5), (5,6)} = B
(ii) Bð¢ = {(2,1), (2,2), (2,3), (2,4), (2,5), (2,6), (4,1), (4,2), (4,3), (4,4), (4,5), (4,6),

(6,1), (6,2), (6,3), (6,4), (6,5), (6,6)} = A
(iii) AðÈB = {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (3,1), (3,2), (3,3), (3,4), (3,5),

(3,6), (5,1), (5,2), (5,3), (5,4), (5,5), (5,6), (2,1), (2,2), (2,3), (2,5),
(2,6), (4,1), (4,2), (4,3), (4,4), (4,5), (4,6), (6,1), (6,2), (6,3), (6,4),
(6,5), (6,6)} = S
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(iv) A ðÇð B = ðf
(v) A € C = {(2,4), (2,5), (2,6), (4,2), (4,3), (4,4), (4,5), (4,6), (6,1), (6,2), (6,3),

(6,4), (6,5), (6,6)}
(vi) B ðÈð C = {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3), (3,1), (3,2),

(3,3), (3,4), (3,5), (3,6), (4,1), (5,1), (5,2), (5,3), (5,4), (5,5), (5,6)}
(vii) B ðÇð C = {(1,1), (1,2), (1,3), (1,4), (3,1), (3,2)}
(viii) A ðÇð Bð¢ð ðÇð Cð¢ = {(2,4), (2,5), (2,6), (4,2), (4,3), (4,4), (4,5), (4,6), (6,1), (6,2),

(6,3), (6,4), (6,5), (6,6)}
7. (i) lR;,   (ii) lR;,   (iii) lR;,   (iv) vlR; ,  (v)vlR; , (vi) vlR;

 16.3

1. (a)gkƒ     (b)gkƒ(c) ugha(d) ugha(e) ugha 2.
3
4

3. (i)
1
2

 (ii)
2
3

 (iii)
1
6

 (iv) 0  (v)
5
6

4. (a) 52  (b)
1
52

 (c)
1 1

(i) , (ii)
13 2

5.
1 1

(i) , (ii)
12 12

6.
3
5

7. 4.00: ykHk,   1.50: ykHk,   1.00: gkfu,    3.50: gkfu,    6.00: gkfu

P (4.00: thruk)
1

16
ð= , P(1.50: thruk)

1
4

ð= , P (1.00: gkjuk)
3
8

ð=

P (3.50: gkjuk)
1
4

ð= , P (6.00: gkfu)
1

16
ð= .

8. (i)
1
8

,  (ii)
3
8

, (iii)
1
2

, (iv)
7
8

,  (v)
1
8

, (vi)
1
8

, (vii)
3
8

, (viii)
1
8

, (ix)
7
8

9.
9
11

10.
6 7

(i) , (ii)
13 13

11.
1

38760

12. (i) ugha] D;ksafd P(AðÇB), P(A)vkSj P(B),ls NksVk ;k mlosQ cjkcj gksuk pkfg, (ii) gkƒ

13.
7

(i) , (ii) 0.5, (iii) 0.15
15

14.
4
5

15.
5 3

(i) , (ii)
8 8

16. No 17. (i) 0.58, (ii) 0.52,  (iii) 0.74,
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18. 0.6 19. 0.55 20. 0.65

21.
19 11 2

(i) (ii) (iii)
30 30 15

1. (i)
20

5
60

5

C

C
   (ii)

30
5

60
5

C
1

C
ð- 2.

13 13
3 1

52
4

C . C

C

3.
1 1 5

(i) (ii) (iii)
2 2 6

4.
9990

2
10000

2

C999
(a) (b)

1000 C

9990
10

10000
10

C
(c)

C

5.
17 16

(a) (b)
33 33

6.
2
3

7. (i) 0.88    (ii) 0.12    (iii) 0.19    (iv) 0.34 8.
4
5

9.
33 3

(i) (ii)
83 8

10.
1

5040

€ ðv €
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